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Ol A BOUNDARY VALUE PROBLEM OF HARMONIC FUNCTIONS
NGUYEN THUA HOP

Several propertios of analytic fanctions: analyticity, expansion into series,
Picard theorems etc... can be generalized to harmonic functions of n variables.
For harracnic Ffunctions and solutions of equations of elliptic type, it
would be interesting to study models analogous to boundary value problems of
analytic functions such as conditions of analytic continuation, jump problems,
Riemann problems ete... o e T e

In this directiox, some results on jump problems have been obtained in
[1], {2] and on conjugation preblems in bounded  domains. in [3], [4]. The con-
ditions of harmonic continuation have. been discussed in [3]. . T

This paper adresses a counterpart of Riemann problem for harmonic vee-
tors behaving at infinity as O (Jz[™) (m is an integer > — 1). The index of the
problem will be given. In the case of jump problem when the solution vanishes
at infinity, we shall recover the results obtained in [1]. - .. -~ L oo

In the sequel the following nofations ave adepted: -+ -5 e
a) E  : real euclidean space of dimension r, with points @ = (@ s« T )
b) Q = Q*: bounded multiply connected demain with a Lipschitz boun-
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This. set is . composed- of m -+ 1 ;connected -parts; with: respective boundaries

S.,i=0,.., m Qg is thus the exterior unbounded cdmponént.bf;ﬂ:.:«

SOOI

i -
d) ut(y) (resp., u (y): Limit ;\iéiﬁéiqf;\g};@ iuggtiqp,Ju(gsLas_;:g:;_j&ends to
y eS8, by values belonging to Q* (resp,,.fo Q. T
Py T e :
e oo . N P .
&) n; (resp., #( y)): inward. (resps outward) normal of S:iat.the point

yes, n, : the corresponding non orie‘:'i‘ted normal, (o3



e suto ' - du(x au (x
f) (?—li(—f)- (resp., a—u-(—!P) limit of the derivalive (+) (resp., a(_))-
N Tany ang 3ny ~ong

as x ¢ OF tends to y ¢ S along the normal n,.

2) Ty = | £ — g 1 : euclidean distance of two points z and y,
h) | S; | : surface measure of the unit spherc of £
DEFJN{TION 1. A function u(x) defmed in a nezghbourhood of S, is said to

have a regular normal derivative on S if there is a continuous function ¢ on §
such that

lim 282 _ oey), ¥y eS.
Ty Bny
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A functmn u(a:) defmed in Q+ (res_p . m Q- ) is said to be of classM(Q+) (resp.,
MQ~ )y if itis continuously extended from QO+ (resp., from O~) up te S, and has
a regular normal denuatwe on S

‘ DFF!N[TION 2. A vector u(x ) of dimension stsazd to bc plecewise harmonicwith .
surface of dzscontmutty S if its components () Uy (x) are harmonic func-

fions separately in Q+ and O, belongzng to M Q+) and M(Q~ ) respeclwelg

. Harmonic functions in, Q- under our consldelatlon, mayr tend o infinity as
|:r: [ — oo, If the equality u(oo) =0 holds, the harmonic function u(z) is said to
be regular at infinity. We state the following problem.:

RIEMANN PROBLEM FOR HARMONIC VECTORS

Let g, (y) be continuous square matrices of dimension ¥ XN given on S
and f; (y) continuous vectors of dimension N given on S.
Find a vector u{x) (of dlmensmn N), piecewise harmonic in Q+ and Q-

behavmg at infinity as 0( [ ™), (m bemg an intéger > - 1), and satlsfylﬂg the
following conditions:

wr(y) < Guu)u=(y) + gia(v) - H(y) + () i -
! Yyes W

au

W) gy (9)+ g0 (y)Lf(y) i
Yy y

i

106

b



Tor the sake of convenience, we denote

: +
)=ty o) v, .
any ( )

w(y) = W (y), ai;i?-)cv-(y),
I .

g
ot (g) = ( ijgj ) o(y) = ( t__((g )) )

cin) = (929 ae(9)Y gy (B,
(0) (921(9‘) 922(9)) ' @ (fg(y) )

Problem (1j has the same form as Riemann problem of analytic functions
oHy) = G(y) o~() + HW) (1y
whence the terminology ¢« Riemann problems for harmonic vectors .

We confine ourselves to the case n 3> 3. The plane case can be mvestlgated
in the same manner by using the corresponding theoréms of harmomnic conti-
nuation in the plane {5].

Under the stated assumptions, it is easmly seen, by the method given in {5],
that the conditions, necessary and suificient for vahdlty the equalities (2)are:

3 1
-—I«H' L — VL - o+ ]dS =0,
(Yo) + =2 |Sll§[ 1)) (F ) ,.n~2 vHy) a3,

2 + n—2 .
S oy Ly Yol {3
1 p- v {Tu-p2 i T —inlds =P o).
2 T G JSJS[” O ¢ e O] ST
ol Yol ' ‘

Here, P (Jo) is the \ector whose components are harmonic polynomials

of or del m,

Substitating (1) and (2} into lelatlons (3) yields an integral equatlon in the
matrix form

AGwo) v - { Ko 9 w0) a5, = Fao @
'é .
where
Alyd = gu(¥o)  912(Yo) , N — K= (y) ,
Wol ( E 0 ) P) ( v“(y))
K(yo,y) =
o1 1 _e 1 1
2_.‘ — (r""' 2)911(9) +P n_2921(y) - (I_H__2)gm(y)+ —592:(4)
— ————— Yoy Jolff ol Yol
(n—2) |54 9 ( 1 ) 1
e\t ha
2 d 1y 1 Tic
—F(Yo)+- S[ ( — f)— — faly) dSy Fy(ye)
N ) P

Pm(yo) s Pm(yo)u
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Assume that : .
o det gia(yo) + 0 Yo €S, ‘ (5)
Since S is a Lipschitz surface, (hence a Liapounov surface) K(lo» ) is a fredhol-
mian kernel and under condition (3), equation (4) is a Fredholm integral
equation. ' '

Suppose problem (1) is solvable, Then, as seen above, equation (4) is sol-
vable, too, Conversely, assume equation (4) is solvable and has a solation

Y = (p_—((:)))- By virtue of the second equation of (3), there exists a harmonic
v
vector u~(z) € M(Q-) behaving at infinity as O (|x{™) such that
. - QU - -
) = @), ).
an;

Furthermore, the right -hand side of (1), denoted by (ﬂ-+(y)'. v¥(y), satisfies
the first equation of (3), so that there exists a harmonic vector ut (x) satisfying

wHg) = W), D = ).
611;; , _

The pair of vectors u*(x), u™(x), obtained in this way satisfies relations (1),
i.e. problem (1) is solvable. Consequenily, problem (1) and equation (4) are
simultaneously solvable or not. R .

Denote by (1), and (4), the homogeneous problem and equation correspon-
ding to (1) and (4) respectively. If we confine ourselves to these homogeneous
problem and equation, it is readily seen that the trivial solution of one corres-
ponds to the trivial solution of the other. Besides, an arbitrary linear combina-
tion of two linearly independent solutions of one corresponds to the same
combination of two corresponding solutions of the other. Therefore, the num-
bers of linearly independent solutions of the homogeneous problem (1), and
the homogeneous equation (4), are equal. '

In this manner, the equivalence of problem (1) and equation (4) is established.
Denoting by Vk(:z:), k=1,2,., s, the fuondamental harmonic polynomials of

order <.m, we can write the right hand side of equation (4) in the form

Fl(yo) . N
F(yo) = (Pm(l]o) ),=J(go) + H(yﬁ):'f(yﬂ) + : Z: ckj‘]kj(yl))b gﬁ}
: - ' k=1 J=1 7
where . , ‘ ’
F3 (o) 0
) e A 0 o
J(y,,) m ek ka(yo) = Vk (Yo "'(N+j) line.
0 0
For the sake of convenience, equation (6; is rewrilten as follows
A (o) v (o) + S Ko, ) ¥@)dS, =)+ = d; L) . @
. . . - ' - - "=‘1 . -' -
. ' N S l .
where: . ’

q = sN, L, (y0) = Ju(lo) Lg(yo) =-'}1‘: (Fo)seres Lq We) =J (Ya)-
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» P, belinearly independen.

Let {y, o)}, § = 1., p, and { .U}, I=1, 2,.
soluiions of the homogeneous equation
AW 9 @)+ | Ko 1) () d, = 0 o
$ \ :

and of the homogeneous adjoint equation
#)5

A% (Yo 8 (¥o) + S K* (g, 98 (4)dS; = 0,

Ay
respectively. (The sign* denofes the transpoéiti‘on of matrices). Eqnation (7) is

solvable if and only if the constants d, are chosen so that
®

q N
2 d; (0, L) =—0;w) J@y) j=1..p
Here, the notation (u, v) for two vectors u = (uy, Upds U= (Vspe0e vy ) designate

N
S S u, () v, () dS.

the guantity

Let r be the rank of the matrix i (9 (1, L J)) I.i=1.,p;i=1.,q.
Then the homooeneous algebraie system ad]mnt to (8) has p—r linearly inde-
pendent solutions

BV

| my
BV — hg 1=1,2,.., p—r,
AU
P

The conditions, necessary and suflicient for equation (8) to be solvable ars
a0 '
;0@ @) =0, 1=1, 2, por
J__
or : : : _ : :
X @ Jy) =0, I==12,., p—r, @

where
1’! ({) 8 -‘(y}.

%, ()=
! 1

[y
Il b

The homogeneous equation coxrespondmc to equation (8) has qmr linearly

mdenendent solutions
Y . - (m)
dlm) dg » M= 1,..., g—F.
RS . d.(m) ’
LA ,
1nQ
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‘Therefore, under conditions (9) the general solution of (8) has the form

_di . d} L dgm)

d_ ’ 'q,—-r s ’ * S q=—r . (m)
do |2 o0+ e am =) . %
& m=I H m=1 :

q - d:!: ! o . d(m)

'y q
and so, we can write equation (7) as follows T

g—r
4030 0(00) + § Koo, ) 98, = T'C00) | B M) 4O
s - o :

where

: . qg * . g .
JH(y) = I(ge) + 2 4 LG Mp(Yo) = 2 d{™ L. (go)-
=1 . =1 t

"Eqtiation (10) is solvable with g—r arbitrary constanis « , as long as condi-

tions (9) are fulfiiled. The general solution of equation (7), or, which is the
same, the general solution of equation (10) lakes on the form o
. A 0

P(Yo) = ¥*(Yo) + _LJB,-wi(yo) + 2

==

“mcm(yo)-‘
m==1

It is 'éasilsf' seen that the Syélem { P, (Yo)s Gm(go)-}, P=1,.., P; m = 1,0 ,.é-r,

“are linearly indepehdent, so that the homogeneous problem (1), has ezaclly

p + g — r solutions and the non—homoger;eoué problem (1) is solvable if and
only if p—r conditions (9) are satisfied. These conditions are linearly inde-
pendent, too. Hence the index of problem (1) is
X=(ptq-Tr)—(p-r)=4¢

Thus we have

. THEOREM. The Riemann problen (1) for harmonic vectors is.noetherian and
ils index is equal o : ’

X = q.

In particular, if the solutions are to be sought in the class of regular

harmonic vectors (U(es) = 0), then the problem is fredhomian (g = 0),

Remark. :
I det g,,(y) = 0, but det G(y) + 0,det g,(y) + 0, then by multiplying (1)
by G~ I(y) from the left, we reduce (1)’ to the following problem
o (y) = T (y) + H(y),

.- gvl.]iﬁh can be investigate just by the same method.

Special degeneraie case. .
To close the paper, let us examine the imertant special case where
ut(y) = u=(y)+ 1 (4)

out(y) __ ou (y) | ¢/
= e W) | 2
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This problem is degenerate, since det g4, (y) = 0 (and also det g, (y) = V).
By writing it in the form
wr(y)—u(y) = (1),
gu* on~ :
on, on,
roblem is the counterpart of the jump problem of analytic
If the _solqtions are to be sought in the
problem has been investigated by

we see that this p
functions for harmonic. functions.

class ol regular vectors (u(=) = 0), the
another method in [1}
‘faking conditions (12) in ‘to account,

form:
' _ ) 1 : 1
S[u n— )~ v ]dS _
1 ant \f? Pt Y
s Ty HeY Yolf

we can write relations (3) in-the

Yol Yol

1 i} s 1 T
______._d“u (9) == (r““i‘) = (y)]dSy-_—_Pm(yo),
Yolf Yol

whence by substracting:

RPN 1 | a_ (1
b () == S0+ sy | [0 T (5m) -
S 4 Yoy

- f,w ]dS_,,+ P_(yo) =

Yolf
lim } 1 sff 9 1
e L[t (L) -
a—>y 2 (S ! -2
2O (n—2) | lls'l a“; r;y
1 )
L1y 88, + P |
_ 2y
Therefore,

b}
ER

u(z) =7;:-217El_§ {fl(y) o ( : ) - Pnl_z faly) ]dSy-i-Pm(sc).

p
xf Ty

If u (so) = 0 (regular solution) then

u(x) =m § [ H(y) “;:-;_" (r:_?) - rn1;2 fg(y) ] dSy

ay xy

and we thus recover a resuit in {1},

11
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