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ON THE EXISTENCE AiND UNTQUENESS OF
. SOLUTIONS FOR A CLASS OF EVOLUTION EQUATIONS

LE NGOC LANG and NGO VAN LUOC

1. INTRODECTION

Let V and H be rveal separable Hilbert spaces such that V is densely con-
inuously and compactly imbedded into /. Identifying H aad its dual space we
btain ¥ — H — V* where V*is the dual space of V. We denote by .|,
{and ||. ]l , the norm in V, H and V* respectively, and by (.) the pairing
etween V*and V as well as the scalar product in H. Let S = |0, T] be a finite
aterval of the real axis, For an arbitrary Hilbert space X we denote by I? (S, X)
nd C(S, X) the usual spaces of tne quadratically integrable and lhe continuous
unctions on § with values in X, respectively, Let us define

o =12(S, V), 96 = LS, H), B = LX(S, U*),
(f, wy=.{ (fit), u(tydt, f. e U, u e,

s

Y= CES,H), Il y= ”uﬂ%ﬂ-;m Hauc(s’m,uei_y,
We={oe:weawhlal =lualy+ | wlomueW.

shere m* is the derivative of u € < in the sense of distributions on 5 with
alues in V. .
We consider the following initial value problem
w 4 A(u, u) + B(u, u) = 0 (1. 1)
} u0) =aeH,ueW

there A and B are operators with the following properties
(DA€ (H XV V%),

(I A(.,») € (H - V*) is continuous for each v ¢ V,
(I YueH ||A(g, o), == M(|u|+ 1), M ==const > 0,
(V) ¥ vy, 02€ V, ucH, (A(u, vy) — A(u, v2), 01 — vz) =

m{ vy — va |t % m= const > 0,
N Y v, 06V, ucH [ A o) — A v2) 4 = Ml — 02
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) B e(y X y— U (B(us )y W)= Jb((us 6, v(1), w(t))dh
S

e
) be (VXVX ¥ — R) 3 — linear, Wex.y.y) = 0 ¥z, YygeV,

| b(x,y, z) | = My 1T hxll gl llyn)% Nzil,
lb(x,g,z)lgli(z)imllyl VayeV,zeV,

re M, is a positive constant and K(z) is bounded.

The purpose of the present paper is to study the existence and uniqueness
>lutions for Problem (1. 1). In the case where the operator A depends only
ne variable (4 (u,0) = Cv) Problem (1.1) was proved by Galerkin’s method
)] In this paper the solution existence will be shown by using the fixed
it theorem of Schauder.

It is to be noticed that the space W

into C(S, f) (see e.g. [4]) so that the ini
s sense. For Lhe investigation in the next sections we also note that W is

ipactly imbedded into %6 (see[5]). Furthermore, the function A(u, v) defined
A, vY) () = A(u(t), v()), U € S, v e <Y, belongs to “U* (see [ip.

‘The paper consists of three sections. After the introduction (Section I) we
ve the existence and lhe uniqueness of solutions for Problem (L.1) in Section

nd Section III, respectively.

Problem (1.1) has many applications in the hydrodynamics (see also [2]).
application to the. Marangoni equation will be given in a subsequent paper.

defined above is continuously imbed-
tial condition u(o) = a € Hin (1.1)

II. THE EXISTENCE THEOREM
ruEoREM 21, Let (D-(V) and Iy (1) be satisfied, Then the initial value
sblem (1.7) has a solution.

Proof. 1y By virtue of the Conditions avy
ye Handfe S
(A, 7) — A, ), € — P E miz=yi 2,

and (V) we ha;e forallz,y €V,

| A, @) — A, DI« =Mz —yl 2,

Fron Theorem 1 in [2] itfollows that for each u & &% (arbitrary, but fixed)
e initial value problem ‘
p' + A(u,p) + B, v) = 0

2.1
v(O)_—-aeH,ueW 2.1)

s a unique solution. e denote by Su this solution, It is clear that S e (FH—
p T G6). We shall prove by the fixed point theorem of Schauder that the

jerator S has a fizxed point and, consejuently, Problem (1.1) has a solution.
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2) We first show thal the operator S &(S% — 96) is continuous, I is easy Lo -
ec that for auy fixed element v e < the mapping [s, u] — A(u, v(s)) satisfies
1e Cara theodory condition and '

I A o(s) 1l =N A(w, 0(s)) — A(u, 0) i « + || A(u, 0) | 4

==

= Mlv(s) |+ A, 0) ] «
=

=M(lv(s) 4 ul-+ 1)
herefore, it follows from Krasnoselski’s Theorem on the continuity of the
emyzki operator that the operator A(.,») € (%8 — <) is continuous [é].

Let {u”}- % be a sequence converging to & in 9. Let v,=5Su,»= Su
hen, for all { € & we have

!
0 = J(v' + A(m, 0) + B(v, 0) = v}, — A, 0 ) —
Q

— B(U&’ v, }s), v(s)— v, (s))ds

=

{
5 1 (0=0, )(8) P4 T{CAWO), 0(3)) ~ ACu,(5), o(3)),

v(s) — vnlfs))—{—(A(un(s), v(s)) — A(a“(s), v (5)),
0(s) = 0,(5)) + ((B(o—v,, 0)(s), 0(s) — v, ())}ds

t i
=

= L b (D + m {roc) — v, ()1 as -S 1 ACa(), o(s))—

/] o

A0, 63 69D e 100,01 ds — M [ 1 w(5)—
v () 1T 1 0(s) [T 1l 2(s) 7T 1 o(s)—v (s)| Fdls
‘ t
= —;— Loty — v ()2 + % S I vis,—0 _(5) (2 ds — E;EE I ACue) )
| ) _

{
—afu,v Hj*—-CS il v(s) ][%’" | o(s) — v, () | 5 ds
0
t
= -2—* | o) = v, (1) + (_’;—— 5) Su b(s)~ v (s) | ds —

[#]

4
L A v) — A, v) |2 — C(8) Su v(s) I [o(s) — v (5) |2 ds,  (2.2)
2m n v n
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ere & = const > 0is arbitrary such that—tg — 8§~ 0and C, (8)is a posi-

constant depending only on 3.
From the inequality (2.2) it follosws that for all { € S we have

¢
Lo) — v, (12 = €+ ks 1o | vn 1% ds,
o
ore Gl =L Ao — A, Gy > 0 a5 m > o ond KO =

(d) || v(s) e L* (5). Using Gronwall's lemma we obtain from the Iast
quality

lv —»v, HC(S’H)H-Oifﬁ—»o?. ©2.5)
view of (2.2) we also have
’ 4 1 1 ! '
.1_123. — )S o) —v 1 2ds = 5 C(n)+ ) S k(s) [ v (5) =2, (8) |2 ds.
' i) 6

This inequality shows that
v —ov = CCw + Cllv—>,llc (s, m,
Hence v — v Ml oy 0 (n—> =), and consequently;
I v_vn”%"*Oifﬂ-—)oo. (2.4)

3) Now we prove the compactness of the operaior S.
Let v be the solution of Problem (2.1) for u e 9% (i.e. v = Su), Then we

Ne

0= § (" + AQw, v) + B(v, v)) (), v (8)) ds
0

= J‘t((v + Aus), v (5)) — AQu(s), 0) + A(s), 0), v(s) ds
0 .

1 9 1 2 b s ! .
3—2— RAGH! Y {al +mf]] p(s)[| ~ds "‘fﬂ A(u(sy, 0) || , il v(s) |l ds
0 0
1 e 1 2 m ! 2 1 ¢ 2
_22—2 {p(H | —g jal +—2—f RZER! ds—“-z“lﬁ-f I Ay o) [, ds
0 0
1 o 1 ...z, m' 2 7 !9 a2
= | o) | P |ai +"2—filu(5)" ds *EE;"JM {a(s) ]+ 1)°ds
0

"t

' 4 f
g—;— | o) | 2+’—;‘ flols) 1 %ds — Cit+ [ uts) | 2 ds), C = const > 0.
0
’ (2.5)
From this inequality it follows ’Fhat
o) |2=Cd+lluly) C=const>0 2.6)



his implies .
2
. : 2
Wolcs, = +juy ). _ @n
sing the inequality (2 5) we obtain

Z nvn@_caﬂuu%)-

N0l = U+ Faldy). | (2. 8)
n the other hand,
o[l e = Il —A(, ©) — B, 0) || oy
=1 A, v) — Al 0) g + 1| Ay O)pe -+ 1| B2, ) B g

=M o] e+ CI + tullgg)+ HB, v) |l e,
ir all w. € ¢ we have
< B(v, v}, w > = § b(v(s), v(s), w(s)) ds

=M S 1o (| 1} wis) ds
A,
=M, (f o) F ool ds) (S| Z2ds)*.
om this it follows that
IB(U D)"t_ 1'[1 HU-HC(S H)H”“V'
ing this mequallty and (2. 7), (2. 8) we have

I B, v) [| C(I +pgut %) € =const > (. (2. 9)

ice v is a solution of the equation (2. 1) we see that
o il oy = |l B(o, v} s + |} A(n, 1) — A(n, 0) || e+ [l Aw, 0) Y
om the last inequality and (III), (V), (2.8) and (2,9) we obtain
2 .
W'l =CA+lufg +lul o) G = const >0 (2.10)
e inequalities (2.8) and (2.10) give the following estimate

N0l = C + 1@ ll gy + 2] Sg) € = const > 0,

nce, the operator S maps a bounded' subset of the space &% into a bounded
»set of the space . Sinee W is compactly imbedded into &% it follows that
: operator S'is compact,

We now prove that S(E) (C E for a suitable set E C 9.
From (2.5) we have for allfi e §

lv@®) P =r(d + :{ {l u(s) [[2 ds), }\.ﬁ = const > 0,
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This implies
-2At —2At

w(t)lzdtége (1+S Lu(s) [ ds) dt

L)

-~ 2ht A e L I '
s— e (1+S [EOWS :+“—2-Se lu(t) P dt
1 1 — A
= Sty Se la(t) |

Let E be the set defined by

—2Mt 9 :
E={ued:\e |u)[" d=1}.
. A : § T B
is clear that E is a closed bounded convex subset of the space % and
rthemore S(E) < E. By the fixed point theorem of Schauder it follows then
at the operator S has a fixed point. This completes the- proof of Theorem 2.1.

 III. UNIQUENESS THEOREM

In the previous Section, under aséumptions (D — (V) and (I,), (Ir,) we

tve proved the existence of a solution of the initial value Problem (1.1). In this
setion we shall show the unigueness of thlS so‘utmn 11 the operatorA satlsnes
certain regularity condition.

."We make the following assumption: . & :
rI) For each solution u of Problem (1. 1), the functlon cpg)(u) defined by

z=0 1
z&¥

a uEv,E‘)e-R,

pa(2) = max {0, sup _;[(II A(u + z, H) A )y —~ Sz}

itisfies the condmoh
o)) € LZ(S) for m_ =< m,
rhere m is the constant in the condition (IV).
In the sequel we need the following

" LEMMA' 3.1, Under the assumption (IV) we have for all m; & 0, my: .. .
(A(u+ z, a+ v)—A(u o), 2) 2m1 []zh — p(w) |z} ‘YuzeV,
rhere - . .
m— m,
m s = ey p(2) ¢ Q(m (cpm( )

Proof. See [1], Lemma 1. 2 ’ ' X



Remark 3.1. The assumption (VI) is equivalent to the following
o(u()) & L1(S) | Y

THEOREM 3.1. Lei the conditions (1) — (VI) and H }, (I1,} be satisfied.
hen the initial value problem (1. 1) has a umque sol uiwn

Proof. Let u be a solution of the Problem (1.1), which satisfies the Con-
tion (3. 1)-and let z be ariother solulion of the Problem (1. 1). We set z = 4 — q.

Usi ng Lemma 3.1 and Remark 3.1 we have for all tesd

0= G+ ACT B) + BT, ) = @ = A a) — B, u))(e), x(s))ds

~~

=J(r+4d(u+suat+z)— A(u, u) + B(z, @ )1(s), 2(s))ds

= "2*!2(0! + S{m1 Fz(s) [P — o(us) | Z(s) R —
g
z 1 £ 3
=M = 13w P jae P as P} ds

d consequently

t t
]mﬁ-+Q§u$w2@§§MghmFd& 3.2)
1] 4]

iere €, = 2(m, — 3) and the constant > ¢ is chosen so that m; — 8 >0,
d

ko) =231 u P u(s) I +p @s)).

ce p @) e LiS)and § i & (o) | GO ds=u R IR < o
have then k{s) & L7(S). - ya

by
B

By Gronwall’s lemma the ineg uahty (3.2) implies that z = 0 This completes
prool of Theorem 3.1,

-
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