ACTA MATHEMATICA VIETNAMICA
Vol, 13 MNo 2 ¢i938)

ON VON NEUMANN REGULAR RINGS, XV

ROGER YUE CHI MING
INTRODULTION

~ Von Neumann regular rings and associated rings (for example, self—injec-
tive regular rings, V.rings and generalizations) have drawn considerable atten-
lion in recent years (cf. [1], {2], [6], {7], [10], [11], [12] and the bibliography of
[5]). In this sequel to [17] and [18], the following results are considered: (It
A is a ring whose essential left ideals are two-sided ideals, the following are
equivalent: (a) A is von Neamann regular; (b) 4 is semi-prime such that every
essential left ideal is idempotent: (¢) A is semi-prime such that every simple
left A-module is flat; (2) 4 is strongly regular if, and only if, every simple
right A-module is flat and every complement left ideal of A is a two-sided ideal;
(3) 4 semi-prime left CM-ring whose principal left ideals are - complement left
ideals is either strongly regular or semi-simple Artinian; 4) A left duo left
non-singular ring A is left Goldie iff every p-injective torsionfree left A-module
is injective; (5) If A is semi-prirne left Goldie, then every divisible torsionfree
left A-module is (-projective; (6) A commutative ring whose divisible torsion-
free quasi-injective A-modules are p-injective admits a von Neumann regular
classical quotient ring. Self-injective regular rings are also studied.

Thronghout the paper, A represents an associative ring with identity and
A-modules are unital. For general terminology (in particnlar, concerning classi-
cal quotient rings), consult [4]. In this note, J, Z, § denote respectively the
Jacobson radical, left singu'ar ideal and left socle of A A left (right) ideal of A
is called reduced if it contains no non-zero nilpotznt element. An ideal of 4
will always mean a two-sided ideal and following B H. EELLER Ais called lef¢
duoo if every left ideal is an ideal. As an analogy fo the characterization of
semi-simple Artinian rings as rings whose left (righ) modules are injective, von
Neumann regular rings may be characterized as rings whose left (right) modules
are p-injective. (A left A-module ¥ is called p-injective if, for any principal
left ideal p of A, every left A-homamorphism of p-into ‘M extends to A.) Von
Neumann regular rings are also called cabsolutely flat» (in the semse that all
modules are flat [8, p. 262]). Eor an arbitrary ring A, there is no inclusion
relation between the classes of flat A-modules and p-injective A-modules. 4 is
called left p-injective iff ,A is p-injective. ‘A result of M. IKEDA — T. NAKA-
YAMA asserts that A is left p-injostive iff every principal right ideal of Ais a
‘right annihilator. Left p-injective rings effectively generalize left self-injective

71



rings, von Meumann regular rings and right pseudo-Frobeniusean rings. K,
VA'%ADABAJA‘\T and K, WLHRHAH\I have studied p- mjeclivuy in conuectlon
with torsion theories {11]. :

As before, A is ELT (resp. MELT) if every essential (resp. maximal essen-
tial, if it exists) left ideal of A is an ideal of 4. If A is semi-prime, then § is
also the right socle of A, A ring is called semi-simple if its Jacobsow radical is
zero. Thus 4 is semi-simple iff J ==0. 4 is called fully idempotent (resp. fully
left idemypotent, fully right idempotent) if every ideal (resp, left ideal, right
ideal) of A is idempotent. .

PROPOSITION 1. The following conditions are equivalent:

(1) A is ELT regular ;

(2) Every essential left ideal of A is an essential right ideal and every essential
right ideal of A is idempolent ;

(3) A is semi-prime such thal every essential left ideal is an idempotent ideal
of A;

(4} Adisa semi-prime MELT ring whose simple left modules are flat;

(5) Every factor ring of A is a semi-prime MELT left p-injective ring.

Proof. If A is semi-prime, then any essential left ideal of A which is an
ideal of A must be right essential. Therefore (1) implies (2).

Assume (2). Let T be an ideal of A such that 7%= 0. Then r(T)is an essen-
tial left ideal of A which is therefore right essential by hypothesis. The set of
right subideals of (1) having zero interseclion with T has, by Zorn’s Lemma
a maximal member ¢ which is a complement right subideal of r(T") such that
E=T @ C is an essential right subideal of r(T) Then E is an essential right

ideal of A which is therefore idempotent by hypothesis. Now E = E2= (I pC
I'®C) S (I'®OC which yields TS E = (T @ €)C, whence T= T'C == 0. This
proves that A is semi-prime and thus (2) implies (3).

Assume (3). For any ideal T of 4, there exists a complement left ideal X
such that L =T @@ K is an essential left ideal of A. Since L= L?, then
TS(T @ K)T S T? + KT. But TK = 0 implies (KT)? = 0, whence KT - 0. Thus

T =T° which proves that 4 is fully idempotent. If B is a prime factor ring of
4, then every essential left ideal of B is an idempotent ideal. For any 05z ueB,
BuB is an essential left 1deal of B and if € is a complement left subideai of
BuB such that K= Bu @ ( is an essential left subideal of BubB, then F is essen-

tial in zB which implies E = E°. Since u e E?, then u € BuBu which proves
that B is a fully left idempotent ring. Therefore B is regular by [1, Theorem
3.1} It follows from [5, Corollary 1.18] that A is regular and hence (3) implies(4),

Assume (4). Set == 4/S, where S is the socle of A. Then every simple left
B-modale is flat apd every maximal left ideal of B is an ideal of B, Let
B = B/J{(B), where J(B)is the Jacobson radical of B. Then B is a semi-simple
ring whose simple left modules are flat and whose maxima! left ideals are
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ileals, Since any semi-simple ring whose maximal left ideals are ideals must
pe reduced, then B is a reduced ring whose simple leit modules are flat which
implies that B is a strongly regular ring. Therefore every maximal right ideal
of B is an ideal of B. By [14, Theorem 1.7], B is strongly regular which
implies that A4 is ELT. Now since 4 is semi-prime, then S is a fully left and
right idempotent ring which, together with A/S fully left and right idempotent,
implies that 4 is also a fully left and right idempotent ring. By [7, Coroliary
6], 4 is regular and hence (4) implies ().

Assume (5). Then A is a fully idempotent ring and A/S is a semi-simple
ring whose maximal left ideals are ideals, whence A/S is a reduced ring. Sinee
A/S is left p-injective, then A/S is strongly regular. Therefore 4 is an ELT
tully left and right idempotent ring whick is now regular and finally {5)
impiies (1).

Applying [16, Theorem 1], we get

COROLLARY 1.1. The following conditions are equivalent :

(1) Every factor ring of A is an ELT left and right self-injective regular, lefy
and right V-ring of bounded index ;

(2) Every facior ring of A is a semz-pr:me MELT left self-injective ring.

Remark 1. Suppose that every essential left ideal of A is idempotent and
every comp.cment. one-sided ideal of A is an ideal of A. Then A is a reduced
fully left and right idempotent ring such that the maximal left and right
quotient rings of A coincide. (cf. [4, Theorem 2. 38 and [18, Proposition 1].)

A right A -module M is called f -injective if, for any finitely generated
right ideal F of 4, every right A-homomorphism of ¥ into M extends to A. Of
course, f-injectivity coincides with P-injectivity over von Neumann regular
rings.

PROPOSITION 2. T'he following conditions are equivalent for an ELT ring A,

(1) A is a left and right self -injective regular, left and right V-ring of
bounded index ;

(2) Every maximal right ideal of Ais f-injective and every finilely generated
non -singular left A- module iz projec!ive.

Proof. It is known that (1) implies (2) (¢f. {19, orollarj 6])

Assume (2). Suppose Z # 0. Then Z contains & non-zero z such that 22— 0.
Since I(z) is an ideal of A. let M be a maxima’ rwht ideal of A containing I(z),
Since M is f - injective, the inclusion map zA—:vih yields z=1wz for some we M

whence 1 — w ¢ 1(z)C ¥, yielding [ € M, which contradicts # < A. This proves
that Z = 0. If F is a finitely generated propec right ideal of A, R a maxinial
right ideal containing F, the inclusion map F — R yields {{ — u)F =0 for some
u € R, showing that the left annihilator of F is non-zero. A result of H. BASS
then says that a finitely generated projective submoduale of any projective let
A-module is always a direct summand. Suppose that ), the masimal left

73



quotient ring of 4, is different from A, If g eQ, ¢ ¢ A, then B=4 —]— Aq is a
finitely generated non-singular left A - module w.aich is therefore projective.
Then ,A is a direct summa.d of B. But 4 is essential in,B which yields

A = B, contradicting q ¢ A. Thus A=) is left self -injective and (2) implies (1)
by [16, Theorem 1].

It is well-known that strongly regular rings are left and right duo. We give
some new characteristic properties of strongly regulal rmgs

PROPOSITION 3. If every complement left ideal of A is an idedl, the following
conditions are Lhen equivaleni :

(1) A is strongly regular;

(2) Every maximal right ideal of A is p-injective;

(3) Every simple right 4 -module is flat;

(4) A is a left p-injective ring whose simple left modules are flat.

Proof. Obviously, (1) implies {2).

If I is a p-injective right ideal of A, then A/f is a flat r1cht A- module It
follows that (2) implies (3)

Assume (3). By [18, Proposition 1} B = A4/Z is a reduced ring. Since
every simple right A-module is flat, then every simple right B-module is flat
which yields B stronUIy regular. Now for any z€ Z, a € A, setting u = [ — za,
we have I(u) = 0.1f ud = A, let W he a maximal Tright 1dea1 containing
aA.Since A/M, is flat, then u=wu for some we M and therefore

1 — w & 1(#) = 0 which implies 7 € M, contradicting M > A. This proves that
u is right invertible in A and hence z ¢ J, yielding Z < J, Let K be any
maximai left ideal of A. Since ZGS J S K, and K;Z is an ldeal of B, then K is
an ideal of A. Then A is strongly 1egular by [14, Theorem 1.7] and thercfore 3
implies (4).

Assume (4). Since 4 is left p-injective, then J = Z [17, Proposition 4], The
above argument then shows that every maximal right ideal of 4 is an 1dea1 and
therefore (4) implies (1).

Note that If every simple Ieft A-module is flat, then for anyzeZ
Z 4 A(1 — z)== A, Consequently, if ,Z is superfluous im 4, then

A‘l
Z<cJ

Question. Is A stroncvly regular if every complement left Ideal of A is an
ideal and every simple left A-module is flat? :

As usual, A is called left uniform if every non-zero left 'ideal is a:ﬁ
essential left ideal. If A is left uniform, then every complement left ideal
of A is an ideal. Recall that A is a left CM-ring [15] if, for any maximal
essential left ideal M of 4 (if it exists), every complément left subideal of M -is
an ideal of M, Left CM-rings generalize left uniform rings, left duo rings, lefi
PCI rings [2] and semi-simple Artinian rings. Since’ a prime left.. CM-ring: is
either simple Artinian or left uniform, the next corollary then follows
immediately. T - i ' :
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COROLLARY 3.1. A is simple Artinian if A is a prime left CM-ring whose
simple right modules are flat,
The next property of self-injective rings seems new.

Remark 2. If 4 is a left self-injective ring such that every complement
left ideal is an ideal, then the maximal left ideals of A coincide with the
maximal right ideals of A (in that case, the following conditions are equivalent
for any maximal left ideal M of d: (a) ,A/M is injective; (b) 4 diM s

p-injective ; (c) A/M 4 is flat.
We now have a further result on CM-rings.

PROPOSITION 4. The following conditions are equivalent :
(1) A is either strongly regular or semi-simple Artinian;

(2) A is a semi-prime left CM-ring whose principal left ideals are com plement
left ideals;
~ {3) Ais a left non-singular, left CM-ring such that each prime fuctor ring
of A is left p-injectives

Proof. It is easily seen that (1) implies (2) and (3).

Assume (2). Suppose that Z 0. Then there exists 03z € Z such thal

z2 = 0. Let K be a complement left ideal of A such that L = Az @ Kisan
ecssential left ideal of A. Since Z cannol coptain any non-zero idempotent,
then L= A. ff M is a maximal left ideal of A4 containing L, then } is a
magximal essential left ideal of A, Since A is left CM, tten Azl € Az which

yields (M2)? € AzMz S Az? = 0, whence M = iz) (4 being semi-prime).
Therefore Az (=~ 4 M) is a minimal left ideal of A which is therefore geme-
rated by a nonzero idempotent, contradicting Az S Z. This proves that Z = 0.
Suppose that 4 is not semi-simple Artinian, Then 4 is reduced by [15, Lemma
1.6 (1)}. Also, every principal left ideal of A is a left annihilator {15, Remark
2(2)]. Therefore A is strongly regular and (2) implies (1).

Assume (3). Since A is left non-singular left CM, then A is either semi-
simple Artinian or reduced [15, Lemma 1.6 (1)]. In the latter case, every
completely prime factor ring of A, being p-injective, is a division ring and
hence A is strongly regular, Thus (3) implies (1).

At this point, we turn to rings having classieal quotient rings. For defini-
tions and results on classical quotient rings, consult, for example, [4]. Projec-
tive and injective modules are fundamental concepts in ring theory (cf. {3], [4],
[8]). Recall that a left A-module M is divisible iff M = c¢M for each non-zero-
divisor ¢ of A. We know that p-injective lef: A-modules are divisible [13, p.
176] but the converse is not true, M is called torsionfree if, for any 0 = Y eM

and any non-zero-divisor ¢ of 4, ey = 0.

The next two propositions are motivated by an important result of L. LEVY
[9, Theorem 3.3] which states that if A has a classical -left quotient ring Q,
then (Q is semi-simple Artinian iff every divisible torsionfree left A-module is
injective,
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PROPOSITION &. The following conditions are equivalent:
(1) 4 is semi- szmple Ariinian:

(2) A has a classical left quotien! ring and every dwxszble torsionfree quasz
injective left A-module is projective.

Proof. Obviously, (1) implies (2).

Assume (2). Let A have a clasvi:al left quotient ring and let P be a gnasi-
injective left Q-module. Then P is divisible torsioniree and if H is a submo-

dule of P, f:H—P a left A-homomorphism, i: H— P the incluosion map,

we may define a left Q-homomorphism F: QQH——> QP by F(z_.I Ci—l d ) =
i=

m . ' .
= 2 ci—1 f(di ), foralld, e H, ¢; non-zerodivisors in A. Since QP is quasi-
i=1 . )

injective, there exists T : QP ->QP suchthat Ti=F. This shows that f extends‘t'o an

endomorphism of  Pyielding ,P quasi-injective. By hypothesis, ,P is projective.

Now if g: QP — QN is a lef: Q-homomorphism, P: QM-+ QN an epimorphism,
N e )

let g» p be the restrictions of g, p respectively to AP, AM' Then there exists

a left A-homomorphism Y 4P '""’AM\ such that /___5/1; =/g\, 1f h: ;P— M is

Q Q

the left Q-homomorphism defined by A(qy) = q?l\(y) for all g @, y P, then
for any u € p, ph(u) = p(h(u)) = p '(E(u)) _fp@\tfz\(u)) = g/]\(u) = g(u) which proves
that ph = g. Thus QP is proje tive. Therefore wvery simple left Q-module

(being quasi-injeclive) is p.ojective which implies tha! Q ie semi-simple Arti-
nian. 4 is then a semi-prime left Goldie ring sueh ihat ,Q is quasi-injective

and therefore projective, This yields A semi-simple Artinian [4, P. 102] and
hence (2) implies (1). :

COROLLARY 3, 1 The following conditions are equivaleni:

(1) A is a finite direct sum of division rings;

(2) A is a left duo ring whose awzszble torsionfree quasi-injeclive left modu-
les are projective.

Even for commutative rings, divisible modules need not be p-injective.

PROPOSITION 6. The following condmons are equivalent for a left duo left
non-singuiar ring A : A

(1) A is left Goldie ;

(2) Every p-injective torsionfree left A-module Is injective,

Proof. Since A is left duo, then A possesses a classical left guotient ring (.
Since A is left duo left non-singular, then A is reduced whaich implies that ¢
is a reducedring, If A is left Goldie, then () is semi-simple Artinian and since
every p-injective left A-module is divisible [13, p 176, then (1) implies (2) by
|9, Theorem 3.3 . .
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Assume(2). Let M bé a p-injective leit @-module. It P is a principal leftideal of 4,
' it m
f: P—Mal eftA-homomorphism, defineg: QP—M byg (Z ¢, p; Y =2 g, f (pl
' i=1 i=1

forallg, € Q. p, &P, Then g is a well-defined left J-homomorphism and since

QP is a principal left ideal of @, there exists y € M sach that g(qp) = gpy, for
all ¢ € Q, p € P. Therefore, for any p € P, f(p) = ¢(p) == py which proves that
AM is p-injective. Since AM is torsioniree, then AM is injective, If L iz an

essential left ideal of Q, £: L — M a left §-homomorphism, setting I = L[] A.
then QI =L and if r: iI"’AM is the left A-homomorphism defined by r(ab) = ah(b)

for all a € A, b & I, there exists z €« M such that r(b) = bz for all b € I. Then
for any g € Q, b € I, h{gb) = qh(d) = qr(b) = gbz which implies that A(}) =
for all i ¢ L. Thus QM is injective. Since any direct sum of p-injective left

Q~-modules is p-injective; then @ is left Noetherian by [3, Theorem 20.1].
‘Therefore @ is a reduced left Noetherian ring which is its own classical left
quotient ring. It follows that () is semi-simple Artiniap and (2) implies (1).

COROLLARY 6. 1. If A is commulative semz-prime, then A is Goldie iffevery
p-injeclive torsionfree A-module is injective,

Although injective modules are p-injective, it is clear that quasx—m]ectne
modules need not be p-injective.

The proofs of Propositions 5 and 6 yield the next result.

PROPOSITION 7. If A is commutative such that every divisible torsionfree quasi-
injective A-module is p-injective, then 4 possesses a von Neumann regular classical
quotient ring. : .

Following [17], a left A-module P is called C-projective if, for any cyelic
left A-modules M, N with an epimorphism, g : M — N, an yleft A-ho-
‘momorphism f : P — N, there exists a lefi A-homomorphism h:P —» M

such that gh = f.

PROPOSITION 8. Let 4 have a classical left quotzent ring Q. I'f Pis a C-projective
left Q-module, then P is C-projective.-

Proof. Let M, N be cyclic left A-modules, f : P — N a left A-homomorphism,

g: M= AN an epimorphism. Define G : QM — QN by G(qw) = gg(w) for all

g&Q, weM.Ift N = A, there exists u € M such that g(u) = v. Since QN = (v,

then G{u) = g(u) = » and for any ¢ & O, G(gu) = ¢qg(u) = qv which shows that
G is an epimorphism of left Q-modules. If F : 'QP — QQN is the Ieft

Q-homomorphism defined by Figp) = qf(p) for all ¢ € Q, p € P, since QP is

G-projective, there exists a left Q—homomorphism. H:P — QM such that
GH = F. Since, for each pe P, F(p) = f(p) € N, then H(p) © M and there
exists a left A-homomorphism 7 : P — M defined by /i(p) = H(p) for all pe P
such that gh = f. This proves that I is C-projective.
< ¥
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EOROLLARY 8.1 [f A is semi-prime left Goldie, then every divistble torsion-
free left A-module is C-projective. (If Q is the classical left quotient ring of A,
then every divisible forsionfree left A-module is a left Q-module [9, p. 140].)

Applying Proposition 5, we get

COROLLARY 8.2. A is semi-simple Artinian iff A is a semi-prime left Goldie
ring whose quasi-injective C-projective lef! modules are projective. '

This corollary shows that quasi-injective C-projective left A-modules need
not be projective. In particular, C-projectivity is weaker than projeclivity.
However, if A is von Neumann regular, then projectivity coincides with C-pro-
jectivity [17, Corollary 2.3 ' :

(6, Theorem 8] and [17, Proposition 1] yield a connection between C-pro-
jectivity and p-injectivity.

Remark 3. If every idempotent of A is central, the following conditions are
equivalent: (a) every divisible left A-module is p-injective; (b) every principal
left ideal of A is C.projective; (c) every principal left ideal of A is projective.
In that case, A is reduced and three more equivalent conditions are obtained by
replacing « left » by «right» in (a), (b), (). ‘

If 4 is a principal left ideal ring, then injective left A-modules coincide
with p injective left A-modules, But the converse is not true (otherwise, any
semi-prime left hereditary, left and right Goldie ring would be 2 principal
left ideal ring ). : ' '

Remark 4. If A i8 a semi-prime left Goldie ring whose left ideals are C-pro-
jective, then A is left hereditary left Noetherian. (Apply [9, Theorem 3.11} and
(17, Coroliary 2.1]) ' » .

Pseudo-Frobeniusean rings are extensively studied in {8). The next remark
is'motivated by {17, Question 1]. o :

- Remark 5. If A is left pseudo-Frobeniusean, then any C-projective left
A-module is projective. : =

‘Remark 6. Let A be a Jeft Noetherian ring. Then ‘A is left Artinianiff each
prime factor ring of A isleft p-injective. S o

Remark 7. The following conditions are equivilent-: 1) Ais righi'self—inje-
ctive regular; (2) 4 is aright f-injective right non-singular ring such that -the
injective hull of A, is a projective right p-modale.

L

Let me conclude with a last remark on regular rings and semi-simple Arti-
nian rings. : ‘

Remark 8. (1) A is yon Neumann regular iff every principal left ideal of A
is the flat left annihilator of an element of A; (2) The following conditions are
equivalent: (a) A is semi-simple Artinian; (b) every left ideal of A is the flz¢
left annihilator of an element of A; (¢) Ais a right principal ideal ring such
tnat every principal left ideal is a flat annihilator, - o '

& @
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