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PROBLEM OF PURSUIT IN LINEAR DISCRETE
GAMES WITH STATE INFORMATION

NGUYEN VAN CHAU and PHAN HUY KHAI
1. INTRODUCTION )

"The problem of pursuit in discrete games has been developed in |1—6]
under the hypothesis that the pursier can observe . the decisions of the evader.
In this paper we shall also be concerned with such a problem, but unlike
[1—6] we shall assume that the pursuer observes only the system states.

The organization : of the paper is as follows. Section 2 is devoted to the
formulation of the problem. In Seclion 3, a method of construction of x pursuit
strategy and some sufficient conditions for pursuit are established. Section 4
gives some estimations of the effect of the proposed method. .

2. PRELIMINARIES A -
Throughout this paper we shall denote byr R™ the m- dimensional Eu.c_li:.
dean space and hy L,(R™) the space of all maps 2() : Z+ = {0,1,2,..} —~

R™ with the norm

b 1/2
LzGy = (Z (2P < e
k=0
We shall consider the game (G) described by the difference equations

x(k+1) = Ax(k) + Bu(k) — Co(k), 2(0) = =z, 2. 1)

<x(kye R, u(k) ¢ RP, v(k)e RY,
k=0,12.. s ,
with the closed convex términal set M C R" , wher_é A, B and C aren X n,
n x-pandn X g matrices, Assume that the pursuit control u(,) and the evasion
control v(.) have to satisfy the constraints '
lu()I< e, 0@ <o,
" (p and ¢ being given positive numbexs), '

Let I and m be positive integers where [ > m. The following mformat:on
hypothesis for the pursuer will be used in the game (G):

?

¢ At any step &, k >, the pursuer knows only the state x([}i—:—(—lf—m—)] . l)
: Lo 3
of the syslem». ) (2.3)
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Here [a] stands for the integér part of q,
Let us define the function ¢ : Z+ — 2+ by
' itk <,

2.4
l . | otherwise, 24

‘P(I")=g k—{l — m)
—
DEFINITION 1. A pursuit sirategy for () is a map U : Z+XRP—RP such that

for any o) € [,(R7), {{e()I< o, the map u(.). Z+ — RP defined by the

sysiem : '
2(k4-1) = Ax(lk) 4+ BU (kx(p(k))) — Co(k), 2(0) = xo,
uu{) = U(k.x((p(]f))), k= 09 13 2’--‘; . : "

salisfies the constraint lul)# < p.

2.5)

_ DEFINITION 2. Let there be given a positive number ¢ and a positive inieger -
K. The pursunit process iri the game (G) i3 said to be e-completable from z,
after K steps (resp. asymplotically completable from ) if there exisls a pur-

suit strategy U such that for any o() & L (R7y., v(,) 4 <7 o, the .trajectory of

u R
the system (2.5) associaled to U and »(.) satisfies the condition a{x(k),M) < ¢

for some k < K (vesp. lim d(x(k).H) = 0), where d(x,2) is the distance from

‘ = -
zto M. : o
Let E be the greatest A-invariant subspace salisfying the condilion
ElM=M, (2.6y

Since M is a closed convex set, £ is well defined. We denote by R%/E the faclor
space of R® by E and by P the canonical projection of R onto R"/E. Because

of the A-invariance of E the induced operator 7 of 4 on RME is well defined
and P.A = A,P. '

8. SUFFICIENT CONDITIONS FOR PURSUIT

3. 1. AUXILLIARY LEMMA.

The result to be presented here will be basic for the construction of a pur=
suit stralegy. We shall assume that _
(Py) : Im P.A. [C,AC e, A7IC] ¢~ Im P.{B,AB,..., Am-1B),

LEMMA t. Under the condition (Py) there exist a map Us Z+t X R .5 R and
posilive constanls «.B such that for any v() & Io(RY) and the maps. z(.), u(.)
defined by the systems _ . _

2(k+1) = Az(k) - B??(k,z(<p(k))) ~.Cu(k), 2(0) = 0,
u(k)=U{k,z{(o(k))) , k = 0,'1;‘ 200w :

we have T
T SR T L
VP FCRCRON R S A FRT Y EA @.1)
, £=0 k=0 B _



(i 1i—i . fi-1 - _ B
i 2 Jud|® < B 2 g, (3.2)
k=0 k=0
for any j = 0,1,2,... :
" Proof. Define the lincar maps F: (RP}®™ — R%and G: (R9)! — R™ by

m-—1

F(ll » u]: s um 1)-— b2 Am—'j_‘ BH
--0
6gs vy v )= Z 4 G, e

Pat W:=ImP.Gand V:=1Im P. F. It is clear from the condition (P, ) tiant

A'W < V. Hence, for eachz € W ihe optimization problem
? Mini‘mize hai L 3.4)
vue(RPYy™ P, . Fu= Alz
has a unique solution u*(z), Furthermere, the soiution map % : IV — (RP) @ is
linear. Let us define u{f,): R® /E — RP ,i=01,.., {—1, and U : Z* XR? —
RP by setling - o

~ p - iy e J0 ifzeW
(H(O, Z), H(I] 2)1-“’ u(-‘ 1, Z)) - ( (\0,0'“’ O,U.* (_Z)‘ OtherWise

and

ﬁma=beHi*mmm@e%xR“ (3.5)

Now, for lixed v (.) € I, (R7), consider the trajectory {(z{k), ull)): ke Z+}

of the sysiem

{ 2 (k4 1) = As(h) +BT(kyz(o(k))) - Co(k), 2(0) =0,

(3.6
g u(k) =0 ¢k,2(¢(k)), k = 0,1, 2,...

For convenience we write
u; = wyh, o L+ D, u Gl 1 = 1Y),
b, == i, ol 4 Doy vl + 1 — 1)), J=0,1,2,.
We shall show by induction -‘131 for any J=0,1,2,..,

uy = (0, 050ua,0, u*(P . (jO)) | 3D
and

Px(j+ 1) = -P Gv (3 8

Indeed, for j=0, the conditions are clear by the defmltloas of U and 0.
Astume now thal (3.7} and (3.8) hold for anindex j» 1, Then Px({j + 1) ) =
- P, ij e W. By the definition of ¢ (see (2.4)) we get

0((J+1)l+0 =U (i, P.2((j+ 1) D)
= MG PG 1) D)
for | — m < { <, Therefore, Upr= 0,0,. ., O,u% (P.z ({(j+ D D).
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T ——

ing {he Cau‘chy_ formula for the solution of Lhe equa-
a V o .

Oa e other pand> us. o

(3‘6}, we obtal® St P . o . '

. 4+ zZ A L. (Bu(G+ N 4+ D=0y ((j+ )4 D)
2_) Iy = Al =(U ' :

0D 4 Fu¥ P.z((jJ+ 1D ) — ij P

= a4l + - _
Yy defiﬂition of u* (see (3.4)) it follows that
Mence, grom we 495 . 1
Gt2yp=—""""7 .16 and usi , -
w il Pi=I G || and using (3.7) — (3.8), we can easily

il

Oy s at = “
s putting iuo[
¥ the desired con¢

_s (i)» (i). The proof of the lemma is thus complete.

R o prOOf shows that ET, a snd B are found by using only
& v

@ abo
Loy dark 1. The ™ oy
éta of the game \ ) ,

o . SUFF LCIENT CONDITIONS FOR PURSUIT
2 ;L rjoN O
TORMULATI

onstants defined as in Lemma 1. Our basic hypotheses
the € .

uoWS-

S « and p be

Mulated os {0

() € L, (RP), |jw(.) | < p —x.p.0, such that the tra-

1) = Ay (&) 4 Bw (k), y(0) = z,

3.9
gr,w(k)eRP k=0,1,2,.., (3.9)

y(I:—i*
} y (k) €

"SS the condifi®® | _ (3.10)

:l\t & ~ o be {i%®" :tive integer .ko, a.positive number & ¢ (0, ¢) and an-ele-
.gp & POSTT AT o

nere exet U ﬁJ( yi < p .— afic, such-that the trajectory of the system

>
G e, (RP) satisfies the inequalities
=S ociated t0 w(:) ' '

N
gty WSS, IS @-11)
ik;w¢+W-£/@—&%L' @Iy
+ion to formulate the fdllcwi'ng“result.
= a positi©

are now % pose that the Hypotheses (Py)s (Py) are salisfled.



H?a;i ) Under Hgggﬁ;ﬂzesfs ( Cg) the pursuit procéss in the game (G) is eaco;ﬁpgé_
table from =, afier K steps; '

(ii) Under Hypothesis (C,) the pursuit process in the game (G} is asymiotical-
ly compleiable from T, - 7 .
Before proving Theorem 1 we consider a simple example,

Example. Consider the game (G) where

= obe=(obe=(3)

and M = {0}, Let m == 2 and | = 3 be the given parameters in the information
bypothesis for (G). Theu (P1) hoids, It p — o is sufficiently large, then (Py)s
(Cy) and (Cp) are satisfied for an arbitrary initial jsfate z, (see {6, Theqrem 1])e

3.3. PROCF OF THEOREM 1-

Consiructing a pursuit strategy. Let the game (G) satiafy (Py), (P2). We define
themap U : Z+ * R" - RP asin Lemma L Fix w() e l,(RP) || w(.) | < p— oo,
and let { g(k) : k ¢ Z+} be the trajectory of the system

gk ++ 1) = Ay(k) 3 Bw(k), y(0) =m0 (3.13)
Consider the map U: Z* X R® — RP defined by -
Uk, z) : = w(k) - Uk, & — g(e(k)). (3.14)

We are going to show that U is a pursait - strategy for (G). Supposgrtl_lat‘
v(.) e 12 (R, || v() ¢ < ou Let us congider the sysiem
;o:(k + 1) = Ax(k) 4 BU(k, a(p(k))) — Co(k), %(0) = o 3.15)
utk) = Uk, o(g(f)), & = ¢, 1, 2,... . "

Put 2(k) = @(k) — y(k) and &k) = u(k) — w(k) for k = 0, 1, Zpu.
Then it follows from (3.13) — (3.15) that
, z(k -+ 1) = Az(k) - BU(k, 2(p(k))) — Cu(k), 2(0) — O (3.16)
k) = Uk, 2ok, k =0, 1, 2,..,
and the conditions (i), (ii) in Lemma 1 hold for z(.), ?f(.) and 0(.). Thergforc.'
e =1 +a) ()1 < L) i+ 15|
o Se—afotofeLp .
Thus, U is a pursuit strategy for (G).
Furthermore, we obtain the following important estimation
dx(k), My < dty(k), My + Il P=(R) ||, e
which follows from the definition of the space E (see {2.6)).
Proof of Part (i). Suppose that (Py) (Py) and (C,) are satisfied. Let

w(.)& [, (RP) be the function appeared in the statement of (Cy ) and U be the cor-
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respouding pursuit strategy cousiructed by the above approach, We shaill show
that the pursuit process in the game (G) is e-completable from x, after K steps

by using this pursuit strategy {/ where K is as in Hypothesis ((32 )

Suppose that v (.)'e I, (R?), {l v() | < o. Let us consider the systems (3.15)
and (3.16), In view of Lemma 1 we have :

Kfi CKft 5
@l —yGh By= 2 d (z(Jj) I)
J'_k J=1cl} _
: . k=1
< B E v |2
. k=1
S SN ST K
< B2 o2,

where Ro is as in Hypothesis (Cy)

Hence, there exists a positive integer j*, ]fo = JF K/l, such that
@) — g, £) < 2. o® (KL ky ).

Since K = (k, + [éi’ &2/ (e—8)2]) 1. we get

” e K|l ~ky = 820%/ (c — 8,

from which it follows that .

de@(jl) — y (ﬁ‘l) I‘) < e, C(3.18)
On the other hand, since Ic s J* < K/l and by Hypothesis (C,) we have
d(y(J*l}, M) << 8. . 319

Put k* = j#, Then k* < K and by (3.17)—(3.19) we get

dw(k®), My =, e :
showing that the pursuit process in the game (G) is °-completable Irom X,
atter K steps. -

The Part (ii) can he established by an argument analogous to that .used in
the proof of the Part (i).

4. ON THE EFFECT o1 THE PURSUIT
In this section we assume that 0 € M. Then the space E defmed in Section
2 is contaiped in M. We shall-deal with the set of all initial siates T, from

which the pursuit process in (() can be. completed by using our method of
pursnit and we shall discuss a relationship belween the matnces of the game
(G) and the effect of the pursult

3. THE SET OF THE STATES FROM WHICH THE PURSUIT IS COMPLETED.

.-\Veiint-roduce‘the‘followincf nolations:

= Xgapr=1{x €R% . lim Akg = 0},
l ) - " f~»-too

34
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—{A | B): =1m [B, AB,..., A"~ 1B];
— (A | B): the greatest A-invariant subspate of <{A | > such that the
eigenvalues { of the restriction of A to <(d | B0 satisfy the condition | it | <1,
THEOREM 2. Suppose that the gume (G) satisfies (Py)s (Py) and the follow-
ing condition(*): :
(*) The ad joint matriz A* of A has no eigenvector which correspcmds fo an
efgervalue Y with y U [ > 1 and which is orthorgonal io E- <7 A | B>

Then there exists a convex neighbourhood W of Xgpay 4 E + <A | B ¢ such
that.

iy The pursuit process in the game (G) is asym plotically compleiable from
every point x e W;

if) For e > 0 and each x, € W the pursuil process in (le geme (&) is e-come
pletable from T, after a fzrute number of sleps.
Proof. Let us consider the control system
g(k + 1) = Ay(k), + Bw(k), y(0) = zo, ke Z+, - (4.1)
Hw(- )<< p —ofo.

Denote by 'W the set of ali stales xy which can be steered to X, -+ E by
using this system. Note that X3, + E is an A-invariant space. The condition(*)

implies that Xgap -+ E+4-{A | %==R% Then by a method snalogous to that
used in the proof of Theorem 1 in [6] we can prove that W is a convex neigh-
bourhood of X ,p -+ £ -+ (4 | B),

Now, let € > 0 and xo € W. We have to show that the hypotheses (Cy), (Cy)
are satisfied. Then the assertions of Theorem 2 are immediately obtained from
Theorem 1.

Let w(k), k = 0,1, ..., s—1, be controls of (4.1) steering x toyls) e me+ E,
that is y(s) = a -~ b where a e Xiop and b € E, Put w(k) = 0 for k > 8. Then

wi.) & L, (RP), || w()|<p — & B. & For the trajectory of (41) associated
to w(.) we have _
- d(yik), M) < d{A¥sa, M)+ d(AK5 b, B
L ARy + d(4FT00, E)

, < A sa | '
for all k >» s. Since a € Xstab’A lif:” d(y(k), M) =4U. In particular, forany 8 > 0

there exists &* such that d(y(k), M) < 6for ail k& > k*, Thus, the bypotheses (Cy)
and (Cp) are satisfied.

THEOREM 3. Suppose that the game (G) satisfies Lhe assumptions of Theorem 2
and the following condition

(*%): The adjoint matrix A* of A- has no eigenvector which corresponds to an
eigenvalue B with | 1| > 1 and which is orlhorgonal to E. _ A
Then the pursuit process in the game (G) is asymplotically completable and

s-completable from every poinl x, & R" after a finile number of steps.
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Proof. One can easily verify that under ¢onditions {*)-and (**) RF == Xsrab
E+(A]| B)“; Then the proof is immediate from Theorem 2.
&2 EURTHER ESTIMATIONS.

We consider the folloWir[’g properties ft.:'r."the_" ‘givern' niati‘jqé_s A,.B and C

of the game (G) 3 - ’ P o

_(G"J: For each o > O, R >0 there exisls p> 0 such that the pursuit process
* in- the gamie (G) is asymplotically completable from’ every point
_ x € R, [z |j <R, L
B (@2'):'1*5301‘ each o > 0, >0 and ¢ > 0 there exist o > 0 and a positive
' integer K such that the pursuit process in the game. (G) is s-comple~
_ table from any o € R?, iz, || < R, after K steps. .
THEOREM 4. Assume M = {0 }. Suppose that ( A,B, C) satisfies Hypothesis ;)
and X |, + < A | B>=R", Then the properiies (P, ):(9,) hold for (A,B,C).
COROLLARY 1. Assume m 3> n. Then iﬁe properiies (‘?1-), (#2) hold for almost
(4, B, €Y. - e ' I ' o
Proof. When m > n the Kalman condition saving that - .

o Rank (B, 4B,... A" 1B] < -
holds on a dense and open subset of the affine space of structural matrices
(4, B, C). Under the Kalman condition we have (‘AlB )= R", and hence (P,)
- holds, © : ’ :

Proof of Theorem 4. Let o and R be given. For each p > ufis we put
A(p) = p — apo and consider the control system R c
y (k4 1) = Ay(k) + Bw(k), y{0) =,
| w() | <ap). -
Denote by W(p) the set of all states x, which can be steered to Xoiop by using
the system (4. 2). We can show as in the proof of Theorem 2 that Wip) is a
convex neighbourhood of X,;,,. Put ‘ o
| Rip) = sup{r = 0: B0, r) = W(p)}

where B0, r): = {z € R®:| x| < r}. Clearly, R(p) > 0. Using the definition
of W(p), one can easily verify that lim R(p) = --ce, Thisg implies that(?;)holds

4.2)

for (4, I, ).

Now, let ¢ > 0 be given. By the definition of Xetap the restriction of A to

Xsiap Das only eigenvalues it with | 1| < 1, Hence, there exist ¢ > Gand 5 € (0,1)
such that - ' : . : .

Az e sz, ke 2, v e ) (Y
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Lel us take a number & € (0, ¢) and put

V = convex | Ak(B(O. .50_1) N Xgpap)s
k=0 . e
Then

Och:me, AVcVand o
(48

llAkm” 8forerandkéZ+
For i'= 0,1,2 .., we denote’ hy Wi (p) the set of all states :Lo wmch can be
steered to V after i steps by using the system (4.2). It follows from (4.4) thatthe
sets Wi {(p)are conyex, 0 < W' () and W! (o) c Witi (p). Furtherinore, since
V is a neighbourhood of the origin in X,,,,, by definition W(p) = |J w' (o)

e , L : : - =0

Then, in view of Lemma 1 in [7] there exists j* such that 0 eint Wf*l(p). Patling
r(p) = sup {r=0:B(0, r) C Wj*’(p)}, we have

lim r{p}= -+ oo. (4.5)
p—>f-oe

On the other hand, suppose that x, € wi (p) and w(k), k=01.., j’l-1,
are comirols of (4.2) steering =z, to V after j* sieps. Putling w(k)= 0 for
k > j*l, we oblain w(.) e /,(R") with || w(.)[| <. a(p). Let {y(ky:k e Z+} be the

trajectory of (4.2) assocxaled to w(.). Then y(k) € V for all k >> j*I, and hence
by (4.4)

lgtk)]| < & for all k > j*L
Consequently, Hypothesis (CQ) holds with

E g+ [Bo®fe -8 DL
It follows from Theorem 1 that the pursuit process in (G) is e-completable

from every point x; € Wi (p) after K steps. Comb ining this fact and (4.5) shows
that (7?,) is satisfied for (A, B, (). The proof is thus complete.
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REFERENCES

[1} N.Yu. Satimov, On the two methods of pursuit in linear discrele games, Dokl. Akad.
Nauk. UzSSR, 11 {1979), 34 (in Russian).

[2] A.A. Chikrit. On the linear discrefe games, Kibernetica, 5 (1971), 90-99 (in Russian).

[3] A.-Ya. Azimov and Phun Huy Khai, On the linear discrete games with resourse constraints
on controls, Dokl. Akad. Nauk. AzSSR, 3(1981), 10-14 (in Russian).

37



[4] Phan Huy Xhai and Pham Hong Quang, On the inethod of pursnit in lincar discrele
games, Dokl, Akad. Nauk. AzSSB. 11 (1982), 7-10 {in Russian)

[5] Phan Huy Khai, The problems of pursuit in linear discrete games wilh general constraints
of informalions, Acta Math. Vietnamica, N2, 9 (1984), 64-103 (in Russian).

[6] Nguyen Van Chau and Phan Huy Khai, On controllability of linear discrete-time systent
with resirained conirels and the pursuit -process in linear discrete games, Acta Math.
Vietuamica, N, 10 (1985), 58-74. -

[7] Nguyen Khoa Son, Conlrollability of Wnear discréle-time system with constrained conirols
in Banach spaces, Gontrol and Cybernetics, N%1-2, 10 (1982), 5-17.

e - | S " Received April 12, 1986

INSTITUTE OF MATHEMATICS, D.O. BOX 631 BO HO, 10000 HANOI, VIETNAM

38



