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I. INTRODUCTION _

Throughout this paper let (E,[. ]1) be a real separable Banach space,
%(F) the 6 -field of Borel sets of E. ;

By N we mean the set of all positive integers. Thus N*=N X N isa

directed set with the usual order, that sa=@E )< B=Enifi<m;j<n;
and ¢ < Bit i <<m, j > n.

In the present paper we study strongly measurable rangiou? va;iables;Xij;
(i, J} € -N?, -defined on a bas1c -probability space (2, F, P) with values in E. We
always assumeihat{X b =1, 2. .} are Bochner integrable and then EX

stands for the Bochner integral.

It is convenientfor us to recall a couple of concepts concerning the geometric
structure of E. .- : :

Tet 1< p <2

. A Banach space-E is-said {o:-be of Rademacher lype p (or briefly, R-type p)
if there exists a constant C such that for every n € N and for all Ty Ty e B

I 1< OO e 1O IR

where {r, , {=1, 2,..} is a Rademacher sequence, that is, a sequence of =1, 1}
-valued independent and ldentlcally dlstrlbuled random variables with
P(r,=+1) = 1/2 : )
Let E be a real separable Banach space, We shall say that l (1 : <2

is finitely representable in [ if for every ¢ > 0 and every n € N there exlst
;.0 &, € E such that for allcf.i, oy g R a

(Elai ]p) \l] ;1 « 'xi__ (l+ 3)(El°‘ IP)



For more information about the geometry of E, see [2], t6}, [71-

Now, let. {X,, « & A} be a set of E -valued random variables indexed by a
set A. {X. o € A} is said to have uniformly bounded tail probabilities by tail
probabilities of a real random variable X (cf. {7]) if there exists € = 0 such that
for every { => 0 and every o € &

) P(IX. > 1) SCP(1X|>1.

In the case o = N we have the following result due to W.A, Woyezynski [7]:

THEOREM 1.1. Let 1 g p << 2, Then the follewing properties of a Banach
space E are equivalent: ' ) K

(D1, is not finilely representable in E;

(ii) For any sequence (X;) of zero-mean independent random variables in L

with tail probabilities uniformly bounded by {ail probabilities of an X € L? if
1<p=<2 ¢ L log* L if p =1, the series

oo Xn
n=1 nﬂp_,

converges almost surely in norm,
(iii) For any sequence (X, ) asin i) -

n

-+ ( 3.5., as n —* oo
AP

where S;= X4 . + X {

The aim of this paper is to extend these results {o {wo-dimensional arrays
-of E-valued random variables, ‘ ‘ ’ .

2. MARCINKIEWICZ — ZYGMUND'S TYPE STRONG LAWS Of LARGE NUMBERS

 The following results have been well-known from the theory of numbers
(see, for example, [3]) : : :

LEMMA 2.1. Let T (n).denote the number of divisors of a positive inleger n.
Then we have o o ‘

(i) , :
n . n rn
ot =2 [—J ~ nlogn
i=1 i=1 L1
for larger n. ([x] denoles the infeger part of x)
@ity _ :
n 1 .
= E-g—)f-- (logn)2 v
i=1 1

for large n. : _ 4
Using this lemma we can now prove:




LEMMA 2. 9. Let X be a real random variable with E | X | log+ | X | < oo, then
there exist C,, C, >0 such that :

oy %f(n)PUX\>m\E|Xlloc+1X1<C (2 (MP(1X1)> n+D.(H

Proof, Set M(x) ==t (i)« > 1, M(z) =1, 0<a<1.
sz
It is clear that

: M ((B) :.nzzlt Un I{n,m) (3) +,I[0,1) (-'C)’
Whencé -

E (M(lxl))—E T (n)P(lxl = n).-}- P(0< ¥ =<1

n=
ThlS inequality and assertion (i).of Lemma 2,1 prove (1) : '
' Consider now an array { Xj, i; j=12,..} of zZero-mean independent
random variables with vaiues in E. The proofs of our main results will be based
on the following _

LEMMA 2.3. Let T << pog < 2,pV g= max {(p, q). Let Ipvq be not"fini-'-
tely represeniable in E and let { X g LR = 1, 2,. o} be E-valued zero-mean

independent random pariables with iail probabiliiies umforml_] bounded by tail
probabilities of a real random variable X. Setling: :

=y 1 gnt
YIIHI I.TIH I( ” X ” < m lqn /P) o .
we have : : ‘
MHIfi<p=q= 2 then the condziwn :
E(X| D<o
implies that the double series o - .
5 .an -EY,, o @)

myn mie nllp
converges almost surely in norm. . '
M Ifi<p=yqg= 2 then the condition
E(lXip10g+IXl)<°°'"
implies the almost sure convergence of the following double Series:

g o = E¥ma (3)
ma  (mm)iP

Before proving this lemma we recall some uselul facts. ,
(1) Let {a_, ,mpr=1 ,2,..} be a sequence of eloments in a B’mach sPace
E. Consider four following series

The double series

Zam T ; .
m,n ? - ” A., JE : R R \(:1)



- Two iterated series™ = . ..
z2a = = (E a

)s T : . L s
ma m n mn (if)
— T : : :
zZ amn = 2 (4. amn )- (l]i)
n m n m
The one-dimensional usudl series. ~
s a, o 0

=7
where {a » i€ N}is ‘a rearranaement of the famlly {a , mun = 1,21,
It is well-known that the absolute convergence of one of the four above series

implies the absolute convergence of the rest and in the case where all of them
have the same sum.: : - . 4 :

(2) The convergence concepts such as convergénce in probability, in LP,
in distribution and almost sur¢ comvergence for. iwo-dimensional arrays of E-
vajued random variables are defined sumlarly to those in the one-dimensional
case. In the case when an » mn=1 2, .+ are; mdependent random vanablcs in

E, one can prove that (¢ £.[17) the convergence in LP (1 = p < 2) of the double
series . . : . :
2 X I
mn
' o mn-
'yields, its atmost sure convergence. : . ‘
{3) A Banach space E is cf stable- iype P (] P <2) if and only if l . is not

finitely representable in E, And in this case; by Maurey-Pisier’s Theorem there
exists r > p such that E is of R-type r (see, for example, [2], [6].
We can now prove Lemma 2.3, :
(i) Since R
2P XA Y, )=22 P e Y ¥
msn ) oo m o
=ZZP{X_IJ=>ml1ap
nm ‘ .
.< C £ X P(X|>ml/7 nllpy
n m
=CZ3 P |X/n1/p| > ml/q))

nm

<"oa.

<CE|xp-$ L
. n=1 n‘IfP
‘Thus {x mn P 1 = 1,’2,...} and {Y o m, n =1,2,} are "équifélent and to

e oo h-

prove (2) it is sufficient to show that

z Zmn = g R
m,n mI/q n1/P R +
‘converges almost sarely., iy
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Setting, for simplicity, M = mV? nlP we bave

CE|Y,, ~EY,_ 1T EfY._ T
22. — = 2 2y =
n m mr/.q n"/P_. Co oo M
—_ o 1 r )
=213z —— | Xy II° AP
nom M s lsup
_ S &

S (rar (1%

=9"1lzx
nm M’

ngo

mn

71’5{ .
{'M)—-rs PR < D) c_lt]

0

1
=2r-1 3 E——m[Mf‘ P(nx .
n m M _
M‘ ‘ A M : :
r=1 g R N A e T t) dt
At i+? tTPIX >t
-

4] [+]

< or—1 22 [1 —

n m

— _Mr
M

<o-1¢C3 5 gz"‘l P (X[>0)d.

n m M

o
Replacing { by s = ({/M )" we get , y
‘[ . . '. . ) . ) o
PP _S (1P ([¥] > t)dt B

: L am MT
% 0

—x3] P(JX] > sV ) ds

nmo
1 s o :
=Z% gP(m——,]‘\' >mIM) ds o =‘
o nom: slfrnlip - : .
H |
' 1 nf X -
L=z P'(——— > m‘/q) ds
0 nm stirgAlp :
1 ' [==]
gE'jX[qSﬁf_ S
salr n=1 nt/p -

_; ‘Hence, this and the remark (2) ‘akove give the deaued almost sure conver—
. Bence of

2 (Y g — EV )1 (m¥nll2), -

my It
The first statement of the lemma is proved. ERIEE
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(ii) We have

S P(X_ nm) =3 P([[ X | > (mn\/p)
msn n, n
< C PN > (mlr) = C T P(IXP > mn)

msn _ mn _
< € Z 1) POIXf = j) < Cy E[X]P logt |X] < o=,

j=1
that is, { X} is equivalent fo {Y o}

Now, we prove the convergence in LP of the double series

% (Y, --EY__)i(mnj/P,

m, I
Proceedmc as in the p1oof above we obtain

. |P
ZElY — ) Y. ”’ /(m”)rjp —1 C > P( 2 > mn)ds
m’ﬂ'- -;m' : : ms SP/I

' 0

7 oo
<coa—tcfds 3 () P("} >3
o} j=1 : s?

<C, [ g(X2 + IZIP V4
(I(E ot B e
< Cy (BIK? log™ [X]| 4+ E[X[P) < o

this and the remark at the heginfng of the prooi of this lemma yield.
The lemma is proved. '

In what follows we shall need two morebasic lemmas.
The first extends Toeplitz’s thcorew, while the sccond.is a fwo-dimensional
version of Kronecker’s lemma,

LEMMA 2.4. Let {P(m,n; L, {= 1,2.,... m; j=12,.. n; mn= 1,2,...} be a
set of real numbers satisfying the following conditions:

() Pun,n ; 1,) = p(m,i) gn, ) for all i=1,2,..., m; j=1,2,e., n; mn=1,2,...;

(ity p(m,i) > 0, q(n.j} >0; and

m n » )
% p(m,i) = 1, = q(n,p)=1 for all my, n=1,2x..;
=1 =t o o
(iii) for cach fixed i p(m, i) - 0 as m - = ; for each fixed j q(n, j) = 0
asn — oo _
(iv) Let {bij, Lj=1,2 4 be @ norm -~ bounded set in a Banach space E
with lim b!., = b.

Iy j=+®°

42



Then we have

. m
lim = 5 P(m, a3t )b ;

m B ey j=1

Proof. By (iv) for any ¢ > 0 there exist'#, N such that

1 bij_ bll<ceforsll i= M j=>=N . (2. 1)
and there exists a constant B such that B
by ) <Bforall j=12,2.00 . 0 (22
In view of (ii) h
" . . ,
= T P(m, n; i, ) by — b= = 3 P(m,n: b, j) (b;—b ) |l
Cm 1 et =t =2 Y
M N M n o
< I 2 (P(m’ 54, ]) No;—bl+2 2 Pmynsi, j)llb,;=bl
=1 j=1 i=1 j=N+1 o
T % pmarid wby—tld 3 % Pumm
_]__ mn:; L, )b, —b4- £ - Z Plmn;i, jnb.—bl.
eyt j=1 Y i=M+1 j=N+1_ Dlitiy =2l

By (iif) and (2. 2) for large enough m, n the fn’st sum in’ ‘the right—hand
side is less than =.

Further, by (i), (iii) and (2. 2) the second and the third ones will be lesg
than ¢ when m and n are large enough.

Finally, by (2. 1) and (11) the last som is also less than €, plovxdcd m> M,
n > N. , ,
Consequenlly, there exist M N such that

u 2 E P(m,fl,’ l',_])bz.—b“-ﬁf‘h::
i=1 j=1 J
for all m > M,n > No

The lemma is proved.

LEMMA 2 5. Let E be a Banach space, {ﬁrij, i j=1, 2,.'..} ‘bé:c.z"s:et of
elements in E and {a:‘j , 1, j=1,2, ..} a set of real numbers saiisfyihg the c_onkdi,
tions '
a; = af) B(J) with 0 < a(f), B(J) ¢ o=
Then, the convergence of the series

Lt
. i,j a'f )
- and the condition o : L
sup i B ” < oo, 4 ) ) a
| m, n L L o
Wha'e i N 3 N
: B: ' E‘,l n ij
mreyeg =1 % ’



imply that

1 m n
i T Z @ - 0 as m, n — oo,
mn =1 f=1
Proof. Set ,
x, ; m n
B=3 - 4 = 1 Y2
i»J if Qun  i=1 j=1 v*

Writing B,; = 0 if { or j= 0 we have

and so ' . .
4 L5 3 B, | B
n=— ( - B. ,+B_, 9
m amn =1 j= 1 1 IJ U. 1 ‘_ 21 1__,1 1
1 m—1 .
= an T a Z Lm (al—Hn ) +
- mn i=0 ‘ .
1 m—if n—1 ’
+3 502 By~ YGgf T Qa4 —
mn i=0 Jj= =0 .
LS e @ e y=
mjN mj+1 mjl
mn J=0 -

m_1 o:(l—]—f)-—-a.(l)
=an-— E B. —{-—

i=0 in o(117) ‘ )

+m£1 nzif B i ._[.. 1 — ot(f). B(J -+ 1) - B(J) —_
S0 oo 0T et )

— ngj B w
Jj=0 mJ B(n)

. Using the well known Toeplitz’s theorem, Lemma 2.4 and the hypothesis
we can show that all terms in the right-hand side of the last ‘expression above
converge to the same limit B. Thus :

Amn-—»(} as m,n — oo,

The proof of the lemma is compleie, o '
We now turn to the maint result of the plesent pape'

THEOREM 2.1. Let 1 < pg <2, E {Jea Banach space in which 1,44 is not
finitely representable. Let {X A mn = 12..} be a hwo-dimensional array. of
E-volued independent zero-mean random varzables with tail probabilities unif ormly
bounded by tail probabilities of a iealmndom variable X such thai I | X 19T oo
1f1<p<q<2E]}xIPIag+]X]<o=lf1 <p g <2, and E|X]|
(logt | X|)¥< oif p=q=1. Then
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(i) The double series
. y . mr_ -
myn milanip

converges almost surely in norm.
(ii)

n .
p X.—'>0 :i:.S.‘

Proof. We need only prove (i) because by Lemma 2, 5 (i) follows 1mmedla-
tely from (i). Moreover, in view of Lemma 2.3it is auff:cwnt to prove the
absolute convergence of the double series

E YHIH.
- mn mI/‘InﬂP_: S
We shall distingnish three cases. _
1 Case 1< p<qg<2 Since EX_ =0, setting M = ml1nl/P we
have o S i -

mn ”

EY E|Y
sy HEY ss l ‘ |

| 17,
—xag Y erax,<o
Mo

5 z 5 —18 fdP'(u:xm‘u'S' t)
3 T

M

=ZIZ [P([X | = i;i') +ﬂ% § P(][an[|>t)dt]

um A ) ' , M

| <CZ 2[P(|Xl>M}+SP(|A|>i)—]
P . n m M
=CZx [P (1X] }lmffqnifé) + SP([X{ > sm?/9 nllp ) ds]
nm 1

e Fasy . 1
CE|X|? p R - eo|
< “f ] l (1 +S sq) > nq/p < oo
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9. Caes 1 < p=q < 2.
Proceeding as in the proof above we get in this case
T WEY, I Amn)le

m,n

<C X (PO X >(may™?y +T p) X 1> srmn)/Pyas)
n 1

m;
<C L{XiPIong'Xl(oo
3. Case p=p=1
_Smc_e_E. X =0 by integration by parts we obtain
ZNEY I /(mn)
. 1 o
= 24 'Tn—n' S idp( I J&mn | =< t)

mn

. ) . r . o0 - .
== [ PN, 1> mn) 2+ —= | POIY,, 1> O]
. mn ] )
< G E[X[log+]X;—|—2 I P(1X1>J’)]

n,n m j=mn

[ ® I i) .
S L
~Ci E|Xlogt| X |+ S (1091)2P(!XI>J)
L J 1 _
< C[FE iXiLog*‘lXi_i_ El}xl(log+|X| ] = eo.
The proof of the thecrem is complete.
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