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A STOCHASTIC TAYLOR FORMULA FOR FUNCTIONALS
OF TWO.PARAMETER SEMIMARTINGALES

VU VIET YEN

1. INTROPUCTION

The aim of this note is to prove the stochastic Taylor formula for fune«
tionals of lwo-parameter semimartingales. This result extends those of W.
Wagner and E, Platen for the ope-parameter case.

Throughout the paper, for all unexplained notations and terminology we
refer to [1] and [5].

Let R?i- = [0, o) X (0, “ea) with the natural ordering. For two peints
$= (31, 55)s t = (i, {3), we shall denote by s A i the condition s, < 1, and
t, g S5, and by s V i the point (max (s,, {,), max (85 LN The indicator func-
tion of the set {(s5, 1) € Ri x Ri_ 15 A t} is denoted by I(s A £). For z Rﬁ_, let
R ={scR}:0<s<z andlet i ® R = {(s,{) € R_ X R_: s A\ i} The Le«
besgne measure on Rﬁ_ is denoted by B,

_7 Let W= {W():z ¢ Ri} be the two-parameter Wiener process defined on
the complete probability space ({2, 7, P) With the filtration {¥ : z € Rﬁ_} where
¥, is generatéd ‘by the fﬁnctipns {W.seR } and the null sets of %.

- For 1< p < +-o», denote by L? (resp, LYy the collection of measurable
funct'ions‘q(s, w) on (Rzo X Q, B(Rzo ) @ F) (where I3 denotes Borel subsets)

- guch that g(s) is ?Fs -measurable for each s and Sn g (5. w)|P ds <+ a.s.
Z0
{(resp. SR Elg®Pds=<oc)iff p< - e and sup |g(s)] == -~ @ a.8. (resp. esssup
z0 ) w

sup |q (s, Y| < -4 <o) if p =+ oo, Define Lg (resp. 312’) to be the collection of
¥
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measurable [dictions r (s, 8, ©) on (.fi'"'o 1% R_U'x LOR B(R_ Y ® B(ffz) ® F) such
z s g o

thatr(s,s")is ‘d‘-'svs-measurable foreachs.s' e Rru and fR_()@ R:.o Jr s, sW dsds' <

< + oo a8, (resp. [p ® R Elres, o) dsds’ << +o0) if p < 4o and sup
Z Zg

5y 5’

I (s, 8)] < + o= a.s. (resp. esssup sup [r(s, s7)] < +oo) if p = 1 eo.
w Se 87

For 2 p <+ oo let SP (resp. SP) be the linear space of processes of
the form B

X = Squ (s) dW (s)-+ SR;@R;_ r(s,s') dW(s) dW(s’) + SRZ® ;:(3}3’) dsdW (s")

+ S Dn B s, s AW (Y ds” + SR‘Z b(s)ds, (.0

z z

or, briefly,
_ X=q.W+W.r. WH+h.a WH+W.B.0+b. 1, -
where b, ge LY andr, o, pe L (resp.b,qeff; and r,a, e L3). In the

sequel, the processes in &2 will be called (two-parameter) semi-martingales

(cf. [3, 5].)

The equation (1. 1) ecan be rewritten as
X = SR? Xy (2 8) AWy + SRZ Xy &s) ds’*, L (1.Y)

X, = SRZ XW2 (2 8)dW - SRZ'- Xuz (z,s) d.?- R (1.3)

where

Xy (59)=q () + SHZ I(sAs)r(ss) dW, -+ SRz I(sA$)e(s, s)ds, (1.4)

X"uﬂ(z,s‘)=b(s’)—|—SR-I(s/\s’)B(s, ') dwW_, | (1.5)

X,%,g (}, é): g (s) -+ fR I(sAS)F (s, 8) dWS.—[—SR I(s \sYa (5,80ds", (1..6)-
z z .

Xy (5 9)=b(+ SR L(sASYB(s YW+ o 1.7

Let X be a semi-martingale wilh representation’ (1 '1') and X be the semi-
mactingale: : D : L .

X=qg.W+W.r. WA W.B.M4b.yu. 3
Following B. Hajek (cf. [5]) we put

(X, X} = (g). & + B.@D) . 1 | 1.8)
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(K, :\:}1 ()= SR XW (%, S’):\:“, (zy 87 de, {1.9)
z Wi 1 o
(¥, D0 = | v, ¥w (5 9 S':WQ(z, syds, (1.10)
X%:\' =W. (XW2 (svs’, s) iwi(svs', W
S+ M. (X by (svs’s 5) XW1 (svs\, ). W | -(1.11)
W.(Xg (svs, X, (svs%, ).
+W.( Wg(‘f ) ,%1(3\’ ’S))‘“

+H X, 609 ip_i{svs’, )« s

PoX = (qby. W+ W.(2(s, sHplsvs)) oW _ _
4+ WL (afs, sHPsvs) . W (112
+ W@ sYplsven. B
+ (o). Ky
where y e LY.

PROPOSITION 1.1 (cf. [B]. Let 2 r, s, £ < oo De such that 1/;'+,1/s=1/t:and

suppose X €5, X e S and & L. Then [X, X}, (X, Xy (X, X)p XX and v, X

are well-defined semi-martingales in St If s = 4o (502 L r=1<+o=)
then X is still a well—defined semi-martingale in St.

Given X € S*P (p > 2) we set

S1(Xy =X,
S3X) = (M, X0 + (X, X)a — [X, XD/2, " * (1.13)

SHXY = (X (X, X1+ (X, X)2 4 X + 20X, X X])y2
S5(X) = (X, X)2 (X, X))/4. ' .
It follows from Proposition 1.1 that S/ (X) & SP for each { = 1,..., 5.
Let B={1, .., 5} and A = (U Bf v {7}, BX being the k-fold Carte-

sian product of the set B. Further, fet ¢ be the function from the set Binto N
such that o(1) = 1. ¢(2) = @(3) = 2, p(k)= 3, ¢(5) = 4. Given « € A set

0 - He=@,
fell=< &k :
: ) ‘21 cp(mz.) if @ = (%) 500 21 )s k=1,



0 o=
k ifocB k>1
and if ot.::(ocl yosns mk) k>»1,

— ; ifk=1
(ﬁl pravy Gk_l) if k > 2'
e = & ’ ifl=1,
(Cg maer %) if k> 2,

suppose he L T and X ¢ S* | Define

J (h, 2) = (h. SYX)), fori = L., 5.

If « € A is a multi-index we define a multiple stochastic integral J_ recursively

as follows

gh(z) B ¥ A=) @. ' (1.14)
J (b, 2) =

Joci (. (&, 2)) if o = (osl s @)y K 2> 1,

From Proposition 1.1 it follows that for X ¢ S# « e A\ {@} and 2 sam-
ple continuous and adapied stochastic function o

J () & SP.

Using multiple stochastic integrals for semi-martingales $Z (X) s 8 (X)
and the Ito formula {cf. [2, 4, 5]) we shall derive the stochastic Taylor formula
for functionals of a two-parameter semi-martingale X. This result extends
those of W. Wagner and E. Platen for the one-parameter case {cf, [6]) and of
the author for two-parametler martingales. Farthermore, we also obtain the
estimation of errors in the Taylor formula whlch determmes the rate of the

convergence in L2,

2- STOCHASTIC TAYLOR EORMULA

THEOREM 2. 1. Let p > 2 aud suppose that X'¢ S#P and F ¢ C“‘"(R) (n>1)
are given. Then F(X) € SP and

F(X)= % 1, (F,(Xo),Z) + 2 Ju(FulX), Z) ' @1
0<[0-'- =n .. - .+ {al=n R oy . .
where F(zx)=D lie ”'E(:r:).

Proof. Observe that foreach ag u B* S (X} and F‘,(.X) are sample contmuous
Je=1 P



This fact and Proposition 1. 1 show thal the right-hand side of (2.1) is in 4
P

We prove the formula (2 1} by induction with respectto n, Forn=1, it Tollowsg
from the Wong - Zakai-Ito differentiation formula (cf.[5], Theorem 2. 3) that

F(X) = F(Xp) + Fi(X), £ 4 Fy(X). (X = X) +

+ g FA XY (X, X1 + (X, X, — [X, X))
-+ —ng(X). (X% (X, X) +(X, X0 % X 4 2 [X,X- Y]

+ %ﬂ(X). (X, X)ox (X, X))

9 .
= FrX,) 4+ = Fj(X).Sf(X)
i=1

= F(Xo) -} 2 J(F X)) : : (2. 2y
|a|=1

“Thas, (2. 1) holds for n == 1 .
Suppose now that (2. 1) is true for n.— 1, Then we have

F(X,)=F(Xo) + 2 J(FuX)Z)+ = JulFu{X)Z) 2.3)

0<|aj<n-1 le|j=pn~1

Applying (2.2) for each. F.(X) with @ = n —1 and using the relation
DYEIE, = B, for k=l,.., 5 we get |
Fu(Xe) = Fu(¥o) 4 Z (DYWF, (X, z)

= Fu(;{D) +k2€3Jk(F}'*“(X), Z)' ! (2. 4)

Replacing F.(X) in (2. 3) by the right hand side of (2. 4) we obtain
F(X,)= % J(DV*VF(X\),Z) & = Ju(Du*1 F(X,), Z)

la|<p—171 lal=n—1z
+ I3 LU Due R, Y,

le|=n—7 kegm
= = L.@FrRE), 2+ v g, OBE ), 2).
[el <<n—1 . Bl=n
" This fact proves that {2.1) holds for n, which completes the proof.

The above Taylor formula ﬁepresenfs a decomposition of the increment
F(X ) —F(Xy) into.a finite sum of multiple siochastic integrals with constant
integrands depending only on X, and a remainder which is a finite sum of other
multiple stochastic integrals with integrands depending on X_,for r <Cz Now
for M C A we set: '

-
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M=J{«e A\M: ¢ i}
fn many app!i‘cations, the following generalization of the Tayior formula (2.1)
for lwo parameter semi-martingales is useful.

P T

THEOREM 2.1. Let p > 2. Suppose that X € S*° and F are given. Suppose in
addition that for (5 = M C A the following conditions are salisfied

@  sup o] < A4 o,

ac)
(b) o—eM forallae M.
(c) — Dlell £ e CoR) for e e MU . |
Then F(X,) = F(Xo) + Z J, (Fo(Xo), Z) + Z Julto(X)s Z)s

acM e

3. ESTIMATION OF ERRORS

THEOREM 3.t. Suppose that X is a semi-martingale such that S (X)ed™
(j=1,..,5). Furthermore, suppose that F € C*'(R) and for each o ¢ B"

sup E|F. (X)) < B, (/) B}l - ' (3.1)
361'1‘11 '

where B, B, are some constants. Then forany Z € iR,

BIF(X,) — F(Xo) = T J.(Fu(Xo), 2 < By [Bg LR )%ns  (3.2)

0<|a|<n
where By is a constant dependmg only on B,

" The proof of the theorem is-based on the following lemmas.

LEEMMA 3.2. Suppose ¥ & 3 and
}r :g‘“7+ W"I" ﬂf + ‘u':._d., ‘V +\b—, W.

Then for every function h e "Eg we hazgé.

Elh. Y (@R Cop Eh)Pds + §5 . p E|R(svs)2dsds) (3.3)
< - z z .

where C, is a constant depending only on Y.

Proof. By the properties of stochastic-integrals.and mixed stochast:c integrals
(cf. X. Guyon and R Prum 4D and Holder’s mequailty, for each z ¢ Rﬂ we have

I: = E|§p his) g(s) dW( s)F=sR Bl g ()R ds
< ”q”f st E|h(s)]? ds, - L . (3.4)
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L= R§ R®R, h(svs'y ris, s') AW (s diV (s7) 2
~lx@n Bt (svs") (s, s 2 ds ds
< IIPH; R ® RZ‘E‘lh(SVS’)Ist ds’, ) (3.5)
L =Blfy g hev)als s ds dW(s’S P
= E[§p.@ g (v hisvs) als, ) ds? ds']
SRR Sp@p Elh(vs) als o) [ ds .
<ol -3z @n £k Gl dods, (3.6)
c=Ellg @ g, hovs) Ble. &) W (9:ds'|®
<IBIE S @ EloGv)Pdsds, | (3.7)
Ay3 = Ellp R b ds)® SRR, ) S, EhG) b(s)l2 as
< il Sr_ E|h(s)P? ds - (3.8)

where || . || 1 (resp. || . | o) is the nérm in f;‘ (resp. fj“ ). . Applying the

Buﬁia_ko-ysky inequality we obtain

I

ElRYE@P <5 Lk

k

<HUgNg+IBIZ) §5 E1AGH) 2ds

it

4 5N e 2 -+l au;? + 181 ﬁ) Sr xp E.l Asvs) | 2 dsds
< ¢ (g1 he)|*ds + SR x B 1 Hovs) 12 dsds)

whereC_.amaa:(an -l-llbiII. I[l‘ﬂ —[—HGH +1H3ii2)

The lemma is praved.
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LEMMA 3.3. Suppose “that X is @ -sémi"-mariz‘ngal'e“s_ugjg.,d':di 57 (X) e d™
(j = Z,vs 5). Then for any h e L, 2 ¢ Ry and o AN{d}
BT 912< [c KR, )]'“ Qe 1y (3.9)

where K p= sup E| h(s)| 2and C is a constant denendmg onlg on X.

£ N

Proof (by induction).
(iY]a|=1. Suppose o = k € B. By the assertlon of Lemma 31 and the

assumption $%(X) & 3° there exist constants C such that

1) 1= b SHE), 12

<6 EIh(s) | 2ds 8, o, B R(svs) 12 dsds’
e z 27 g :

C K [1(R) +-uR )4

e < 20K MR < CE R, )
whereC_2mam{C sues Gz 1

(i) jof > 2. Suppose Ja] = R. From (3 3) and the induction’ assaumption it
follows that

BlJah R =By Uma (b ), )

< Cug[sﬁéﬂEl J—s (I 8) l2 ds -+ sﬂz® ERz]'J“‘ (h, ') |2 ds ds']

< By Cog | [ g w B st [ @y (R, )" Tdsd |
h 1[( 1)!}2[ ® R ]
a1 [R(R)D (R,
= K Coy ‘ 2[ g ]
[(r—1)1]

e
<K, [C.R@R) 1P/ @)
K CH@EY W] ez

Proof of Theomm31 Put o R |
R (5) = BIF () — F(X0> L= L (XU)‘, i

o< "

By the Minkowski mequahly, Theorem 2.1, Lemma 3.2 and the mequnhty (3 1)
we get Lo O



K, () < T (E[L(FaX), 9 T

o|=n
[ o (1) (€ By (R, ))lal ]1/2 o e
I'l (lal [) | .
B iulH (n !)1,‘2

BI2(95 C B, (R}
(H !)1/ 9

Thérerf ore -

[Byut (R,) ]2

2
Rn(z).gB =7

where By = 25CE,.

COROLLARY 3.4. Suppose that S' (X) € 3, F € C= (R) anrd condition (3.1) is
satisfied for each a € AN{C}, Then ,

lim sup E|F(X,) —F(X,))— = J.(F (X, pal =
n—>0o zeRﬂ 0<|ajson

Example. Consider the semi-martingale X = W. By (L.13) we get
STWy=w, STWy=W.1.W, $3W)=1.H,

1 1
SE(Wy=W.—. L= W,
(W) 3 n4 2 W,

S5 (W) = u.%. .
It is elear that S/ (W) e 3= for every j = 1,..., 5, then

(Ik W;C = + Z| ("d“’) d”a”.]. (1, z).

0 O<llell

[

k
In particular,

W2 oW . W W.2. W4 1. W
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