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ON INEQUALITIES FOR DERIVATIVES
OF MULTIVARIATE FUNCTIONS
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1. INTRODUCTION

Let R be the real field, N be the set of natural numbers and T be the
interval [—m, 7). Denote by L, (T 7) the space of periodic fusictions z(t)=x(l; {5, )
with period 27 on each variable, for which the norm

lzl, = =] 2dn'
. Tﬂ -
is finite and
Jat) di;=0,] = 1, %, n
T : ,

For a(t) ¢ LYT™) andec R", denote by () the Weyl derivative of order
« of the fanetion x(f) (see e. g.-[1] ' o

For any G.jG R%, TJ >0, j=1,2u,m,let
* = {Gti s Of-g 3aety “m}: Y= ('\’1 e CYTLITR, ¥y.-
By W% (v) we denote the class of funetions z(}) & L3 (7" ) such that
_‘((xj' 2 . '
n‘l )l|2“<71:.]=1,2, .y N

Given «© ¢ R* , consider the problem of inequality of Hardy-Littlewood —
Polya’s type for derivatives : Find the supremum

Sty = sup § 1209 {2 e WE e o
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Problem (1) was studied and solved for the case n == 1 by Din’ Zung—Tiho-

mirov [1]. They also solved an analogous problem for functions in R% . It was
shown in [1 —2]} that problem (1) may be led to a linear programming problem.
We refer the reader to [3} for a survey on the problem of inequaiities for
derivatives.

The aim of this paper is to use Din’ Zung—Tikomirov’s method for solving
some special cases of problem (1). Moreover, we shall find sufficient and neces-
sary condilions under which S(Y) is of the multiplicative form, i. e,

S m A,
= 7 y.i,
) JRPRIRS

2, NOCTATIONS AND RESULTS

In this paper we denote by conv % the convex hull of & and by R, the
set of all nonnegative real numbers.
~Fora==(e,, a2, w, )& R, and == (B;, Bys e s B, ) e R, we write
e Bifa, < B;foralli=1,2, .. ,n
We say that « is comparable with g if either « < g or B < « holds.
DEFINITION 1. We say that =, 4 satiefy the condition (Q1) if for any ¢ & (0,1)

m [ €7; Yi
there exists K, € N® such that () 90¢j s _gal | is nomempty.

' DEFINITION 2. We say that « satisfies the condition (Q2) if for any constants
A, B (= 1, 2., m—1), salisfying 0 < 4, < B, ({ = 1, 2..., m — 1), there

exists K € N® such that

i_m
A <JKiJ(an o) <Byi=1,2u,m-1
The following statement is proved by Din' Zung-Tihomirov {1]:
5(1) < o0 <> (a7 -+ RFY A conv 3 + @. (2)

This is equivalent to the fact that there exist nonnegalive numbers Ay

Agpeeny A satisfying

2

m m . ‘
Z A =10 X Aol : 2)
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A, «! where
1

In the case a® € conva we have a0 =
1

m
4> 001, 2o, 20y = 1 @)
i=i
THEOREM 1. Lel @ € conva and suppose thatw and v satisfy Condition
(Ql). Then
A
S(y) =11 7%
j=1J
where }\.j, j=1,2,., msatisfy (3).
THEOREM 2 Assume that o9 € conv e and « satisfies Condilion ((2). Then the
conclusion of Theorem 1 is true.
Now we consider the case when «?, a',..., ™ are on a straight line. In other
words, assume that there exist real numbers vj, j =0, 1, 2,... m such that

ol — ol = v; (mz —_ c:I), j=0,1,2,.,m

We denote by Q the set of all real numbers of the form K2(“2— af) where
K e N" . Elements of Q are called {J-integers>.

Let «® ¢ [ !, e/jand let A (i, J) and v (/, j) be nonnegative numbers
such that

Ai, ) v, =1, 00 = A, jy of + v, j) <.
If ol ,0/ are comparable for any i, j, 1< i, j< m, then we may assume

without loss of generality that «! < o? < ... < «™ (cf. [2]). Hence, for any A>>1,
there exists the largest " Q-integer’ <{ A, which is demoted by [A]Q and called

the’ Q-integer" part of A",
Let 1 i € J < m and define S(7, j) as follows

a)If «° ¢ [mi ocf] then S(i, j) = o=.

byIf«®e [ al, of), we consider the following two cases:
Case 1. of is comparable with a/

)} If'yj < v; then S(i, _])_.fy

ii) If Yo then S(, J) = v; p+y p’, where p = p(i, j),
p=p (:, j) satisfy the condltlonl

i . 7
q p+q Jp’=q°
~y, ~ ., ~
¢t p+q i p =790

withq:[(.ﬁ) 1 }
'Yl' vj""vf Q

and E being the smallest’ Q-integer’ > q.
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Case 2. & is not comparable with of . In this case we put
SU, jy =y, Moo i) V6 D)
J
Let : o
Gy = {vi i ol >0
: . . {4 o= ~ otherwise
Then we have the following

THEOREM 3. Let«®, o ... 2™ be on a straight line in R". Then
8(Y) = min (min G({), min S, )

i i

3. PROOFS OF THEOREMS

Using the Parseval identity we see that for any x(t) & L"(T”). there exists a

sequence {y, } (g > 0, K e N™satistying the equality for any « « R”.

(a)”2= b3 IxzagK' ' W

#1 ‘
e 2 RENT

Therefore. Problem (lj can be led to the following linear programming
problem: find

. - | . ; Fo : : ’ . .
Sy =wsup X K¥y, 6}
Ken™m '
subject to oo
' . 2
>0 (K e N3 ZNHK“%{ 1= 120 m) (6)
K€ ,

In order to prove the above stated theorems we need

in -
LEMMA 1. If o satzsfzes condztzon (2 ihen .5(1:) <o Yj-tj-

J=1
Proof. Using (4) and Holder 3 meqaahty we have
o) 2 200 m agd
1272 = R TR T R
KEN ‘ Kenyt J=1 Co
m J ;\.f m ‘ m .I(
noE Ky - ) u”h Iy
- I - =7 ’ o
J=1 KeN J J=

The lemma is thus proved.
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Remark 1. From Theorem 2 and Lemma 1 it follows ihal, in general, there
does not exist any constant C € (0,1), not dépending on y and satisfying

Sy)y=C mwy) forall vy,
j=1 7
Also, if (2) holds and if there exist C, Vis Vgseees ¥V ,: not depending on
v and saiisfying the just writlen eguality, then C = 1, v,= ?&J., j=142,...,m
m

and ¢ = Z?xj o .
=1

Proof of Theorem 1. For any ¢ € (0,1) there are K_ ¢ N", p, > 0 such that
eT. ¥
J

J .
a7 P S J= 2. .m,
Eg K,
whiech shows that
7 ,
¥V, <KX p, <y i=12...,m. @

Now let us infroduce the sequence Yy K e N" by setting

= | |
X 0 otherwise e

Then 155! (7) it is easy to verify that the sequence s K e N2 satisfies ).
Hence |

KWO — f?ao_ m 2ot hj_m A
S Ky =K _jfi(KE pe >J_L(wj):

Letting ¢ — 1, we obtain

which together with Lemma 1 proves the theorem,

Remark 2. Using well-known results of linear programming theory and
Holder’s inequality we can prove that if (3)holds with }‘i >0,i=12,.., mand
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m ?\.'
Styy= 11 v
j=1
then « and y satisfy condition (Q1).
Proof of Theorem 2, We shall show that if a satisfies (Q2) then « and y
satisfy (Q1) for all v.

Indeed, for any ¢ € (0, 1) there esists K = K. & N™ such that

el ; . ¥,
4 < g2 —a®) '"<‘"_T_J' s j= 1, e I
Ym m
Putting
x, = 'm
£ K?ﬂm
we have
Y, i om m .
—L.g K?(ocf-cn ), g 2, \ < __._.’ j=1, 2, m
Ym 'Ym Ym
Therefore,
'S‘Y ' . Y .
<o < —4 ,j=12.,m

e AN 'C

which means that @ and ¥ saﬁsfy condition (Q1). To complete the proof, it
remains to apply Theorem 1. :

Now we consider some examples where either condition (Q1) or (Q2) is
satialied.

Example 1. Assume that m = 1. Then « and 7 always satisfy condition (Q1),

Exzample 2. Suppose that there exist A > 0 and K e N7 such that

J=?\.K ,J-—-]. 2,t-u,ml

Then o and % satxsfy Condition Q1) Hence, in this case if « ¢ conv« then
S(y} = 1 T; M,
j 1
where A, J = 1, 2., m are defined by _(3)'.

Example 3. Assume that m = 2 and n is an arbitrary positive integer, We
consider the following two cases: '

Case 1. « and % are no. comparable and «° € [at, 2. Then it can be verified
that « satisfies (Q2). Conseguently,
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Case 2. ot and «? are comparable and there exists K ¢ N? such that
CRAE-ay T2
Y1
Then it is easy to verify that « and y satisfy condition (Ql).r
Example 4. Assume that n = 2(m — 1). We choose a1, &2 ..., «™ such that

ol = o™ 4- (0, 0,..., 0, Kojmp 0pns 0); j=1,2,...,m—1,

where o™ is an arbitrary point in R? and x;, 2,,..., x ~are real numbers
satisfying .
Ryig Ty < Ofor j=1,2,..., m—1.
Then ausing the result of the case’ 1 of example 3 we can check that «
satisfies (Q2). =
Example 5. Assume that n = m=3. For any «°e R%, we put

=08 e (ny, %y, 0), @¥ = 0+ By By s Bg)where a; , o5, a5, By, By By
are real numbers such that

a1>0,a3 }0,011 +a3 ::-0,:7.2 = 0, B, = 0 and

(e By — a9 By) (%5 By + oy Bg) < 0.

We can prove without difficulty that = satisfies (Q2).

- Conversely, if « satisfies (Q2) then we ¢an reduce our problem to the case,
where all conditions of Example 5 holds.

Example 6. Assume that m = 3 and n >> 3. Let
@ = (o, @y by pue @) € BT B =By, By, Bys s B,) € R, where o, %y 4
%gy Bys By» By satisfy all conditions in Example 5. For any o & it we take
ol —od L@ ,e? =a 4 . Then « satisfies Condition (Q2).

Remark 3: Assume of, =2, ;@™ satisfy Condition (Q2) and let

o =% (@ —am),i=1, 2. vm—1,
where ¢, <= 0, { = 1, 2,..., (m—1). Then for any «™® € R? ,a= {ul, «? ., am }

satislies Condition (Q2) too.

Proof of Theorem 3,

In the case when o? | ui_ s vee s cxm are on a stxalght line, the problem (5)
(6 can be led to the following equivalent problem? find - - -
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S =sap Z ¢ Y, (8)
g€Q
subject toy >0
v,
foralge Q, 2 ¢ y< T,,i=12 ., ,m {9
q€Q

Applying the method used by Din’ Zung [2] in the case Lg ('1‘1)' to our case

by replacing ’ positive integers ’ by * Q-integers ’, we can prove that {here exist
i, j such that the valge S (y) of problem (8)—(9) coincides with

g(i,j) sup X qOJ,

qeQ
where y, > 0,9 e Q; 2 q y<«.fi: > q g<v
G<0 geQ
In other words,
SW)=min { SE H1KI<j<m}

For computation of the value S(i{, j) we consider the two following cases,

Case 1: &! < of, It is easy to sce that o, at, ..., a™ are pairwise comparable.
Then without any loss of generality we rsay assume that o! < @2 < ... <a™.The
method for computing S(i, j) is similar to that of Din’ Zung [2] by replacing,
positive integers * by * G-integers ° and ’ integer part of x> by ' Q-integer part
of . We obtain : . :

S(A()_-mm(mm{fy laf > e}, min {¥,p+v;P ]ai<oc°<ocf,yigyj).

where p = pli, j), p’ = p'(i, j) satisl'y the following conditions

s Vs kY
¢'p+gip=q°

Vi -y, ~
gip+qip =q°,
where
.
qg = [ (—%- )"i'—"’l]Qand q is the smallest Q-integer 2> q.
i

Case 2. o is not comparable with «/ . From the criterion (2) and the result
in Example 3 it follows that

‘3‘(1' j) = oo if w0 ¢ [al, « 1,
83, j) = 7"("1)7 Y 1Y 5 o0 e [of, o],
Where A(d, ), ¥(i, ) satisfy the following conditions
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A(l,ﬁ = 0, '\‘(is j) > 09 l{fs j) + '\?(i,j) =1 and

a0 = A{, ) al v, j)of .
The theorem is thus proved.
I would like to thank Dr. Dinh-Dung (Din’Zung) for his suggestions and

valuable advices.
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