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THE ALGEBRA* T GL4, 7,); Z,)

PHAM VIET HUNG

INTRODUCTION

The purpose of the present paper is to determine the mod 2 cohomology
algebra of the general linear group GL; = GL{%, Z,) over the prime field Z, of

two elements. The main tools are the cohomology of its Sylow 2-subgrounp
GL4’2 (see [5]) and the modular invariant theory for two sets of variables, We

first recall the result of [5).

THEOREM A H*(GL,hg; Zz) = Z, [012, Uggs Vgps Ugzs Vo Vpps Zps %y it
withjo,, J= b 1<k<3, 1<i<b—lo lg]={+1,1<I<2and ] is the
ideal generated by the elements: ‘ _ ’

+ VigVaz Ya3Vsp V19 t VssVis "52"24 + ”24”13";‘” 12”24 + vy 07
7 Dagfy o VggUap 22 b 020y, F 0572y Sk (045 + vy) T
(Vg9 ~t03,) Zps Dyg(Z2g HDgy) VypZgs Vg2,

Here |zl denotes the degree of an element x in the graded algebra
H*(GL Z,). The specification of the elements v, . z, will be recalled

4,2° 7
in§ 3.

- Set w, =% b Dyalgyr Wy =2y F U o0g, (0 49 g ) Wo =000,

W o= z (v? 2 2
w, =v, +2, (012 + 013 -+ 034 + vy, + v23) —+

."-\-
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[ v v 4 o U D b 174 o,
T V1gVss (Ve T P13+ Vg, T %)+ 2TV T 34+ 24+ 23
- 2 2 2 P o
Wy =10y, Voy T "'2(”12"‘ Vgt Uy, 0y + ”23) ks \"23(”13 + vy )+
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T OV (Vg T 030 (Vv + UL+ 090
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We = vy (”19+”rd)+z VosVos "‘”23”24“‘“1.3 2

2 2
= If("34+”24) . 22”23”13“*‘”25' 13‘*‘”34 22

s = V3aP1a1p Wo=VygV3P oy w10=”a4”23”13”14'
Our main result in the sequel is: ‘

THEOREM B. The algebra H*(GL, : Z,) is zsomorphzc {o the subalgebra of

H (GL, , ; Zg) generated by the elemenis W,y Wy yeuss w, 10

Since w, w,, are stable xelements (see [6]), Theorem B is a direct

2 Jrony
coqaequence of the following (see [1]).

" PROPOSITION C. Lel W be the subalgebra of H* ( GE4’2: Z,) gererated by the

elements Wy s Wy sy Wy, Then

_ In res (GL/!,Q, GL},ﬁ Yoo W,

here res (S,G ) denoles the restriclion homomorphism from a group G toa subgroup S.

The cohomology of the group GL,. has been also considered by M. Tezuka

and N. Yagita {6]. Comparing their result with Theorem B, we observe that the
geaerators w, “and w, of H¥(GL,; Z,) have been neglected. This is dune to the

fact is that they have neUIected an invariant in [6, § a. 13] and a stable element
in [6, § 5. 14]. : ) ! :

The paper consists of 3 sections. The two first sections are devoted to the
study of the modular imvariants of two sets of variables. In Section'1 we shall
state the Theorem on the modular invariants and its Main Lemma. The proof
of the Main Lemma will be presented in Section 2. In Section 3 we shall establish
Proposition C by considering the images of:the restrictions on the maximal

- clementary abelian. 2-subgroups of the group GL,.

i

{. MODULAR INVARIANTS OF TWO SETS OF ¥ARTABLES

In this section we shall compute the invariants of (GL,, GL,). We first recal|
the definition given in [5, § 1], Let R= Zy [T yys Trgs Ty Typ be the po!ynom;al
algebra generated by Tyrs Tygs “:21 y Lgy OVEIrZ 4 and (Gj. G ) be a pair of gro-
ups of linear transformations, Gf C GL? = (rF(2, Zg)' on the Q-dlmensmnal_

vector space Zg. There is a matural action of (G,, G,) on R defined as follows.

For every (wy, wy) € (G4, Gy) and feR
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{.L'I . [02) f(xﬂ r Tygs Loy :2’,‘22) = f(x;j, x}_?, 217;1, x,’?2)’

wherex;, 1 <1 J < 2 are given by

i
T Ll
Ta1  Ta Tor Too | _g
== wj w2 .
» ] .
Ti1 g9 11 Tig '

If (wy, w,) f = f for alt(w,, w,) e (G, G,) f is called an invariant of
(G;» Gy)era(Gy, G, )-invariant. We shall denote by R(G, , G,) the algebra of
(Gy» 'Gg)-invariants. The invariants of (GL,, 7) bave been computed by
W. C. Krathwohl [2} those of (GL2’2 , GL 2’2) have been computed by M, Tezuka
andN. Yagita ]6] and by the author in [5}by a different method. Here GL, , i3
the Sylow 2-subgroup of GL, consisiing of all upper matrices with 1 in the
diagonal, Let us recall the resuit of W. C, Krathwohl [2]. Let

[T Fa Tri T
Lf= ,Q.: /Li;i”mzf,2
2 91 F 4 )2
Typ Ty T Ty
T T 2 ‘32
11 Y21 Z11 Yot T11 F2q
M= ) M = . ' M m—
1 2 2 2
T19 Ty T2 Top Tia Ty

THEOREM 1. 1. {W. C, Krathwoht [2]), The algebra r(GLo, 1) is generated by
the elements Ly, Ly, Q;, Gy, M, M, and M. 4

We consider now the invariants of (GL,, GLy) Suppose that f isa (GL,,
G Ly )—invariant. Then fis also a(GLy, 1) invariant and by Theorem 1,1, f can
be expressed in terms of L,, L“?, Q4 Qs M, M, and M2 . In fact we have

MAIN LEMMA 1. 2. o{(G Ly, GL, ) In the subalgebra of the algebra R generated
by the elements LJ’ Lz, QJ’ QZ? M and K=M1 +M2.
(The proof of this lemma will be given in Section 2).

From this, f can be expressed in terms of L, Ly, QI, Qy, M and K, Set
— L ¥K Ap=Q,+M,i=12

Then. for each w=(1 (g 2)— )e&(1, GLy) we have

”’AH = “Au + b4y, wA;rz = aA:z T b. 122
wM=M, wK=K.



Similarly to the proof of Theorem 1.1 we can show that f can be ex-
pressed interms of M, I\andﬁ Ly, @, Q, » M, M1, M2, where

. A, A, A, A_ .
’gi = -;! zl ’Q;‘ = ‘; ?: [ Li i1!=2u
A 1j Asi : Ali Azi '
A A 2 9 ] A A
Y =/ 11 21 l ,ﬁlf _ AH A a1 ’ﬂzz ;‘1 jl
. Azg .4‘22 Ay, A22 Azz A22

Sinceﬂtl =@, Mz—i—Ql M,ﬂz = @, K+ MM, we have proved

THEOREM 1.3. The algebra R (GL.? GL 9) is generated by the elements £, , 2, ,
¢,. 2, 2 Mand K

2. PROOF OF THE MAIN LEMMA

Let W,=z,,W, = mﬁg_[_xinﬂ’ Wy== fq TTy T,
Woa =gy @55 + Tpp) (g5 + Tpy) (g + z,, + Ty + 2y )
It-is easy to see that sz are (GLy, , GLZZ.) - invaria?ts. Namely, in [5]
we have proved (see also [g]).

PROPOSITION 24 R(EL 2 2,2, 6Ly is a free module over 7y [W,,, Wie»
Wy, s W, generated by 1.-M, K, MK. Furthermore, its algebra structure is given
by the identilies: '

P 2 , : M\
ME. = W11K+ WIIM —l"' “12W2 ] A ’ (21)
2 2 - 2 ’
K==W, Wy + W, ME+ (W, +W,,) M _
Sappose that fisa homog'eneous (GL,, GL, ) — invariant. Clearly f is
-also a (GL2 » GLy 2)——-1nvar1ant By 2.1f canbe wrltten uniquely as follows

", 22

ﬂ5 °
f= Y m{ny..,ng) W 22K M W s W W
By eeey g
where n, , n, = 0or1,n, 6 Z,, m(n, .., ng)=0or1. ﬂere Z, denotes the
set of non-negative integers. On'zi = Z1 XX Z, wehave as usual the

P Sl Y
6 times

left lexicographie order, na.mely,(nz oy D) > (n;,..:, n’) if and only if there

ex:stsanlntegerk 1 6.81mh that n, =ni,0§:<k-landn >nk
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TWe need an another total order on Zi- . Define

(Ryseeny Ng) z—(n;,...,n;.)if
(4n1+.?n2+2n.+n4,n1,n2,n3,n +n6,n5)>

> (4n1+3n2+ 2n3+n4, Ry, My, Ny, ni4-ng, ).
Let f be a (GL, , GL, ) —invariant of the form (2. 2). -
Set I ={(1,y...,0g)Im(ny,.... 05 )=1} We say that f has the index
(@) 50ury Ot Yif (&; yoeus aﬁ) ig the maximum element in If with respect to

the order ».
On the other hand since f is also a (GL, , 1) — invariant, by Theorem 1. 1,

f can be e«pressed in ‘terms of L, , Ly ,0Q;,Q, . M,M,, M, . By a direct
verification, we have _
' 2 . 2,
LM = M2+ K MOy
' 2 2
, LM, =LK+ M, +MQ,,

Hence f can be written as follows
f fO (Q]u Qg! :iulsK)"['fI (Lzs Lg! Q]s QgsﬁfK) (2.3)
 with f, free of L, , L, .

LEMMA 2.4. Lel f be a (GL,, GL, )-invariant of the form. If fu # 0 ‘and
(&gsmees ) is The index of f then ay = a, =0ando, —a, < hoy (2. 3)

Proof. Let f be a (GLE, GL ) invariant as 1n Lemma 2.4. First we prove

" that a, = az = 0. Let us express foand f asa sum of non-zero monomials of

Slnce fo # 0, fo kas a term of the form azuazgz with @ + b = Ifol = |fl. On
the other hand, by deflmtmn of L1= Ly, Qs Qp, M; My, My, any other term )

of f is of the form :cﬂcclzlecczz with j -+ k = 0. This means that f contains the
o d b I -
term Z,,Tq0. |

Smppose that a; 4 o, = 0. By definition.of the index any term of f is of
the form x}lm';zxgjxgz with j+ &k > %, - %, > 0. Hence f can npt contain the
term ':c;i:rgz. This contradiction shows that 5 = U = 0.

We prove now that «, — o, S 4a,. Write |

_f_w ‘g" Ms‘Wﬂ .

‘ ‘ 44:; +2a, +u 7052 -}-o'.s x,
= $22 2’:11 ‘+ ey
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* Let

w =((‘; é) (2 f})) € (GLy, GLy).

., = .
Since we,, = Tggr Wy, = Typ WE g = Ty, ] Wx,, ==x;,, any sum of all the
terms of f with the same homogeneous degree in {x,,, Ty} is an invariant of
‘ 4o=| +2¢q +o +a +
w. Let § be such a sum which contains the term a:22 273 112112 5 BY
defmltlon of the index, ba, + 2a, + a, is the highest power of Ty in f- and
so in S: Since S is an mvarlant of w, 4o, + 20y 4 ag > ag + ay + a, Conse-
quently, %, — ay < 4ay. The Lemma is thus proved N )
LEMMA 2.°5. Let a, 89s g, 0, be non-zero integers such that a, — e,
< 4oy, a2, as =0 or 1, There is a (GL,. GL,) -~ invariant of the index
(24 %, g, o, 0, 0) which can be éxpressed in terms of Q, M, M, and K.

Proof. Set U, = g, L’,: MUy =Ky, Uy = KM?, U, = M*and U=M? ,

~ Bya dxrectveuflcatlon we can show that U is an invariant of the index

(1:0,0,40,0), 0< i< 4 and U is one of the index (0, 1, 0, 1, 0, 0), From
thiy, if we take

i

: o

| UD—I K% M% if @, —e, <0,
o U:1. vt M% i . - 2, =0,
. = 'c:’ (& +1 ke prte e . .

Uol. )UFU4IIEM3 7.1f o0« —a <4u1,
: : e, — e, =4k +r 0 r<3,
! U“J U°‘-2 M3 if T, — % = ko,

then H is an invariant of the index (2g, 29, a4, oy, 0,0) consisting of the terms
- of Q2 M, M, and K. The Lemma is proved

Proof of the Main Lemma. {
- Let f be a homogeneous (GL,, GL,) — invariant. Write f in the form

(2 3). The case f, = 0 is trivial. Suppose that fo 4= 0. By Lemma 2 . 4, f has
the index (mj, gy Ogy &, s 0, 0} such that hyy tys gy %, satisfy the conditions

of Lemma 2. 5. Hence, there is a (GL2, GL-2) — invariant H of the index
(o, tgs Cgs Oy 0, which can, be expressed in term of (Qg, Ao M, K e Zs
EL;s Ly Q7 Qy, M, K]. Since the index of f — H is lower than that of f, the
Lemma follows by induction of the index of f.
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&, THRE BESTRICTHON

From -now on we use the notation H*(G)—H"(G Z,) for a group G,
Recall that the elementary ahehan 2 -anbgroups A, 1 k<5, of -the group
Gch.z are given by
" | Ay ={¢pp Cgr Cy) 0 A2=(°23"13’¢2¢"1¢)’

Ay = (Cay s Cpr C1 ) » Ay (Crz 0 Cg40 Ol »
Ay = {4, €y Cg ) '

Here ¢;, = E +-et. jwith ¢, being the elementary matrix i. e. the matriz with

1 in posi ion (i, j) and zeros elsewhere,

€= C€19€ 4 G2 = €43 Cgp €3 = Cq4 '
Let T, A ~ Z, be the duals of ¢ w:th smitable indices for 1 < k< 4

A and T, Ad Z, be the duals of c; . We know that

— Zs [:l‘,‘ij , with the suitable indices ], 1< kS

[5] we have shown that the homomorphism

. WGL (4; )
: - b2 3.1)
Res : H“'(GLM)_.!El H*(A. ) _ (

L given by the restriction homomorphismas is injective.

Here W (§) = Ng(§)/ C,(S) denotes the Wey! group of a subgroup S ina

group G and H*(S) is considered a8 a WG(S) — module via the adjoini
isomorphism.

in Theorem A are defined by

Further, the elements v,,, z;

xi:H—I if ¢, ../ € Ak,1<k<4.

%mq%= z ifie2 k=5 " - (32
’ I otherwise,
O | |
2 - . o
“i.z‘+2+”i, i+2 T, kb1 if kemiori4i, k<3,
! .2 .

”i,i+21Ak =1 %5 + Z,% if k=5,

0 otherwise
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T1 (1t T3 ) (g + Tpp) (g + 245 + 24) k=1,
,ﬂqr+%yﬁﬂ+wﬁﬂﬁr+gs+m4+x%) if k=2,

D”IAk% Ty (Typ + Toy) (B + Ty ) (%), + @y, + ) if k=3,
Ty ) (2, + T51) (T + 1‘12 + =z, ) T if k=4,
Ty (T3 + Ty ) (w3 + T, ) (7,4 +z, =) if k =5,

% |ag =~'-’f];43 =z, =01<i<2,

. | s
21,A2 = Tys T1, + Ty Ty, "’1|A5 =Ty + T,3,

2 2 | 3 2
zzfaz = Tp3 Tyt Ty Ty + Tppwy, 4z, Loy 22'45 =0,

1000
L 0010 61 1 A4, c 4 .F his and (3. 1
Let g = 07100 € Uiy lken gd, g " C A, . From this and (3. 1)
0001
we biain: . '

LEMMA 3,1. The honwmarphum
War 4;)
Res: H‘*(GL )-+ﬂH*(A ) #
i#4
given by the restnctzon I:omomorphzsms s injective. .
Consider now.the images of the resirictions on the, maximal elementary .

abe an 2-s :bgroups A, » I k5, of the group GL
 LEMMA 3. 4. o
W (4.)
® GI;4 5
- HY(4 * c W,
Proof. WGL (Ag) =N, o, (Ag)/ CGL (A J is isomorphic to the subgroug

of tJL consisting of all matrices g ¢ GL, of the form

1700 0 )
0 * % &
D % * =
0 % %= = :
Further, the action of W L(A ) on H¥(A,) = Zol2ys 7y 3] is as

J(OI'OW> .
wa:l-—a:r:i-{— bx. w.r2=cx1+dm2, mg=?31+f-ng+-‘=3
for each ' :

{100 0

0 ac'e ' "
“Tlo b a f|< Wor(4)

00 0 1
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Suppose that we are given an element r ¢ H* (A5)WGL& (4 5t
Ifzeg, [_x'j » Tg], then by L E. Dickson {3, 1,3. 4], z ¢ Zy [L,. Q,,} with
As 1 Tisg .

| Suppose that r ¢ zZ, [z, x, ' %, ].. We write 2 = fo (z, 1Ty ) +

+ f(:z:I ) Ty ,xs')_with fa free ol x4 . Obviously, fa and f1 are clements of
W (45)

Zy[®y0 %9075 ]

Since f1 has the factor x, , it has the [actor

%3 (5 + %) @+ 2,) (@ + 3y + ;) == W, iAs .

The Lemma follows by induction on degree of f.
LEMMA 3. 5. WGLﬁ(Az )=06L, X% GL, and

WGLKL(A-Z)
H(4, ) C Wi,

Proof. Clearly, WGL (4,) = GL, X GL,.

Further, we know that H*(4, ) = z2 [Zg5 :e:j3 o 3:14] The action OfWGL (4,5)
on H* (4,) is as follows. ‘

let w = (', w) e WGLé_(_Az )= GL2 X GL2 and
’f s H* (Az ) = zZ, [x_ﬁ, Tyg Ty :1:14]. Then

wf @yg. Tigp Tgp Typ) = F(@hg Thgr Ty 27 with

’ .
13 Tu T3 Tu
= ID’ lD"_"i .
s E T x
Toz - Tos N B
(4,) |
According to Theorem 1.3. H* (4,) is generated by the elements:

Ly =y, + w, w, )|A2' £, = (Wy+ w; w; -}-w?)iA?

L, X
' ‘Q1=(w2+w5)'lA2_’ ngw,& lAz'-

Jﬂ:‘""’5|A2’ M = ”’1IA2* K= "’2[42 .

This completes the proof.
From [3, § 1.3.4] we easily derive



LEMMA 3.6. W ., (Ai)z—GLa., i =1or 3 and via these isomorphisms
4

5 &

H*(A; ) become a GL, -module, that is

Wer, (1) o L

; .

H*(Ay ) = Ze [0 ws‘Ai’ “’S\All < W\Ai’
N Wer A3

H*(Ag) = Zzlwéhg "’7‘/‘3’ "’9‘A3] < W\As'

From Lemmas 3.3 and Lemmas 5.4, 3.5and 3.6 we easily obtain Proposi-
tion C. The proof of Theorem B is complete. ‘
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