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SEMIGR OUPS IN URBANIK CONVOLUTION ALGEBRAS

NGUYEN VAN THU

I. INTRODUCTION

In recent years, the potential theory of continuous convelution semigroups
on locally compact groups has been extensively studied and becomes a field of
considerable interest to analysis.as well as probabilists. A detailed presentation
of the basic topics of the theory is contamed in the book [1] by C. Berg and
G, Forst.

The main aim of this paper is to present a new aspect of extending the classical
potential theory on R, =[0, o). Namely, for a generalized convolution operation
o, cf. Urbanik [4], we introduce an o-semigroup (p,), { 2> 0, of subprobabili-
ty measures on R,. which satisfy the natural requirement that 4. o 4 =l
{, s € R.. The Levy-Khinczyn formula for such a semigroup plays a key role
in studying the related- concepts like resolvent, transience, potential kernels
and generaiized convolution semigroups of coniractions. It turns out that ‘many
results . of the classical theory can be generalized to the Urbamk convolut:on
case. .

In the sequel we shall give rise to an enlargement of the fundamental con-
cepts of the classical potential theory on R,.In a subsequent paper we shall
study the algebraic structures of a Urbanik convolution algebra which guarantee
extended expositions on the subject. :

e, T o 2. URBANIK CONVOLUTION ALGEBRAS

~ Let C, be the class of all bounded continuous real valued functions on R,
w1th the umform convergence. .

Further, let M be the set of all Radon nonnegative measures on R, equipped
with the vagne topology. The subsets of M consisting of bounded, probability
and subprobability measures will be denoted by N, P, Q, respectively, Fora &
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pote the unit mass attbe pointa and T, the mapping in 3/ defined

:_/—/’/“ Lt (a—*E) for a > 0 and Tﬂ g ?) for a = U, where I € M and

onifinuous commutative and associalive P-valued binary operation
1(—361 a generaiized convolulion, it it is distribulive with respect to

~ T ations and mapsT (a >0) wilh 6 as the unit element. Moreaver,

pootvlqies thie e*{lstence of posxtwe constants C and a measure
= &, such that

- T, 8" Y. | 1)
n

. is talten io the sense of operation o and Ldenotesthe weak
— rrmeasure O is called the characteristic measure of o. The pair
f"gz‘ﬁf L rhbanik convolulion algebra. For the basic properties of
yuitions we refer to standard papers by Urbanik [4, 5].

—d convy olution o is called regular, if it admits a characteristic

jrich plays the same role as the Laplace transform for the
/ 2 casece. IL.et Q denote the kernel of the characteristic Tunction
=g ﬂc,&: tiomn. Then we have the formula

- | _7 CR(1) = §O(1x) W(dz) _ (2.2)

} «—xr <€ and in the sequel we denote by § the integral over R,
= g3 <haracteristic function of the characleristic measure 6 of
5 7~ == : '

- exp (—tH) (>0, - @3)

is the characteristic exponent of the algebra in question.

e

’ ~ o peration o is weakly continuous it can be continuously

e £ all Tounded measnres. Namely, we put .
— = 5§18, .8 u(dw)ydy) (2.4)
- > fxag (2.2) one can deflne the characterlstlc funcuon for
‘,1 = ~<7 & get the formula
a —# (#*, ) C Qthen the pointwise convergence of the sequence
by - = ® E ¥x the weak convergence of (M ).
o . == szaid to be infinilely divisible, if for every n1 =1, 2,.0
Lz P xr <= N such that
o - p—pen @

- . . e a - fri ot L . P 0)
——=—=== > T esentation of infinitely divisible measures ia (P, o),
391%3 that M is infinitely divisible if and only if ils charac-

0o e (L) = exp(— f() (t > 0) @
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where: - T S
f(z) =a- L gt + fd —Q (l‘;L)) m(da) - | (2.8)

where a and b are re'al constants b - 0 m is a positive mcasure on R+ wuh
m({o}) = 0 ‘ _.
and o - PR ‘ , .
fo () m(dx) < o, o (2.9)
w(:t:) being a function defined by - o '
oz =17 9@ I<z< (2.10)
1 — Q{xo) T Ty

where g is a positive number such-that 0 < Q(x) = 1 fer sll 0 < 2 £ .
Thetriple (a, b, m) in (2.8) uniquely determines M. Further,a =0 (respy
a > 0) if and only if 1 € P (resp. w < Q).

Let F(o) denote the set of all functions of the form (2.8) with @ > 0. For
the ordinary. convolution, i.e. for o = *, F (o) coincides with the set of all Bern-
stein funclions, ¢f. Berg and Forst [1]. H=nce, in general case, a function
f & F(o) appearing in (2:8) will be referred to as a generalized Bernstein function
or an o-Bernsiein function associated with o,

3. GENERALIZED CONVOLUTION SEMIGROUFPS

’ Suppose that 0 is a reguiar generahzed convoluhon and M, ), } > 0, is a

family of subprobabllrty measures in Q. We say that (M Yis a generalzzed con-

volution semigroup or more precisely, o-semigroup, if the follow:ng condmonl
are satisfied:

\1) . f"!'t o “»s =,ui +5 (t: s >0)! .
(i) limp,=H, vaguely.
R R o

It should be noted that the semigroup (p’t ) is also continuous inthe weak

topology. Moreover, every measure %, is mfimtely divisible. Hence and by (2.7)
we infer that there exists a uniquely delelmined o-Bernstein function f € I’ (o)
such that

B (@) =exp(—1f)) (Huz0. - (3.1)

In the sequel the function f appearing in (3.1) .will be referred ‘to as an
o-Bernstein function associated with the semigroup ({, ).

It is easy to prove that the set F(o) is a cone which is closed under the
pointwise convergence, Let m be a finite ‘measure and a > m(R+) Conslder
the exponential semigroup (K, ) defined by. '

W= S k] ey
: K=0 - : S IR
¢ >0, |

95



Then we have’ﬁ (1) = exp (-—at-u’r?z CHRR 0) which imples that for

evew finite measure m and a > m(R+) a — m() is an o-Bernstein function,
3.1, PROPOSITION. Let () be an o-semigroup and (v ) be a ke — sengroup
(« >> 0} (cf. Urbanik [5] for the definilion of #w — convoluiion).

Then the vague integral : . -
T={lav @ ¢>0 - 63
defines an o-semigroup. ' o ‘ S

Proof. The kernel for ‘the characteristic function’ of *“_convoluilon is
exp (—1%). Therefore we have '

T (u) I exp(—.-s'“f.(u)) vt(ds)

 =exp (=g Hauy). " | (3.4)
f and g being generalized Bernstem functions assoclatéd with semigroups (”n

and (v, )s respectWely Consequently, ('c }is an o- semlgroup
An 1mmed1ate consequence of the above Propomtxon is the follomng

3.2, COROLLARY. If f € I (0) and g F (+,) then g (fu) & F (o). In particular,
if his a Bernslein function then h (f ) is an.o-Bernstein function.

The conve1 se statement is also true. Namely, we have .
3. 3. PROPOSITION. Let g be a funclzon such that for every gcneralzzed convolutmn

0 and for every feF (o) the compos:te functzong (f /“) belongs to I (0) Then g is
Qs — Bernstein function,

Proof. It follows from the fact ihat the functlon f (:r:) = fc“ belongs to ¥,

Givene > 0 we define the resolvent R for the o- semlgroup (W) as the
weak integral L SR . :
" Ry=\eTMpan o o (3.5)
" Then the characteristic function of R is given by o
RN ) A
R@="lasf@ . S (@0, (3.6)
f being an O‘Bemstem function assocxated wnth (®, ) '
In particular, for u = 0 we get '
R (0)—‘la+f(o) <va. .. 8D
Hence a R isa subprobablhty measure, Itls a probability measure. if and only
11‘ f (o) = 0 i.e. (M, ) consists of proba*nht‘y measures.

“The family (R,) satisfies the tollowmﬂ resolvent equalwn
R, — R, = (b—ayR o It ' ‘ (u, v > 0% (3.5]
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3.4. PROPOSITION. Suppose thal (R ) is a family of measures such that (a R )
Q@ and the equation (3.8) is sausfzed Then there exisls an o-semigroup (8, )
such that (R ) is the resolvent for (1, ).

' Proof. We borrow some 1deas of Berg and Forst {rom the proof of
Theorem 8. 21 [1]. . ,

Without loss of generality one may assume that Ra;rs 0. From (3.8) it
follows that the set H = { t> 0: R (f) # U} is open and independent-of a.
Further, since -
. R (1)
Ra() = s
1+ (a —1) Ru(f)

and aR (1) > 1, (1) as a - o~ uniformly over compact subsets of Ry we infer
that tbe functlon 1, m st be continuous. Therefore, H = R+\{o} and conse-

quently, (i) == 0 foral = (.
1— atfa(t)
0
and taking into account (3. 8) we infer that P(#) is independent of a and
aR_(h$() = a(l. — aR (7)) .
Since the right—hand side of the above equation is an o—Bernstein function

and a’ﬁa(t) - 1 ( > 0) the limit p({) = lim" 'Laf’fa(t) W(t)
a—reo
= lim a1 —a R (1))
. e %]
is an o-Bernstein function. Fmally, define (K, ) as an o- semlgloup with the

associated o-Bernstein funetion . Then (K, ) bas the desired property.

Putting Y1) =

4. GENERALIZED TRANSLATION INVARTANT SEMIGROUPS

Let o be a generalized convolut'on. Given a > 0 we define an operator '!:a'j
acting on Borel functions by the formula

vt = lF@ b, 08, @) @

(x e R, ) provlded the integral on the rlght -hand s:de exlsts. Let C,D('c ) denote

the domam of T . Itis clear that all bounded Borel functions belong to (T a)
and C_b_('ta) isa hnear space.

In the ordinary case the operator '.ta- in (4.1) is reduced to the following
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Thus, for o= ¥ T, s the usual translatior. -Hence In Leneral case the operalor
T, will be referred to as generalized _l;anslatzon or more precisely, o-transiation,

In the sequel we shall consider T, on Cp only.

Let A be a linear operator defined om C,. Then it is called c-franslation
invariant if for all @ >> 0 and f € P(A) T, f € D(4) and

AT _f) =1, (A S (4.3)
Let 1 be a'measure in N, It is easy to see that the operator T, 'defined by
Tpf(x) = {f(u) [.106 (du) : (4od)

is o~translation invariant. Conversely, any O—tlanslatmn invariant linear botrn-
ded operator 4 is given in this way:

' 4.1, LEMMA. Let A be an o-translation invariant linear bounded pesitive
operator on €, . There exists a uniquely determined measure (0 in N such that

-~

A = Ty, Tp being given by (4.4).

Proof. Since Af(o)is a nonnegative functional on €, we 1nfe1 Lhat there
exists a measure M € N saiisfying the equation '
Af(o) = §f(u) v(du) (fec,) (4.5)
Therefore, for every @ >» 0 we-have .
AT N(e)y=1§§f@® 8, 0 &_(du) W (da) ,
=ff@Kod (da). - 4.0
It is clear by (4.5) that the measure I is unique.
Suppose that M and v are measures in A Then, by‘ ) @),
T =T T = oy A
Consequently, if (M,) is an o-semigroup then operators S,t> 0
defined by ‘
S, = L (t>0) ‘ (4.8}

isa strongly,continuous contraction semigroup on G,

~ Conversely, if (b ) is a strongly continuous contraction senugroup on €,
then, by Lemma 4.1, there exists a umque o—semwroup (l»l ) such that S,
gwen by (4. 8) 'Thus we have the followmﬂ theorem g

4. 2. THEOREM. There exists a one-to-one correspondence befween o-semigroups
(#,) and strongly continuous o-lranslation invartant coniraction semigrou ps (s,

.on C b
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