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A FREE BOUNDARY PROBLEM FOR THE
NONLINEAR SECOND ORDER PARABOLIC EQUATIONS

BINH PHU BONG and NGUYEN BINH TRI

I — INTRODUCTION

The one-phase, one dimensional free boundary problems for nonlinear

- parabolic equations were studied in (1], [2], [3], [4] In this paper we study the

free boundary problem for nonlinear parabolic equation with nonlinear free
boundary conditions which are different from those of [1] — [4].

* The following problem is considered .
Problem I: Find a triple (T, Sf), u (x, 1)) such that:
)T >0; S(t) >0%1e0, T]; S(t)e (0, T)
iiu( 0 ec! ('DT); u,,and ; are continuous in D ,, where
Dp={(z, ) ;0 <z < 8(1); 0 < =T}

iii) The following equations are satis{ied i
4, —a(z. b, u, (D)) u_ = q(z, 1, g,u_,S(@,5))

in D ; o (L
$0) = b; - . (1.2)
ulz, OV = hiz), = € (0, b); : - " (1.3)
al0, 1) = o) , te(0, T); (1.4)
Sty = f [2(S@, §) ], t &[0, T), (1.5)

ua (S, )= — S(O). [A ($¢), D + u(S(®), D)
t e, T). (1.6

The free boundary conditions (1. 5), (1. 6) are obtained in the mathematical
model proposed in [5] for the penstration of solvents into polymers It is ob-
served that if the solvent concentration exceeds some thleshold value A, then
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the solvent moves into the polymer, creating a layer, in which the solvent
diffuses according to Fick’s law represented by (1. 5). The condition (1. 6)
represgents the mass conservation,

Io this paper the given functions are suPposed to satisfy tae following
assumptlons

(A) h(zx) € C?[0,b]. L , .

(B) o(t) is continuously differentiable for ¢ > 0.

(C) a(z, i, u, S) is a function twice continuously differentiable with respect
tox for(x, b e DT s ue R, §& R+, Holder contmuoua W1th respect to x and ¢,

Lipschitz continuous with respect to t, and satzsfylng

R le ) <ale tu, )< By (1u])
ISa, I<B(lul) A+181),

where _'1 (B} 1is a positive funchon, non - decrcasmg for E=0.

(Mg, b, u p S 0) isa contmuously dlfferentlable functlon for (x, i) 6 "
meR, peR oceR, SeRrand

lg@ t o, p S o) | <H, (tuf,Ipl)

where I, (€. M) is a positive function, non-decreasing with -respect to ¢

. DT!

for &£ > 0, hon-decrea_sing with respect to m forn > 0. A _

(E) f e C* , f" > 0, f has the inverse-function 71 = O satisfying the
conditions _ ' '

|¢D|g®.t; ](D’Igd)o.t

where tb is a positive constant.

(F) Az, B) s contmuously dlfferenhahle for x } 0 t > 0 and

| A, H1< ‘ -

ﬁﬂere 10 is a positive constant.

The condition (1.5) can be written as

a(S (), 1) = o(S(t))-

.11 = AN AUXILIARY :IE.’ROBLEH
Let T, |3, R _be pomtlve constants, B < b We denote by ¢5 the classs

wmemmrlwn>p ST I< R}



Lel S(t) he a function € cS Performing the transformation :

(U! f) =u(S(t).y t);. H(y) <_:e;_-h(by) the e_qqatjons (1. 1) — (1. 6)

S(t)
are reduced lo
Vv a(Sy! t U, S) e :S .
| T vgy-— T8V ha .5, 8,
( .
in E “{(H’ t): 96(01), fE(O T)} S 2.4
V(y, 0) = H(y), ye(0,1); - (25)
V(0, 1) = 9(1), 10, T); . 6)
v (1 = —51. S(i) [?\ (S(i), D+ @ (S(t))] te 0, T); 27
:S(f)—f[V(l DL fe0: ) (2. 8)
S0y =1"> , 2.9
- For any fanction S(f) e S we conmder ‘the following aux:hary problem.
- ‘:I"Problem I1, Find a solution V(y, {) of the equation: ‘
PO V—Awth_—mmme>anT“““' (2.4
satisfying the following conditions; Ve e
Vg, 0) =H@),. - -, T (2. 5)°
VO, ©) = (D) .. . (2. 6y
%mo=—swﬂ0ﬂmmﬁ+¢&me_ @7
where L '
) A(y, " v) ~q(Sy, {, v, S) ;
52(1) _
. V FR .7.‘.‘
» . Q(y, to, V ) = “ST y V + Q(S Sy S, S)'

lt Wlll be proved that the problem II has a umque solutlon V(y, i) for
sufficiently small 7 and that V(y, ) eC”a(DT) for some & € (0, 1).

Let X be the set of functions ‘( y. t)e CI+5( DT) sat:sfymg the follow-

ing condilions:

Vi, <C: - . 2. 10)

v 0y, 5(D7) < < K, 0<&<1 | (2.11)
3 V(y,O)—H_(y), ve®.D; |
VO, ) =¢(1), te(0,T); ' @ 12)

v, a t) = ~8(1) S(t) [h(S(t), t) + @ (5(1)}
Note that the set X is closed in CZ*8(DT). "
For any ff?y, t) & X let us consider the following problem,



Problem III Find a solution V(y, {) of the equation

"'!I-

v = 0V, + A @ ODXOH=D
satisfying the ‘followin-g conditions
Vg, 0) = H(y), yeOD;
Vo, 0 =o(t), (€@

V= _$(t) .S . DS D+ o S 1@ T

where
Tn=AGL YT @05
- Oy, 1) = Q> 1 T(gs s Ty(ys1)s S, )

and 'f*' <T,

' LEMMA 1. There exist posttwe constan!s N, K K 6 such that the solution
V(y. 1) of the problem IH satisfies the following cstlmatwns _ ”

Vi <Nt' 4K in ODXO8=D
6<T S (2. 13)

v <N £ K. S ' 2. 14
Vi c§+5 (D6) -+ _ ( - .]
where K depends on the g_ie_:t:_::,__ qnd'_gup READ R depends on K,

y = L—é_é , N dependson the data.

~ Proof. V(y,t) can be written as the sum V = V, + V, where Vy is solu tion'
of the prcblem ' - - . o

V1t=z View+ Gin pT,

Vi(yiﬂ) == 0 [
Vi(O,t) = 0 »
Vywty = 0

and V,is solution of the problem.

V, = AV, in1DT, .
V,(y,0) = H(y) » |
V,(00) =)y .

V(s H=—5(). S(1). [R(S(f) f) + @ (SN

ua
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Further, we can consider Vy{y,f) as the restriction to DT of the solution
of the problem -

: Vlt=‘z( yst) V,yy+5(y.t ) in (0,2) X (0.T),

Vig.0) =0,
Vi0t) =0,
. 71(2, i) = 0 .
whgi'e
' ~ Afgt), y & (0,1);
A ,t — ~~
(1) ’A(g—y,i).ye(l,Z) ;
T Qi) » y € (O1);
! y’. = 02—y, ye(1,2),

_ According to Friedman's theorem (see [6], p 249) therc exists a positive

constant ¢ < T such thatin D®=DT A {t <Z o}

24 < Ny oY
Pl e ooy ST | (2.15)

1-39 O<d< ).

with =
To estimate V,(y,) , we use the maximum principle (see [7])
| Vsl < K (max @) |+ max | H | + max]SS(h+ 0)|
pT nT nT (2.16)
The estimations (2.15) and (2.16) imply (2.12).
For proving (2.13), we denote V= Voyand identify V with the restriction

to DT of Lhe solution of the problem
Vf = (Z-' Vg )g ’

Vi,0) = @,
V1, 1) =— S . SONs®HF O SH]
N V(=10 =09,
whera o1

— Ayt y €(0.1);
) = :

£@.0 ;A<-—y,t) ge(=1,0;

e o § H(@D ye 01

FO={ 5y yeeio

From a result in [7] (Theorem 1.1, page 590) there exists a positive

constant K such that . -
IRl <E . (2.17)

cd (};T) . |
Finally, (2.13) follows trom (2:15) and (2.17).



" LEMMA-2. The auziliary problem II has a unique soluiion in the ¢tlass

cI+0 (o for sufficienily small T.
Proof. Let us choose T,< O, 6) such that NT T < K and choose C, > 2K,

K + K < Ko . (hen

IVile S NITL K oo
vy < NY4+ESKEK+KLK,
ci+o (Dro) RS
Now choose two functlons 28 V,, sausfymg the conditions (2.10) — (2.12).

_

Denote by V,, V; the solutlons of the problem IIf . correspondmg to V1 W Vs,
Then the difference V = V1 — Vz is solution of the following problem.

v, _?{ @0V, +AQ(y,t) ‘mD To, © - @asy

V(ya) -—0 , o ye01); 3 T e

v,y =0, 0TI Ty, N

V (1‘)'20 0<i<T0; ' S -
where , Z @b = At Vi @y s

AQ y’,i) l AQ(Q& )— T AA(g’t) Vggy oo

with
£Q@D = Q@ Ty, Vi, w55~
— 0, 5.7, .k, V o (9.45 5.5), |
AA(y b = A (g} V (u.t, S) - A- (g, f V (y,t). S)
We c'onsider V(g,t) as the resiriction to’ (0, 1) X-(0,Ty) of the solution of

the following boundsdry problem: . _ :
V = A (yst) V + AQ* . -in [0,2] X [OiTo ]sf

V(y,i)—O, ‘:_..,ye_(_02) “
VoM =0, _" t"'g'(o,Ta )s

Vg =0, - teOT,);

where . .

Bgh = 3!1(_:;,1) 3 yeOd); .
(A2 —pb), yedd);

AG@hH v ye®);

AQ*(yty = )
&0 (2 yrt) ge (132)
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From a theorem of Frledman [6] there exxsts & comtant 6> 0 such thai

i <CUAQ*],. 6 ;
¢’ %)
6 . : ' B L :
where D° =Dro n {t < 6}; v = Pk We bave -
4 IAQ I, <L IBQU+ L I A&V, |
d AQU, KL L V=T,
an A QN KLyt Vi=Tylg

CNBAR S LAV =T e,

< 4
| | Vg, | < const - “(see [1}).
Consequently.
’ 1Vy = Vol 445 < G s nv._v e

By reducing T, , if necessary, we. conclude that the ms pping carrying

Y (y, ) € X to the correSpondlng solution V (y, 1) € X of the problem Il is a
contraction. It remains then to apply Banach S flxed pomt theorem to complete
the proot ' )

il — EXISTENCE AND UMQGESESS OF THE SOLUTION

- THEOREM, Under the asssumpttons (A} - (F), Problem I admils a unique
> solution. ' :

Proof. For any S(f) e d, let ¥(y, t) be the soluhon of the auxlllary problem
IL. Denote by s ({) the solution of the problem:.

Sy="f1{va
, _ S (0) = b.
1t suffices to prove that ihe mappmgA S (t) I—> S (t) is a contractlon from
d mto itself. :

F1rst to show that A is a contractive - mappmg from c-S into itself, we

A pote that

IS(t)!—lf(th t))l f(c y=R, .

Gt 18- '5 (0) |< By T or :_b:—-:fia-.f-g 3o,



Thus we have ﬁt) SR T b; B_ . Therefore we can choose T’ such that A
maps J into itself, | ’
Denote by V,, ¥, the solutions of the prohlem 2.4 —@27 corresponding
toSi,SEEcT.LetW =V, -V, |
a(t) = 51 ® — S (i)
Then W is the solution of the problem:
W, =A@, O W, + B@ O W, + @ HW + Fow. b

. in DT=@© 1 x©0.T) (3. 5)
Wy,00=0 , ye@1); ' (3. 6)
WO, H=0 , te®D; _ @GN

w (1 By =—5,(t) S, ) [MS, (1 1) + oS, O N+
+ 52(t) S, [M(S, )+ @ Sz(®)

e (0,TD); (3. 8)
where . - T .
Ay, By = a(lS 4, t, vy, 8,y 84 -2 ’ ' 3.9
B(y, 1) = §; SZI y + §pS;’ ) (3. 10)
- = o2
Cly, H=q, + a, SI V2gy’ N (3. 11)

Fyly, ) =8 {qx- y - q S _232_1V2y+ Vggy 572 (@, g+ a,) +
N Vs 31 —2 s; a(Szy, Lo 2; S,) (5,+ S,)+ 8,577 8y oy, *
TR
| Denote by ﬁ;, Eu, a ,EI, f;;,"c},,'ﬁc the mean ﬁfth’le of a 2 Bt 9 g,
9g0 95> Y , respectively.

We wrlte W W, + Wz, where W is soluuon of the problem

W, —A(y,t)Wiy in DT T e
: Wi(yl 0)—0 ¥ €(0,1); : _ (3. 13)
W,0,t)=0 , e (0, T); (3. 14)

Wy, (0 = = 5; (0S¢ MG O+ oS, (.
+ 5,08, S0 0 + o, 1] = ot |
- ree, ). (3.15)



and W2 is solution of the problem

“12! = Ay, i)Wgyy"‘i‘ By, i)Wgy —t_‘-'(y- Hw, + Fi‘ @ 8

in p! : _ (3-16)
W, (4,00=0, ye(0,1); (8.17)
W,0, )=0, te(0,7); (3.18)
Wy, (L D=0, te®, 7). (3.19)

By applying the maximum principlé to the problem (3.12) — (3.15) we get
) | W, { < const.max | G(1)|.
nTr

Using the inequality §3 || < ¢ 3 i, and the assumptions (D), (E) we have
i
= 5,()8,(YMS; () 1) + S,(B S,y MS,lt)y 1) =
= [S,(t) — S; (0] X[, MS; (0, 0] +
+ S, (O[S, () MSy (1) B — S;(0) MS; (D) B)]
< comst | S,— 8, |+ 1 S,()]] {55 — 5,)MS, (1), )+
+ 8§, [M(S,1), 1) — A(S(8) D}
< const | $,—5, f+|Sz HAS, @), DS, — S,
+ 18,8, 1%, |8,—S, | <const.t. S, — 8 |,

‘Similarly, we get S

| — 8,108,008, @) + $,(1)S, (1) OB, | < const.t. 8],
Hence |
| W, w0 <const.t. |81, (3.20)

To estimate W, (y, #), we identify it with the restriction to DT of the

solntion of the following problem-

Wo= (4 ) Way, + B D Wy, +Tl. W, + Fy (. 1)

in . (0, 2) X (0, T); (3.21)
Wy(y,0) =0 ’ y< (0, 2); (3.22)
A | W0 =0,  1e(0.T) (3.23)
‘ Wy t) =0 te{0,7); (3.24)
where ‘ - o
— Ay, 1) o ye(0, 1) ;
AW 0 =140 —ut), ye.2) :



L (B, pe@ b

B(_%ff‘_),,”.;i3(2_--:_y, s g
T A ) N Je(O FIR
Cw b =fe@-p b ye 2

) F(g,t) ,'ye(O 1):*
Fg.n =5p,@2—y0. ye,

LE s e L B

i
r-

Usmg lhe method of [1] and Gronwall’s 1emma we obtam

St v fC-

IW2(y n1< S max C(n, 1) wg(g. 1) d'r A+ S max; Fo(y, t)dt 1¢e [0, 1.
0 0

-1
%

Faking dccount of thé estimate’ [szy [ const T - .(see [1-appendix“3])'and

remembering the def_in.i‘t_iq.n;qil?o‘,a_,(f v we bave .. .. .
: e L
max | W,(y, )| < S max G (ﬂ;.t);ﬂﬁély;-ft_} dt. 4. const, &, {-O I,
p ;
t 1 PR
< Ly ? S T~% max | Wz(g, '}:)I d'l: -]— t u& ﬂ f o {3.25)
0 . ) N S -
By virtue of (3. 25) and Gronwall s lemma we can wmle .
max | Wy, 01 Lo - & uﬁnt. -
ysl0; 1] ' ' |
Fmally, _ o _ ) :
| S —S |~ 1f(V1(1, o) - f(V {1, t))l=!f(")l IV (1, H —Vg &)l
Let us choose T so small that M.t=w<1, Vie [0 T j Then we have
_ |§' §'l w|si—-Sz'with0<w<1 |
and finally -- VI A S
|13"—S2|]C |:SI-S 1

This concludes- the proof of the theorem
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