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I. INTRODUCTION

E, Csaki and I. Viacze [2] invesligated the test (1.4) which is analogous to
Pearson’s Chi-square, utilizing, apart from the sample frequencies lying in the
pariition intervals, the sample positions too. We consider here the similar test
(1.11) under the null hypothesis %%, depending on s unknown parameters,

Let X, ..., Xn be independeut and have the common distribution function
F(z). Lel —oe =xy <2y <=z
such that

p; = P{X, e, =(x, px,)}=Fz)—Fx_,)>0 z_.l
and let v; card{j X enp s j=1.,nhi=1,.,r.

2'< we < T, = oo be a given partitiOu of R1

It is well-know.a that
(v, —ap; Y p
7 np,
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i

™

s x2(r —~ 1) ' ‘(1.1)

© RE N —» oo, where de otes the convergence in law, .
Let 4

i = E(X11X; € 1),
Fo— VX X7 < a0 -2
and . )
= 1 : .
X-=— X., :1,_..., Te
xR T | 13)
Py Lo
Csaki and Vincze [2] investigated the test
-2 B ATt
vo= 2 |—- Y. - (1.4)
=1 6, ,



and showed that under 7 !

522 —{% % (r) as I — oo, ' (1.5)

provided that p, >0 and >0, i=1,.,r(cf Th 212}
and ‘ f
-2

Var
88 n-»c and r=0(n"), 0 < a < 1, (cf. Th. 3.1[2]).
Now suppose that the common 4d. f. of X s is

F(@, 0) = F (2,0, , ., 0, ), . n

£ N, (1.6)

where 6= (61 s s f )T, § <<r, isa vector of unknown parameters taking

values in an open set @ C RS. Then

1t is well-known that (see [1], {3]) under suitable assumptions the equations

r vi Bpi
. =0,7=1," . 1.8

i=f%

~ have a uniquely consistent solution § = (El > oo .ré'g )T and

L}

72— }i‘—. (i_—_ﬂh@z 5 (r—s—l), (1.9

i=1 np, (9)
a8 Il —» oo, |

The aim of this paper is to stedy the asymptotic behavioar of the test
similar to (1.4) with F given by (1 7).
Let .
pf =Pi (B) = F('Ii » 8) — F(.’,Bl —f ),
e, = ¢ (0) = Eq {Xy | X, el ‘ (1.10)

67 = 5?(9)_—_%{_3'1[)(1@ AL i=1 .,

1

Then the test under consideration is of the-form

73 (e)—-—z(_lﬂ) v, _ (L.11)
=N 60 R '

—2~ ; :
where 9 is an estimator of 6. It will be show thatx (B)f_e;%? (r—s) as n — o and

G Y . "
r is fizxed (Tn. 2.1), and (Xz(e)‘—r)/ V2r SN0, 1) as n — o and r = 0@n%),
0<w«<?(Th 2.2), .
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iI. RESULTS

For any fanction f() let us adopt the following notations

' "2 s
o f = af (8) o f— 0 fib)

0, ' U s 00
f - J
0 - ,
a_f_a.f Bt ” a fwa f oy > bd = Do &
£9 = fo,), F =F(o).
When r is fixed and n tends to infinite we can state :
THEOREM 2.1: Let © be anm open set in RS, Let8, == (9‘13,..., 69 be a fixed
S
point in © and let &6, denote the null hypothesis: 6=190,. Assume thai for
I'::j,-u, !', j, k=1,-..,s )
(1 P? = pA8,) > 0,
Y (A 6?@‘. > (? for some consiant ¢ > 0, and 6° (B) and 3, 62(B) are continu-
ous in &,
(iiiy e ), 8 1% {0y, a. e, () are continuous in o,
{iv) The rank of the malrix E = (E, D= (aoe ) pquals s: rank (E) = s.
Then
(a) There exisls a soluiion/\=5:1 of
r X.[ - el(ﬂ) ’ .
T —— v, 0.e =0, j=1,.., 8 _ (2.1)
- i=1 670 o E '
such that under %,
PBG
3 - - - ) )
PHO imf =196,, fe 68— — 0, - (2.2)
n—>oo :
The solution T is unique in the sense that if /8\ is any olher salution of (2.1)
PBD ' ,
and 8§ —— 0, then
. Pﬂ (/B\:.(—ﬁ'aias It - oo,
A, ' 0 .
(b) Under 95,
— o~ 2
e~ r Xi — e £ _ ,
i=1 6, .

I
as n — os,
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Praof, Put

N4 Nl g
Xyn= 0 Vigomess & | 24)
1 r J
XI —/‘;:l — X: - ;; ]T )
X = — Vg e =3 Y (2.5
6, 5 ﬁ
r "
i v '\71 n ‘o
_ Bn:( u): . Bjel I 1,.,1‘,]-—#1, s 3
6, .
< ' N (2.6)
Vel
B = (Bi') =|—— 0. | i=21,,., rj=1,..,8
J p J i
6.
1
By the Chebyshev inequality: ,
0
np.
Py l\:i-—-npio’g_ ‘;’,Igi<r e
0
where ¢ = :(461 /po) qf =1—p0.
- ‘t=1
‘ Thérefore, from (i} it follows that under 9"60 :

v, /0> p, /2 1., r @7
with probability larger than Q =7 — .2 tor each n ;/ i (abbr : with @ | %
‘for n > 1). R

- Put .
AR,
Dn = diag geans s
0 0
6y 6,

- — —

D = diag vp-’ v Pr ], -
[ ] 6,0.
Then

B = D E, B = DE, rank{B) = rank(E) = s,

ranh(BTB) — $ | BTB | = 0,
Py ‘8
D __+D B __‘13,

n
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and
rank(B,) = s, rank(B'B )=, | BLB, | =0 | 2.9)

with Q| %G forn »1.
Let us rewrite (2.1} as

. 2
w
ey
L]
o O
.,

J oy & i
Z2(,—8) L —0.
- k Al=‘1 6?2

k=1

N , .
_ r i — e,
=n1/22—\—/—-~—-— be, Lt /v b w () I<i<s,
)]

r vl./n 0 0 $ 0} 3°
—F — 936 |le —e — X8, —0, )0 e,
=1 6‘,’2 Jir i i k=1k kTR

’ i

or in matrix form
T - T
BpB,(6—8)=n Yip X 4+ wE)

n on

(2.11)

where w(ﬁ.)-= (w1 (®) 5005 g (e))T .
Then, by (2.9), the equations (2.1) are equivalent to

9 = o+ 2 BIB)™ BIX, + (B*B )™ wi) @.12)

with Q| % forn>1.

Now construct a sequence {em} such that
8= to4 12 (BL5 ) BIX + (BLB) 1w, ), m>1, 213

Noting that w(8) = 0, it follows from (2.13) that
0, —,= 485 B,
e | B et ™ Om = BIB ) [w(s,)—w(o, ) m >L. 2.14)
Let {\ = A(n, ®)} be a sequence of constanis satisfying
i . @.15)

pp— and A/if -0

for some o, 0<ta << 1, a8 11— =,
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8y the Chebyshey inequality one obtains from ( 2.7)

_ R
P X _ 0% M J;>fi,v. 1,i=1, .., r) 2.16
80\1 F El["-f-v_}l_, P 2 l> ( )
' 62
r 6.
>1—p2y L _ 4
i=gYem R
o . o2 _
>1—22"%2x L 44 el @
r 602
forn >N, > 1, where b =2 E——(’;, and d = b is given, while N, > 1 can be
i=1 . '
p; n

chosen such that

-9 _3_ -9 . 3.20!
A2 L Cdh2, forn > N, e g, Nin—max} 1, [d-..b +1]f.

Therefore, by (i), for n > N,

X, —e; A . ‘
PBO(! 60 -Vvi , -~ ~—C— y [ = .1’...; I') QQA - (2-17}
O, :

It follows from (i), @14), 2.4), 2.6), (2.8), (2.9), (2.16) and (2.17) that

o, —8 < K, MV 7 with Q)+ 96, for n > N, (2.18)

‘where K, is a positive constant independent of n.

Nc_x.\_w using ihe Taylor expansion for each w, 8y — w, (6™, 9’, ﬂ;’ & U(ao) a closed
ball of centre 8 ,» One obtains from (ii), (iii), (2.16) _
@ — e, < — o) Ky (e —o, [+j0* ¢ 1+MV )
with Q;\ | %o for n > Nj » Where K2 is independent of n, Therefore

L) — w@) N <YKy 10— 07 (19 —~8, | +he" —0, § + M) (2.19)

' ‘ with Q” 9760 for n > Ny "

From (2.14) one has, assuming that O 8-z €U0,

Bpyy =80 < Ky llo, —6, i ( BO =8, 118, —8 I+ AR ) (2,20
mz1, with Q |46, for n > N, where K, is independent of n,

However from (2.18), (2.19) and (2.20) one can choose Ny > N, such that

for n > N, the sequence {em} ‘belongs to U(e,) with Qy l #,- Then (2.20) is
satisfied with Q) 1 %’o for n > N,, ,
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By induction one can verify that

and e . " _
H Bm - Bo ” §2K1 NV_:T, m = 1,2,n, ) (2'22)

with Q). , ¥, for n > N4, where .'V3> N2 is' chosen such that (4K, -+ 1) K.’s
MYN 3 < 172
Hence
m ~ o .
8 =0+ E(am—ei)ﬁe,zno_}_ E(Biﬂ“af) (2.23)
= t

A .
as m — oo, a'ndﬂ.ﬁ a— Bo I]§2K1 ?\./}rn_wiih Q?\I%o' n >N3'

A
From (2.12), (2.13), (2.23) one can conclude that 8 is a solution of (2.1) and

BeU(B)wubQ”%,n}N ,
Since 5, as- defined in (2. 16), converges to 1 as-n —» oo, (2.23) im plies (2 2).

[)
Suppose there is another s‘olutione of (2. 1) such thate_ _.2 8. Then 8 U(Ry)
with 7—g | S, for » > N_ > 1, where N, can be chosen for 2 given ¢ > 0.

It follows from (2. 12) and (2. 19) that
- T =1 - —~ —~ ~ A
| 8—8 I=H(B,B) [w@®—w(I< K]0 —8j (I&—06[-+
+ 1 o — 8, | - A/V1), with Q) — ¢ | Foforn > N* = max (N, N,), where
K=1yS§ Kz' Since D and § both tend to f, in probability under %, and A/¥n
tendé to O as n — o=, the above ine(iual'i!y is valid ift | -0 I = 0 for suffi-

ciently large n. Thus 'Pea (?——E Y2 QA -— ¢ for n > N*,

This proves the uniqueness of the solution.
. From {2 . 14), (2. 21), and (2. 23) one can write

- -0
—_ T T —
nyn(e —6) —(B, B) BX |= Vol 2 @ 479, )1< B2 Ty
T . m=]
with Qy | %6, for n > Ng. where K* is some constant independent of n. Then

P
a .
vn T—0) ~ ' B8!B_y1 B x 2. 24)

Py

’ 0
where A ~ B stands for Py -lim (4 — B) ==ds



_Let us now examine the asymptotic behaviourof X . We can write

X e, X - e o _ ;M
i VV S V . — '\/H (e —— ef) R i = 1,.-.;1".
L 6, 6 - 6
L i i ‘ ) i
By (iii), using the Taylor expansion, one can write
—~ - bl 2 .
e, — € = ,-21636" (8, =0 +0( 06— ) i="1uur
Therefore '
-~ -—X— /\
Y =
i
6? ' -Xh‘. —_ e:.’ . —~ o~
== Vvi— Vb {5 — ) V0 (1 0—0,112) |, i=Tpss &
it © : '

where b!. is the i —th row of Bn.
From (ii) and (2,2) it follows that
Py ,
B, =6, (e)—+ 6,0,) =64 i=1Lousr.
“Further, by (2.23), one has \
VEO(IT—0,12) <02/ VT) with Q; | %, , > Ny.
Hence ' '

X —e, aoX—--e
]/v -—]/nb (e-—e ),1—1,...,

P ;
or, in matric form, by taking account of (2. 24) and (2 8),
Py -

. 0 _ ~ .
{ anmvxbn._.yn Bn(B——-BO)
P o
2x —B &'B)'BTX ~=(l—B (" B) 811X
=~ %on “n Yn“Tn’ n“on — Urp At rn-onr! “ndex
Pa : T =177 v ° o ' 2.5
~[I.—B(@ B 'BX,, @25)

where I is the unit matrix of order r.

It follows from the proof of Th. 2.1 in [2] that

£ g ‘ '
X oo Y =¥ 5eem Y}_)’f, ' (2.26)

where Y, .., ¥ are mutually independent and have the common distribution
N, D). Sy | “
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Since 4 =1 — B(BTBy"IBT is idempotent and hence rank(A) =
trace (4} = r — trace [B(BTY 1BT| = r — trace [BTB(BTB)_1]= r—trace (Isy=
¢ — s, one can conclude from (2.5), (2.25) and (2.26): R
--E'/"- — T _g T £ e .
X2(9) XanmXon AX Y AY 2¥2(r — 5),

where ~ means ¢having the same limit law». We have thus established
(2. 3). - Q. E. D,

THEOREM 2.2 Lel r = ry = O(n%), where 0 < a < 1. Let the assumptions
(i) — (iv) of Theorem 2.1 hold for every sufficiently large n and for r = r,,

Assume further
(V¢ < p S&/n i=1,., B

where c, and ¢, are constants, 0 < ¢, <1<c, < ooy |

r -
(vi) % Y [I-l (:‘)/( 6 ‘;)k ] <Cg,fork =4 and 6, where cg s constant and
i=1 o o _ ' '
w0ty |5 =] 5 e8] Em
Then under %6,
X__V(%—f — N 0,1) asn—» oo, (2.27) |
Proof. From (2.25) one has
FE @ -—r 55 T
AW =7 =1 VZ}' Xt X —r
Var AR
L N (xT — —1 _
£(1 _}-fﬂr) (X7 1, —B BB BT X, — r) =T, — T,

where
. T
T, = apver) X, X, —
T, = AV INX, F@™B  BTX, =uNZN B BB B X, | 2,
By Th. 3.1 in [2] eme obtains under 76,

2 .
T, N0, DYas n— o, ' (2. 28),

Since (i), (ib), (ii), and (2.17) one can write
&
T, — 0 Q2NT) =0 /n?) with Qy | 96, n > N,.
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Hence, noting that Q; — [ &8 n —» oo, One can conclude by (2.15)

Py
T2 2 o - (2.29)

Clearly (2.27) now follows from (2.28) and (2.29). Q.E.D.
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