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ON THE INVERSION FORMULAS FOR THE

- INTEGRAL REPRESENTATION OF ¢ — ANALYTIC
FUNCTIONS AND THEIR APPLICATION

HOANG DINH ZUNG

In this paper, which is a continuation of [1], the inversion formulas for the

integral representations of ehw _ analytic functions are established and applied
to some boundary valuc problems for these functions and also fo problems of
filtration theory in nonhomogeneons medium.

| L. EN®ERSION FOEMULAS

Let G be an arbitrary simply connected region in the wpper half-plane .of
the complex variable z~a | iy; I,, (z) the modified Bessel’s function of the
first kind and v —th order; f(z)= u(z, y J)-+iv(x, ) an arbitrary analytic
functit.)n in G. Assume that the boundary 3G of G contains a segment L of the
real axis Ox and Imf(z)IL == 0. Then, according to [1], the function F(z )=
U(x y) + &¥(x, y) defined by the formaula
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is an e?‘“ — ‘malyhc funchon in &, Here ) i a non zero u,al ) natam €, and

02 are arbitrary real constants, z, € 3G, tbe intagrals are taken over an arbl—

trary curve in G joining z 0 & (za, z respectwely}, and a branch of arg (z — 1)
(z —t) has been fixed,

as

If the region G contains a point at infinity, then the functn)n f(z) must
satisfy an additional condition, namely:

f(2l, (—gz) =0(l=r Tasz e T
where v = 0,1, and ¢ is a positive constant,
We-shall show that if the unbounded region G contuins an entire line segment

joining two arbitrary points of G with the same absciss, then there exists an
inversion formula for the integral representation (1)

At first, the function f(z) is continued analytically from the region G to
the region G* across L, where G* is the region symmetrie to G with respect to
the real axis, and for z¢ G*;

f(z) =f(z). | ()
a) Let Iy be a vertical line segment lying in G4 L4+ L* and joining the
pomts (x, a) and (x,—a) (a >0, zp=o+4 i0 = (z, 0)). Let z=x + iyand
t =x+ m belong to Iy, Assuming arg (z — ENZ mmt) =0 for 0 < n <y er
0 > 1 > -y, we obtain from (1)
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Whenee, it tollows that :
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To obtain the inversion formulas for the iniegral representations (6) and (7)

we shall apply the Laplace~Carson transform:

o

Fo) =l =) e gdv.

W.here p is a complex number.
Setting
A

AN =e? U+ C,] «(ty = —u(m, ),
A

By=¢ ° [V v) + C,) By) = — v(m 1), - ®

and using the formulas (see [2])
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Where J, (.) is the Bessel’s function of the first kind and v — th order, from -

(10), we obtain
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Formula (10) can also be written as
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. According to [2]
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Taking into account the formulas (see [2])
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In a similar manner, from (9) it follows that Y
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b) Let r; be a verlical line lying in (¢ and joining the points (x, =) and
(z; b) ( b => 0). Denote by I'*, the line symmelric to 7y with 1espect to the real

axls. Let z = & iy and t ="z + i1 be two peints on g,

Assummg that °
arg(z — )(Z — f) = {

we have from (1)
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¢) Uniqueness of the 1ntegral representations.
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Let G be an unbounded region and f () = u (z,y) & iv (x,y) an arb:trary

analytic functlon m G, satisfying the conditions (2) and Im f(z) | L= 0.

the mteoral representdtmus (6), (7) and (20), (21) determme a unique e

Then

analytic function F () = U (z,y) + zV(:x,,J) in G (wu‘a definite boundary cond1~

tion), that is
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2., APPLICATION TO SOME BOUNRDARY-VALUE
PROBLEMS FOR e?\'m—ANALYTIG FUNCTIONS

P

We now show how the inversion formulas established in section 1 can be

Ax

used to solve in quadratures some boundary-value problems for ¢"*-— analytic

functions.
Problem 1. 1et G be the first orthant {z =z + iy: x >0,y - 0}, We

wish to find an eh’-—analytic function in G, F(2) = U(x, y) 4 i V(=z, y) whose

real and imaginary parts are continuous together with their partial derivatives

of first order on ? GG and satisfy the boundary conditions;

Uz, y)‘ __D_—_— E(ly) for 0 < g < oo, (23)

Viz, y)} 0=0 for 0 <o < oo, ‘ : (24)
y:

where E(y) is a given function, continuous together with its derivative of first

order in the interval [0, o).



in view of (6) and (7) we shall seek the solution F(z) in the form
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where the function f(z) = u(x, y) +- iv(x, y} is analytic in G, continnous and -
bounded on.3G and satisfies the condition

v(z,y)‘g=0=0for0\§x<og. . @7
It should be noted that, following [3], a function F(z) = U(x, y) + iV(a, y)
is said fo be P analytic in & if its real and imaginary parts are continnons
together with their partial derivatives of first order in this region and satisfy
the system of partial differential equations

Sz U 3V e U 3V

, . dx ay dy - T '(28)

From these equations it follows that on the imaginary axis the valnes of an

ehr analytlc function F(z) = U(z, y) + i¥(x, y) coincide with those of the
correspondmg analytic function G(z) = a(x, §) - if(x, y). Whence, taklng
into account (23), (24) .and (4), we first solve the foliowing boundary-value
problem for the function G(z):

E(y) for 0 < g < oo,

ez, y)[x_=0= ;E(-—g)for—m<ggo, _ . (29)

From (29) the function G(z) can be determined using Schwarz’s formulg for
the right haif-plane. Hence

Viz, y){ﬁ_o =13(w,y){x _ =Hy) (0<y <) (30)



Applying the inversion formala (13) we obtain from (29} and (30)

(A |
u(fv,y)]FO:%D’(y) +—%j J1 (iiyv ' ) D(~)dvy, (31)
where | | °
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"’?S y—-l J1('2" / 92-“{)H(Y)dv+?{l(g), C,=—E®0). (32

From (27) it follows that the function f(z) is continued analytically from the
region G to the fourth orthant across the real half-axis Ox by the formala (3).
Then, taking into account (31) and using Schwarz’s formula for the right hali-
plane, we deduce '

f(2) :_ETS u(0, )T

— oo

«(-—-iz

Finally, substituting the values of. f(z) = u(x, y) + iv(x, y) into (25) and (26)
we derive the solution of the problem 1.

Problem 2. Let G be defined as in the precedmg gection. We wish to find
an e;‘x — analytic function in G, F(z) =U(=x, y) + iV (=, y) whose real and im=
aginary parts are continuous together with their partial derivatives of first order
on aG (except at two points (0, 0) and (0, ¢) at which they may have a simple
discontinuity) and satisfy the boundary conditions |

U(x, y)‘ . =HEylrlgsy<sa (33)
=10

V(zx, y)‘ =H(y)forasy <o (34)
x==1{ :

V(a:, y)l =0 for 0 Lz T oo, (35) -
y=20 '

where E(y) and H( y) are two given functions, continuous together with their
derivatives of first orderin the intervals 0 sy=<aand ay< oo, resPectivgly.
In the same way as we did for the problem 1, first of all we consider the
following mixed boundiry value probleni for the analytic function G{z)=
= o x, y) -+ iB(x, y ) corresponding to the function F(z): ‘

‘ C(Ety) for 0<y<a
r=20 _)E’,—-y) for —a <y <0,

o, y)| 36)
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%H(y)" for a <y < oo, (37)
’ — H(—y) for —ee <Y< —
As shown in [4] the problem (36), (37) may be solved in quadratures. Moreover,
the solution, which is bounded in the neighbourhoods of the points 0, 0), (0, a)
and (0, —a), is uniquely determined, Whence:
Uiz, y)l = a{, 'y)l for 0 < y << oo . (33)
=0 =0 ; !

B($, y)l e=0 =

Thus, the mixed problem (33) —- (37) bas been reduced to the prdhlem (38), (35).

8. APPLICATION TO SOMF PROBLEMS OF FILTRATION

using the results obtained in the preceding section we can find the
solutions in quadratures of certain problems of filtration theory inm nonho-

mogenous medium,

a) Sheel pile in a filier layer of infinite depth. Let us consider the two-
dimensional flow of an incompressible fluid around 2 sheet pile in the

nonhomogeneous medium with the permeability coefficient y = e~ Az (— o <<
< x < oo, — oo < § < 0, fig. 1). We ‘wish to find the complex potential of the

pressure [iltration,
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~ Ag shown in }5] the boundary conditions of the complex notential
w(z) = g(x, g) -+ iz, y) can be writtenin the form:

H 7z H
(p:~—2—-011 CD,(p—-—:—;—'ODCD,

o

39)
p=— Eon ¢ BC, @ =0 on AB, ¢

where H = H, — H, is the effective preqsule, E is a real constant,

We shall consider the filtration only in the fourth orthant. The filtration in
the region {Z=2+ iyt —w <20, —oo <y < 0} is treated similarly.
According to [3] in the case under consideration, the complex potential

uxz) == o(x, 1) + Ly, ) satisfies the system of equatlons '\
. N R N | (40)
3x oy 8y axr ) '

V< xr <oy =0y <)

Let us introduce the new function F({) and variable { instead of w(z)‘and
z, respectively:

F(E) = UG, o)+ V&, 1) = in(@) + i%, | .
(=E+in==
‘From (40) and (41) wc obtain ,
SERU OV MEU Y ‘
%8 oy w9 (42)

Thus, F(L) is an e analytic function of the complex variable { =g~ ifq:
From (39) and (41) the boundary conditions of the function F({) are: "

U(Em)‘ =E for 0 L,
E=0

’V(g’")1E:0=—g—f << ey @
0

V(E,'n)\ =0 for 0 <k < oo

The problem (42), (43) is a special case of the problem 2 considered in
section 2, .

b) Concrete dam in a.layer of infinite depth. We considef the flow of an
incompressible fluid around a concrete dam in the porous medium with the

permeability coeffiﬂ;iant % = ety (— o < y < 0, fig. 2).
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— The complex potential w(z) we are seeking satisfies the system of equations

ety 80 _ _BE,'éKyaiz__f’_E

dx ay oy oz | _ ‘ | (44)
s the boundary conditions
* &, y) £
fy—=0" "2 TSt
o, §) _H . :
= ¥ oo
']y:qO 2 rhse<w
k1 Ty =—E for — T < -
{ y)’yz_-o ) o L~.<\:r,.~..\L, (45)
@(w,y)l = 0for — o <<y <0,
x=0
where E is an arbitrary comsta i Let us put
FO=UE 1) + VE W = ingz), _ :
E=E&4 i iz, (46)
From {44) — (46) it follows that
: e OV o av
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bE [, =F ter0<a<h
£=0

V(& 'q)‘ ' =0 forOLE<on
n==0

V(E m) lE

The problem (47), (48) is a special case of the problem 2 considered in
Section 2.
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