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A NOTE ON THE FIXED-POINT SET FOR
MULTIVALUED MAPPINGS

" NGUYEN HUY VIET

The aim of this note is to extend the main results of [1] on characterization
of the fixed-point set in terms of the maximal total-variant subsets to the case
of mulli-valued mappings. Also, the invalidity of Theorem 4 of {1} is shown.

1. NOTATION AND DEFINITIONS, Let X be aset 22 = {B /B C X, Y C X a
subset of X and F: X - 2¥a multivalued mapping. LetF;, F= jxe X/ weF(x)}
be the sct of fixed points of F, F(Y) = v {F(y)/ye ¥} '

F-(Vy={zeX/F@ nY = ¢}, |
FHY) = {x e X /F(x) C T} and Y= X\Y
A subset ¥ of X is called total F — variant if Y n F(Y) =¢. I v € F(ﬂ?) for
all © € X, it is evident that there exist no tolal /' — variant subsets. But this

case is trivial and so up to Theorem 3 it will be assumed that there is some ' —
variant point. Our assumption assures that

A=Y T X/Y NnF{T)=19}+# ¢
F X - 2% is called injective if F(z) N F(y) = ¢ for all x =y
reana. If F i X — 2% is a malti-palued mapping then -4 has mazimal

elements (with respect lo sel inclusion).
Proof. If % C £ is a linear ordered subset of 24, i. e. for all B, and B e B

we have B, D B, or B, D B,. Then, it is evident that the set v i{B,Be %}
belongs {0 o4 and contains every B € B, Further, the conclusion of the lemma
follows from the punmple of maxzimal elements, ‘ -

2. MAIN RI“SULI‘S
‘ THEOREM 1. If F :' X » 2% is a multivalued mappmg and ¥ ¢ X & maximal
total F-variant subset of X. Then

_ Y n T n B-F) € Fi.F. ' (1)

Proof. Let xe¥ n F(Y) A F=(Y). Because z & Y, the maximality of
Y implies that F(Y v {z}) A (Y v {z}) ¢ and then (F(V) A V) Y 7]
N F@) U (FE@) N4eh U (&) N F@) = ¢. But FO) NY =42 € F),
x e F7(Y) So {a} N F(x) = ¢, i. e, :r:eE L
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Using Theorem 1 audde Morgan’s laws we obtam the following factoriza-
tion theorem.

THEORENM 2. Let F : X — 2% be a mapping and Y C X a tolal F-variant
maximal subset of X. Then

X =F, FuYvuF{yvF-(@).

THEOREM 3. Lef F ; X — 2% be an injective multi-valued mapping and¥ C X
a maximal total F-variant subset of X. Then

Y nFWyn FQ) SFFe Y n F¥) n FHY) )

Proof In vmw of (1) it suffices to prove the last inclusion, Letx e F, I,

i.c. v e Fa). It is clear that = e Y. If xeFQY) thcn x e F(y) for some
y € Y','and we have F(y) n F(z) # ¢. By injectivity of F,x = ye Y, which
contradicts the fact that x ¢ ¥ Thus, x € F).Ifx e FHY), then
Fl@) = Y and z e Y, a contradiction. Thus x e F+(Y) as re’quired.

" THEOREM 4. Let Xbea Hamkorff topologzcal SPGCB, F:X —  oX an upper
semi-continuous mapping with non-emply compact values, Y a compact mazimal
fotal F-variant subset. Then Y is open..

P:oof Lety e }’ It is clear that F(y) n'Y =¢. Because F(y) and Y are both
compact, we can construct an open neighbourhood Vi of y and an open & such
that G A-Vy = ¢, G D F(y) and G N Y = ¢. By the upper semicontinuity of I,
there exists an open neighbourhood 1/ of y such that F(V, ) C (z. Because Y is

compact and F is upper seml—contmuous with compact values, it is well known
that F(Y) is compact [2]. Then there exists a neighbourhood V of y such that

Vo F(Y)=4¢. L _
Setting V=V, NV, n Vg, we have F(V) C G,FV)nNY =¢ F(V)nV=2¢

and V A F(Y) = ¢. Therefore Y v V is a-total F — variant subset. The maxi-
mahty of Y implies that ¥V C Y. Thus ¥ is open..

1HEORE\1 5, Lei X be a connected compact Hausdorff topologzcal space,

F X - 2% an uppez semi-continuous mappmg with non-emply closed values.
Let ¥ be a closed total maximal F-variant subset of X. Then I F X.

Proof, By Theorem 4, ¥ is open. By the connectedness of X, the only simul-
tancously open and closed subsets are ¢ and X. By the definition of total
variant subsets, ¥ = X,

Thus, Y = ¢, i.e. x € F(z) for-every x € X,

Remark. Theorem 5 sho“__r's that there is no mapping .(exce'pt for the trivial
case f = I;) which satisfies Theorem 4 of (1. :
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