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1. INTRODUCTION

W.A. Al-Salam [2] and R.P. Agarwal [1] have defined certain fractional
q-integral operators and given their fundamental properties. The c‘peralibn‘ of
fractional g-differentiation is defined by means of the correspondence

x

pifw = A=t m [ {e— ) —a - tfoas 0. ®

where the basic integral is defined through the relation-(W. Hahn [31])

x

S fayd; q) =2t —9) EO g f(@q").

0
the series definition for the basic integral, (1.1) may be writien as

Using
o — — & oy [q_'u]j qj j
p, fl@) = - q) = J_EO 4], fxq/ 2)
so that
D;$”‘1=(1ﬂq)‘“[”‘;;q]m’“"‘“‘” (3)

In 1972, Manjari Upadhyay [7] obtained integral representations of basic
double hypergeomeiric series of higher order with the help of (1.3).

The object of this paper is to deduce some integral representations for
« bibasic» double hypergeometric series and to cvaluate ceratain integrals
involving basic hypergeometric series. A number of interesting special cases of
the main results derived in the paper have been given.
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2. NOTATION.
The followiﬁg usual nolation is used throughout the paper;
Letfor}q| <=1,
{a, = 1— &)1 — aq). (1 — ag"~Hy;(a], =1;
(____)1' qr(r+1)/2 a7
lal-, = [q/a],
The generalized *bibasic’ hypergeometric funclion is then defined as

(a): (D); =
(€): (D)5 ¢hal1

. . q(“) . q1(b); " ]: ®
A+B C4D| 49 ; ql(d);qhq?i | A+B C+D

-..:ozo m o q(1/2)7\-n(n-1-1) q (1/2)7\-1 n(n+1),
n=o {q(c)Jn[qI (d)]" ! '
where 4, &, > 0, jg|<<1, lg,|<<1 and for A = 0= A, |al<L.

In the numerator and the denominator the terms before the colon are on
the base ¢ and those after it are on the base g,. As usual (ay ) stands for the
sequence of N parameters a;, a,,.., dy - When N = A, we shall simply write
(a) instead of (a, ). A bibasic’ double hypergeometric series is defined as

X (@) (@)
ol T (0 (@)« () (D)
o@D

(©); (F) : (1) (1)
5 OE: [q(a)lmﬂx[q(b)] m [q (C)]n[qi(g)]m +n [ql(h)]m [qlm]nxmyn
o n=e [q(d)rlm—l-n lg ) ]m [q(f)] n[ql'(j)] m+n [ql (k)J m [9’1 (I)]n

The following basic functions shall aslo be used:

' ‘- = oﬁ 11—z !.l)}—].: oza m[ H 1,
eq(a’) {n:..-:g Iq' r=—o [QII. le{
[z—y] IO R CRl T ATE) ]
o

| n=o “(I—yq"t%jz)
We further denote by

. (ar) ‘ (g ); a¥
x s al v el 1v I1 qr !
O ey | e,
oo (a, I tyu
the product II (1_9;(bf)+ )]
u=o. (1_—3; s UU)J
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Lasliy, we shail use the notalioi
DWY(f (@) to denote DP [ f@) .
“y g v

3. In this section we shall give three basic integral represéntations for a

‘bibasic’ double hypergeomehic qeries in the following Yorms

- (9)
(D\ (b), © @i )
(6) (f) (1\) (L) -
1 1 b-e,e;q ] r—L,L;q
- a—q ¢ [ b, 1 J q’[ P, 1 ] x
11 - R
X fo g qe —1 pL'—1 [I-wuq]b,_e’_] [1-va1] g x
() (@) - |
TU | (D), b5 (e) 1 (h); (O, T L
x @) ) () da;qydp;q) (@
g o) e () (k) (), L | : S
provided that Rl (¢") > 0(RH (L) >0, |z [ <1, |yl< 1.
: {a) @ ]
xg) D) = ;O
@ .
T @sth G s
1 i d s e—d; k. r -k,
[T E—— Il o i q I'T q:
I-9) (I—q) q[ a1 ] o [h’, 1 ]X
11
¥ d—1 .,k —'1 : _
SS § u T -uglp g [0 )y or X ' 5
00 i . _
way| &)@ S, 15 @ o
X H ), @ - '
X O s (d), d’: () d(u; @)dv; q1) » (2)
- (e); (Fy: (§), k(L) '
provided Rl (d”) > 0, Rl(k)>01:bl<1 ly1<1,
(@), @:(g) ¢
ol T ) (i iy
gup [()s & (1) T A
: (e); (f) (k). (1) y
- £ qle¢—asq )y (97 —¢:4
(1 —q) (Il —q) [d’,f ]nql[j’,l‘ J]X

17 .
=1 g1 ' - .
x W T 2 g, - 21, X

(1))
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e (O (9)
wuols l (8D (0) - (R0 | e o .
guofs | (d) ; (.]) P A ( )
RO RN CINNY

provided RU(d') >0, RI(j') = 0, | xuv | < 1, | yuv | < f.

It may be remarked that (3.1 — 3) can be regarded as exiensions of Manjari

Upadhyay’s vesulls ([7], (3.1), (3.2) and (2.3)).

T'o prove (3.1), we have, on using (1.3)

<))

@ () i
pETUE pEi L (b) b5 (e) : ()5 (i), 1 |
e The CL L a) () |
(e)s € (f):(k);(e), L}

1

N

) ( ) i B '
m=0 n=40 [(I‘d)Jm-I—nl-q(e/rlml-qe Jmmfﬂ}n

a) a P a1, e
ey 1[ LAY LA ME T TS

R N N P T

L2, (j)]m -+ n[ql’(k)]m[qi(m]n[ qZLJ

n

b1 1 , , x| (Y (9
o y 3 [b -'q]n [!,:rn] ol [(Bs(e)s(h)i (i)
(1) "V (1 g7 e Gl h gl (DD

Cle)s(Frik)s (D)
Hence by the definition (1.1) of the operators D:"b' pl—%

T /IO

e lo e wme

'l : Sy ()
S 1"’[ @ =

]

© : (F): (k) : (L)

- 1 n [b’ —¢, 8"'9']11 oL L)
C-pa-a | v, 0 || + |

xy .
S T YAy 7 N % WY
o 9 i

r (@)

x - . = i 3 i

,‘ (b, bd, () -: h); (0, 1 a{u; q) div; qq)
y (d) )

LY@ @ @ @@

for Ri(e’y > 0, RIL") > 0. Transforming the variables through u — ux and
v — vy, (3.1) follows.
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To prove (3.2 and 3), we start with

.‘ : 1 (@), a (q)
k=R YL (DY; ey = (@), I 5 (D)

d —a, d
Dy, o Poy 7 O @i o )
Y@ Yy k), ks (!)
] @ @
d > o g —js (] ) (b) : (c) : (h); (i)
and D Dql,v )] yuo (d) . )

! s (F) 2 (B); (D)
respeclively and follow the same procedure of (2.1).

4, In this seclion  some of the interesting special cases of (3. 1 — 3) are
deduced. A number of integral representations for basic Appell functions
oM, ¢, P, G can be casily obtained as special cases of the main integrals
in section 3. We give hicre only some typical results.

17
S S at L of [1 uq]b _ [1 uq} — 1 X
0 o
cl—a—-b.—-ic sel | ¢’ L
x O e . b, b ¢ d(u q) d(v; q)
vq([—a—c e,d : f,
- f{d—a, d-b-c, b, ¢, 1,1; q
= (7~ 211 ] » E] » 4, » 1
( q} [d, d;f!_b—c;‘b' —‘—e,,‘c’ __.fs, .E,, f;] s ( )
(in@BDtakeq, =g A=B=C=D=E=F=1ec=f=1,
G=H=I=J=K=L=0,"=c¢, L'=1{"; x=gqlTembme 4 qd_“_").
11 . o : : -
7 L.
S S ad =7 pe~1 [1 _uq]a’~d’—3 [1~9q]b,'_ﬁ._z x
00 ' | S
uquﬁa'—b"c b, ‘;!;g’ : '
X®y d d(u; yd (v; q)
d—a—c , d
vq e e
d—a,d—b—c a,b,1,1;q
= (l—q)*I1 ’ ’ ;. 2
(=t [d d—a—b—¢a—d0=¢, e Q"J ©
(in (3.2) take q, = ¢, A= B=C=D=E=F=1,e=f=1
G=H=I1=J=K=L=0 b=bk=c;a= qd a=C py=q b
(I)(-I) [a’; b,‘c; bv;wu, qul—_— 1— 1_[ o .b’_a’f [4 508 Q] X
R & S/ I b1
7
X S =t ply 1 —ulg? ], [1-gutg®]_ d(t; ) (3
0 . o
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(n@B3takev =1, =0, d=D=0E=F=8B=C=1,e=f=1, d =b").
(4.3} was given earlier by ¥. il Juckson [5] alse),

I (c-—-\ I
S,fa ll—iq;b—“—-[;pl 1*?([1—-{.—1) ——A]

0
. |‘qf)"—CJ
x o [0 dusg) = d—g) e x
gl (® [q D' —a “In
b+ N, 1.4 (D), a7 e+ N; 2
»x 11 4
q [ b — a+ N, ﬁ'} B2 B2 [ (e), b0 — ¢, '+ N ] *)

(in (3.3) take v = 1, G =0, (e) == (e ])wou,efﬁl—-j d=D=00C=2
F=2,0=C0C==N,{i=1,f,=1+a + ¢— b0 —N, git=q, N, a positive
integer aad use basic analoguc of Saalscbulz theorem (¢l |G; p. 97])).

§fﬂ,_1 Ij _i('] 6} ¢ N t(f X
- e I+ a+c—~b —~N
; 91t
9_‘ v e c—b
X ® [b’ b ¢ty } dil: o)
21l @
’ [qb’“c]
ko . . dar
g, [P me s ) _—
710 —a+N,a',c—-Db I b'*a’--r,"\
A Ty

(in(dd)y take B=2, K = 1; b =0 — ¢, by=0b, ¢;= ", zu = ¢*~b).

1
.y L (by; xul i
Sfa 11_1 _‘(f,lb’—(;’—, | £ [(”b —a _] q) [(E) } d(l: ¢
0
2; g2 20" ;2
= (1 — ) II I1
( Q) q [2([). —_“,)l ( 4] [a! } ~
i3 .
’ (b) ,_(_{J_)—i—i' () m(1 -aqi”) au
(g*) 2 2 | k| X
R PR GEE R A R
20T 2 Tl T U Uy
C g 1‘—|—(f’)
. . a 1, 1, (a)?
9014+« @+1 (o |, 1 3 1% —a
'_‘2 — » 2 ] 2 ]

(in 33)take v =1, ¢, =0, A=D=0, F=C=1, f=1, (¢) = (PF+1)
Cpg g = I, Ci=14+a —b, yu= -~qb ~« and use ¢-analogue of Kumer's
theorem (6]).
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in the above cases O, @), ¢!® and ®4 are the basic analogucs of
Appell’s hypergeometric functions defined by F.I. Jackson [4].
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