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AVER AGING OF NONLINEAR INTEGRC-DIFFERENTIAL EQUATIONS
‘ WITH IMPULSES

* tk
D.D. BAINOV and S.D. MILUSHEVA

Abstract. The paper presents a justification of the averaging method for a
nonlinear integro-differential equation with impulses.

1. INTRODUGTION

Recently the differential equations with impulses have altracted the atten-
tion of a number of authors, see e.g. [1], [2]. [3]. Beside the pure mathematical
interest, a reason for such considerations seems to be the considerable impor-
tance of these equations in control theory, see [4]). For example, given a linear
control system with relaxed controls ’

Dx = Ax 4+ Du, xe R",

where [} denotes the generalized derivative, one can define the closed-loop
control law as follows: Let {s, } be a family of hypersurfaces in Ret1 o, =
={(L,x),t=1,(x)}, i =1, 2,... Define Du(t,,z; ) = I, (x;), when (=,,7,) ¢ o,
and let u(.) be smooth otherwise. Then the trajectory will have jumps when meet-
ing the hypersurfaces o, with value I, (z7) i.e. x:' =a7 + I, (z; ). In this paper
we concern ourselves with a special generalization of such a’' model.

Here we connect the concept of impulse equation with singular perturbation
analysis, Singular perturbation is another branch of the qualitative theory of
differential equations which has been developed intensively in the last years.
The pathological behaviour of such systems is provided by a small or a large

parameter in the derivatives which makes the dynamic of the system very fast
or very slow. Consider the example

—1—Dx=A:c+y—{— Da, t>0,
€

ey = By + =, y(0) =0,
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where ¢ is & small parameter. Here  repiésents the very siow variable and g
the very fast variable, Solving the second equatiorn and assuming the control
law defined as above one comes to the equation

1 - 0 Bt—sf‘

-E—:r:_—_-Ax+~;-Sc x(s)ds + f(1) 1)
0

associated with the manifolds o, where the frajectory x(.) has jumps

oy =z + el (x; )

In as much as the singular perturbation analysis in control theory has
numerous applications, the above discussion, in anthors’ opinion provides a
reasonable motivation for investigations of general equations of the type(1). L. E?
re we justify the averaging method for solving a nonlinear integro-differential
equation with impulses, which is formulated in Section 2. In Section 3 we
present and prove the main resualt: under some assumptions the solution of the
problem is convergent to the solution of an averaged problem associated with
the original one.

A related result is published in [5] where a similar problem for an ordinary
differential equation is considered.

2, STATEMENT OF 1HE PROBLEM

Censider the hypersurfaces
0’I = ti (:13), i=1, 2,...

in the n + 1-dimensional space (i, x), where x is a r-vector, which for
.re("f“R” lie in the half-space t > 0 and satisfy the condition
; (%) (i+1(x),z_1 24ue
Leta mapping point P with current coordinates (f x (1)) move in the

domain {f >0, x € G}. We assume that the motion law is described by

(i) the system of integro - differential equations
t

Ca(t) =v X (ha(l), —1-5 NG (‘ —

[

S w(s)e)ds) t >0, (x), - (2)

—

x(t) = (!, ), t < 0, where ¢ > Ois a small pérameter, Y (ts xec)e R v =
v(c) is a function of ¢ tending to /ero as ¢ — 0 and @({, ¢) is an initial function
defined for ¢t < 0 and : € (0, 6), G = const > 0.

(ii) the set of hypersurfaces o, =1 2,...

(iii) the set of vector-functions Ii (x), i =1, 2,... defined over G,

We note that the velocity of the point Pt at the moment { depends on the
initial function ¢ (4, ¢c) and on the motion of P,in the whole preceding

interval (0, ¢).
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The motion itself can be deseribed as follows. Departing from the
position (T,= 0, x; = (0, ¢)), the point moves along the trajectory (f, 2(1))
determined by the solution z(f) of (2) until the moment ;> 0 at which it
meets the hypersurface o,.

Then the point P , instanily moves from the position (T;, #1 = 2(1,)) to the

position (%, #{ =7 4 el,(x7)). Further on it goes along the trajectory
(1,x(1)) described by the solution z(?) of the system (2) until meeting the second
hypersurface G, elc.

The relations (i), (ii) and (iif) characterizing the motion of the point P, are
called a system of integrodifferential equations (2) with impulses. The curve
~sscribed by the motion of the point P, is said to be the trajectory of the sys-

tem in the space (I, z). .
~ Thus, the solution of the system of integro-differential equations (2) with
impulses is a function which satisfies (2) for given hypersurfaces o, i=1, 2.

and has instantaneous jumps

xf ='zr + I, (), i=1, 2. 3)

H .
when meeting the hypersurfaces o,, {=1, 2,... Note that the point (T, z})
does not necessarily belong to the hypersurface o, .

Suppose that the following limits exist

i+T o
lim £ S X (B, a:,.s ¥ (o, 8 T, €) do’) do = X, (z, ),
Toroe T ).\
t 0 ' 9
. 1 . .
lim — % I (z)=I{%).

T—>c0 Tty <47
. We introduce the following averaged system of ordinary differential equa-
tions associated with the integro-differential system
(= X, @), ) +< I, @ @) ®)
x(0) = x, 6)
We shall use the following notation: if "= (x;+e.r z,) and A =A{a ij Vom

then
1

n n m . L
lel=[Z227%, 1A|=[2 2 ~d;,]7
Ti=y ! i=1 j=1

By 1, n we denote the set of positive integers {1, 2,..n}kL

3. MAIN RESULT

The following theorem which deals .W.ith. the closeness of the integro-diffe-
rential cquation (2) to the averaged system (5) (6) is the main result of this

paper.
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" THROREM 1. Let ihe following assumptzons be. fulleled
(i) The functions X(t, z, ¥), W(t, s, z, ¢) and I (:x:) =1, 2., are continuous

on the app] opriale projeciions of the domain .
{1 0, |s|<Cos, veG C R%, yeG, C R, =& (0, 6], 6= const = 0},
the function o, €) is continuous on { t < 0, ¢ € (0, 6}, the functions ;. (2), i=1,2,.,

are twice continuously dif f erentiuble on G ; the function v(a) is dp}'med. for =€ (0, CS]
. and tends to zero when = — 0.
(i) There exisl positive constants A u ;?., Ps M C, Cl, C, and a funcilon I'I(S) :

such thaf o
{ o, () ot (x)
N+ XCE ) TR () I M, ——

Lo X ey — Xy < i (fe—2 i1y — 5l
W1 () — L (2l < Mz —a'|l,

<C,

. _ Bt

L Nehs @ —phaae) S e ) nw—x’u,_.
|]X(t x,sqp(o,t—usc, "°)da)—X(i x, Sl[}(c,l 1, ¢ )dc)]l I'l(e:),'_'
forallt}O,se(—oo =), x, TG, Y,y EGi,ue(O 6l, i =1, 2, i

ko, £) ngjmi < 0, lzm_u_{_.‘)_—const>0 sup v(e) —C

e—g ¢ ce(0,6] ¢©
lim n) _ const >0, " sup ne) _ C
g—p € £ e(o,é] €
(uz) The lunzts (4) and the limit e
lzm—j—“ = = d d=c‘on'st>'0’

T—soe T t=<t, <t+T

exisi uniformly int >» 0 and xel,

(iv) For each ¢ € (0, 6] the system of integro-differential eqaatzons (2) with
impulses has a continuous -and bounded solution x(1) for t > 0,'t <= T, l=1, 2500
(lx(t) | < p for t > 0) which satisfies the maiching conditions sc(O +0)= E
= ¢(0, ) = .

(v) For each ¢ €.(0, 6] the averaged initial value problem ( 5), (6) has a

solufion x ( t) belonging to the domain G fort > 0 together with its netghbour!zood
of radius p’ = const > 0 and salisfying the inequalities

at(:c(t)) S i
——a"“'“" 1 (zr:(t)) v < 0, v = const,
te(t;, 1), = mft (z), 7 ==supt (z), =1, 2.,
xEG
L3t () - :
or =0, when o, Lisa hyperplane

ox
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Then for each m > 0 and L > 0 there exists an =4 € (0, 6] (s =<, (W L))
such thal for =  eq the inequality
, fx(t) — x ()lh=<n
holds for 0 < i < Le™1,

For the proof of Theorem 1 we shall use the following lemma ;

LEMMA 1. Lef the conditions of Theorem 1 be fulfilled. Lel T-> 0 be a saffi-
ciently large and fiwed number. Then for each positive integer p > 1 the following
inequality holds o . ‘ g

I 2(pT) —=(pT) | <

p_1 - : —

< Z {14 [v(1+emp™h) 4 ed)ATH [e(1 + CO(T)T + = T, (7

i=9 -

where M = (C, 4 d) [C, + 6B~ 1) 4 d]A M T2+ max M, and M, =M (T, d; )
i=1,p

are constan/s depending on T and on the constants d, >0, j= I

Proof. The condition (iii) gnarantees the existence of a function «(f{) mono-
tonuously decreasing to zero for ¢ tending to infinity, such thal for each ¢ > ¢

and x ¢ G the following inequalities hold :
+T 20 i
i Sl[X(e, x, S (o, 0, T, e)do) — Xo(x, €)]d8 [| < o(T)T, (®)
] 3T A _

I = 1(%) —I(x)T I < «(T)T.
t=<t; <t+T

We now prove the inequality (7) by induction on p. First, for p =1 consi-
der the syslem of integro-differential equations (2) with impulses in the inter-
val [0, T]. Let '

) = €00 '
(@) =17, ..., tdl(:co)= t‘;i

be points lying in (0, 7), and £ <t fori=1i, (d;—1). Denote by. 201, 0,2,)
the soluiion of the system o o

{ 8
wotv | X6, 206, 0,20), T
otv ) _ -

: z
x;o)(t, 0,z,) = 0 ' _ . —od .
.»cf"(s » 0, 7o), ©xds)de, t >0, . ©)
o(t, =), £ 0. | *

The solution of (9)4'c0incides with the solution of (2) till the moment T, at

which the trajectory (1, x(¢)) meets the hypersurface oy, i.e. m(i}:m(mg_t, 0, x;)
for t < 7o I ’ !
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Consider the function

f e
n:éfo)(t, 0, xy) =z +’VS X(8, xo, S P (s, 8, xy, €) do)do.

0 0

. We shall obtain an estimate for the norm of the difference
X, (o) 0 A{0)
RO, 0, 20, 6) = 2%, 0, ) — 204, 0, =)

For 0 <<t < T we have

1R (40,2559 I = 18060, 3,) — 50, 0, 3,) I <

6 —s

0) —_
S & (s, 0, ), €)ds)

]

t 8
< v Sn X (0, 2@ @, 0, z,), 1 S P (
b) €
0

oo

A_X(B’ Ty Sw (5, 8, 7y, €) do) | 40
" 0

! 8 :
<v Il X z () 6 0,z,), "1_ v (9 — S’ Sy a0 s 0, = )s ¢) ds) —
1 07" ¢ ¢ 1 0 .
0 . .

—C

i
1 6 — '
-—'X(B;was? S‘P( szs,xose)ds) " dﬂ+

)~+v S | X (0, z,, Sw (c,B-—-—ec,xa,s) do) -
0

[~

oo : ot
—X (. 3, S‘*’(‘” 6, 5, 2) do) || do < ""S [l 2, 0. z,) —=, | +
0 0

i)
+ 1 S I (B — % s _rgO) (5,0, 7)) - p-2 s, xé, e) lds] do'+
€ € : e

i 0
’+vﬂ(e)T§v2 A M S do Sdl +
0 0

f ¢
vAR —B :
+ Sda, Se A xgo)(s,o,xo)—ma il ds+vﬁ(e)T<
; ‘ . . _

o
~1



i 8 g — 8
gt o
g%vz?LMT‘? +-ﬁ‘“—*”g do ge 2 ds L vIEe) T <
e B ) : _ )

g . —oo

< VENMTY 242cvAl oI T v ME)T z'.ml(sﬂ, 7).

The obtained estimate shows that the function” 3: (t 0, = o)appronmates

)

i
-t

the solution =z, (¢ 0, x,) of the system (9)in the interval (0, T'] with accuracy

of order <°. ‘
The moment T, at whic}; the trajectory (t, x (f)) meets the hypersurface o,
appears to be a solution of the equation
L t=a@0 0, 2)). | . a9
Since - ' &

(0} ~(0) (0) 8
t (xi {0, xa))=ti (9::1 (¢ G, xo) + R1 ¢ 0, x ,c))m

f oo - - A
=1, (xo + v SX(B, L S‘I’ (o 0 T, e) de) dg + 0(52)) =
0 o o ’
0

o @) ¢ F | | 2.

= ii (J?O)-'!-'\? TSA (9, xosgll?(o', B:wo ,S) dO‘) d9+0(s )=
o o '

t(l;ﬂ'i . l

ot, () (! ¢ -
=f§0)+v __:l—aa?_?_s X(B- xO;S"P(G,B.fBO, 3) dc) dB+
o o

[}

t o
atl(xo) .
+ v SX(G’%’ (o, 8, %y, €) do) db + O () =
i G R - B . 7
"",1.'
1

. (O) at(x)g

o

X(g, - S'tp(cr.e,:c , £) do) dg -

3l ~ £ ~ E .
+yv—— =t x (7, =, S“’("?-'f’-’% i e) do)+ 0 ()
] ' .
’i’:t(‘”Jra(t “’)), 0< <,

t( 0)

it follows from (10) that 'ci = - e@ + 0\.-, ¥, where
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t oo
at, @y (° ) .
w v S S S SN
0, =% oz Xz, un(c.a,x,-s)dc)de-
a 0

We note that the values of the constants & for the varlous components of

» the vector X ( 1, Ty f (o, 1, x,, €) do) are dlfferent, in general

From the inequality t<f) ~ 0 it follows that T, > Tq nnder the condiiion
that ¢ is sufficiently small. Thus
. . 0 .
ed) = 70(t 0 @) = %, (60, ) + R (1, 0,20 8)

for W< t< Y= t‘l")+a®‘f’ 1+ OED).

Further, let
("'-'Is 0 ﬂ’o))

cc:"—x()('tl. 0, xn) + ¢ Il(x
A e, :
* m(';) (1, 0, xo) 4 I[;) -+ R(:)('ti,- O,_ Xy =!-:) -

Ti oo '
(0) (©) '
—xo‘l""g X (0, xo,S 1 (o, 8, Tp, €) do) d8 - ¢ I 4+ R (T1, 0, g, €Yy
0 0
where [ (:) = I (9:(10’ (T1, 0, Zo)).

Denote by 7 Ty ;1:'1") the solution of the system

> ; _. b
+ (0) A 6— s
z, +v\ X @z, 0T b\ (——>%
T T e
>, S

mg)(s, T cc:), e) ds) do,

(© 3
xz Gton)=
t < 1:1.‘

(o,
x, (L0, Tp)s

The solutlon of (11) comcldes with the solution of the system of mtegro-
dlfferentlal equatlons (2.) thh lmpulses till the moment T, at which the trajec-
. tory (, x(t)) meets the hypersurtace 62, e a:(i‘)-—&: 2y ) for ¢ sﬁ g s
To see this, copsxder. the function ‘ _
? E ( -
2 S (6 Ty x) )=, + vs X (8, %oy S (5, 8, Tp, €)do) 0.
".'.— LY . 1:1 : ° .



Let us estimate the difference

(o) + (o) + ~Go) +
Ry (1, Tes Ty, 8) = &y {f, Ty 1) — X (&, Ty, %1 )
For 0<1:1<t< T we get

' ~(a) -
1RO Tzl ) 1= ey (b Ty ) =7, (6 T w)) F <
. i -0
) vy 1 P Rt
v S i {0, :Eg (8,74, a:l Ys - v | " 3_ (5 1-'1: -T" )v e) ds) —
- X(B, Lo S ¥ (5, 8, .z c)do) il df <
: 0
! i _ _
1 — ) :
<ofiresP o) | v wa e naiaw -
1 - . Cemee -
s ]
—X@os — {0 s m a9 na0+
i
+v [ 1 X0, wo,fw(c 8—co, Zp €} do) —
1:1 .
— X0 Zp [ (0,8 2,5y do) || dO
0 , )
t | e ‘
vas [} 'r;o} 8 T1 $+) —axp I+ & S I (8 —=, s, x(o) (8 Tus n::), £) —
. o ) £
T . . S Tee T
(T2 s @y e) [ ds 1A+ () T <

i ] ‘ L o : X .

gvi’ws de S dl 4+ evAMT 4+ vhow (2, T)T+2evAllpp™ T4vIE) T <
2 T

VEAM T%24-2e v A p Bl T v (e) T:v MUTHv v, (% T) T = mg(s? , T).

Thus the function z© )(t Tys “"1) apprcmmates the solution z (t T ’x1)

‘of the system (11) in the interval (1:1, t} € (0, T| with accuracy of order ¢
It can easily be seen that after the moment Ty the traJectory (t, z (1)) never
meets again the hypersurface 6, . Indeed, if.

= . | 8t (xc) {o)
== £

1T & —5 . (E’)
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A

is the root of the equation

t=1; (& T,z

then, from assumption (v) and tke continuity of the vector-function Ii (%), it

follows that f < T; when ¢ is sufficiently small.

The moment at which the irajectory meets the hypersurface o, is

-(,2=t{:] + ¢ 8.? + 02,

where
‘&2”
6% — aiszo) [l S X, x_, Stp (0, 8, x,¢) do) do 4 I"’}]
2 ox £ _ °
o o

From t(‘;} o i(? it follows that T, >y when ¢ is sufficiently small. Then,

fort, <t < T, we have

x ()= :r(g' (t Ty :1:;): :r:(g’ t T x”;) +- R'%’ ¢ 1y ¥y, €) =
(O](t 0, =) + E:I(O] + K'Y (T O x,.e) + R'Y (@, Ty @ 1, s)
and
:1::?" = a:f;] (Tgr Ty i)+ el (x‘;) (g T z})) =
z © (,52, 0, x ) + S(I(o) + I(O))+R(OI (II’ 0, x ,:) a
+ R<§! (-,;2, Ty x}', &) =z, + vS X0, =, Swp(c, 8, x ,¢)ds)dd +
0 "0

+ e (I‘°’ I+ RQ (1,0, x5 ) + RY (05 Ty 2], 0),

where I<g' = I, (:v(g) (Typ Ty T

In the general case j = (2, (d, + 1)), denote by :c(;?] (A - x‘J‘.’_I) the solun-
tion of the system '

t 8
1 B-s
:1:":.'_1 -+ \'g X (6, x(?’ (8, ’E‘J_J, x}'_z), ?‘ S*P( . 8,
(o) + 3y Tj1 —
27 T, T = (o) ! x . -
29 (s, Tip ?’j—J)' €) ds) ’de, E> Ty (12)
(o) +
J(‘;-‘I (t 2 xj_2)9 i< Tj_gs

i



wlhere

o+ (0) oy . + —
Tig = (t; 1* Tj—g» xj o) + EI—l(rJ 1(7jmg Y20 % _2))
T,
J-1 oo

= +VSX(9, %o, chge %) dcr) a0t 104 TR, i Ty O
=1 i=1
X o T T |
RS 20 o B 4
I 1—Ij 1(.]_"1 (’tj_l, 1:,] 2,:1:] ‘_-)) xo =xn-
The solution of (12) coincides with the soluhon of the system (2) till the
moment '!:J at which the trajectory (%, x(t)) meels the hypersurface o, i.e.

o) = (4, Ty, 7 ) for 1<

Let -
! -
0y )= wy o | X (o 0200 do) .
j—I 0 A
One can ghpw, as in-the cases j =1land j= 2, that the difference
R(O)(t 1: ,)_xtol(t 'E 1,;51 1)_72{1)(1 T.

+
—1> Fioy)
in the 1nterval O < 'L' i <tT sahsfr.es the tnequality

I RY(n g0 2t o)) <o ?\MT?/Q-}-QFvM},pB T +

F 1 {e) T4 ev.(j — 1) AMT £ wAT Zw (2, T)=o, (2, T)

i=1

Hence the function a:“”(t 1:] 10 % 1) apprommaks the solutton

“”(t T _qs a: 1) of the system (12) in the mtenal u. _q0 f]C 0, T] with
accuracy of order 2,

Since for j= 2, (dl—r- 1) we have

{ 0o
E;?’(t. Ty x;—l) — a:"' - oy S \f(e, Zo, Sw (o, 8, o, £) dc) do =
T _q 0
’cj'*‘l o0 . .
=, ‘].'VSX(B_’ Lo S“’r’ (o, e’-xé; e) do) df + EJ%II(im + !
] S | i=1
j=1 : l N .
+ .Z (o)(t‘ , :—-1.'. z-vl.’ e)—!—-ng ®, a,O,Sw (ﬁ' 0, xys ) dc) dé =
=1 Ty 6
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}_,

\_"l«

~ LI i
=2 (1, ¢ x) + s 2104

(o)
RY (¢, , t
i=1 i

LA

1
. i1 -1
we can write

:c(t) = a:‘m(t T x 1) -—:c(")(t 0 xo)-{—s E I“”+'

1" . :
it (13)
4+ Z R{O)('[

R(o) (f t] iy +_1,’ .-). .
i=1 .

1' 1’ e) +

for

£, e O + v, O =T, ; <I<T =t +:8® £ (")
—1 1 J—i \,__ 7 J .- j I »

where ;

t(ﬂ)
ot. (x,) T
8t N A [ SX(B :Bo,SqJ(o, ,xn, )dc)d9+ Z I‘ )]
J ax 3 o i=0 °.

—

t(D)___ @({D_,,Y =0, I[o) R{O)(TO’ "C__],,:l? 1,&)—«0 T =1, j—_—-‘l, d,,
as Weh as for ‘ . :
ti;'i—;-'s@‘c‘i’i + O:?) =td1-<.t_g'T; j=d, + 1. .
Hence
x(T) = x‘“’ 1g T Ty xf,j}) = T + vS X (e, %o, S w(c, e,: T, ©) do) do +

-0

+821<ul+ HRo @ T 1,3: s)+R<e> (T T ,.1::; ),
i=o! =0 _ o _

Let (%) be the solution of the aver aged system (5) with initial condition (6).
Then for { >0 _ .
i

= ’ = m S [-* % 5“’?: s)i"f. s t(.")?]‘g

and i ”
F(T) =g+ S.[—‘;—Xo(x'(m, e)+10(x—(e))}de- .

In order to estimate the difference x(T)— x (T) taking into account (8),
we rewrite x(T) in the form s

x(T):xq—_tE[ ) Xo(aga °)+Io(3’0)l +

E



. T oa
-z" Y S lY(ea Ty S IP(G, f. Lo E)do‘) —— Xn(xm 3)](1(} e
0 0

i

+5[ T I —Io(a:o)T + Z R ("-" i~ 1'37 1’E)+Rd+1(" Ty B0 N
i=0 =

Define the operator A, as fo iows
Ag=x 4z [ Xy e)—LIo(a:)] T, zeG.

From (14) according to (8) ind - € conditions of Theorem 1 we get

T2AT) — Ao@o N <V I S X0, 2o S (G, 8, Tg, ©) do) — Koo <)) d8 Il +-
) 0 - .

g 21(°)—Ia(xo)Tu+ 5w 2, <ve@T +
i=0 =0

d,
Fell = I(xn>—fofro‘T"+~uzu(°)—1(xo>)n+z PER P

i=1 i=1 =0
d, (o)
<ved)T+ea@T +¢ £l @, et )~ L b+
i=1

d1+1 o
+ Z w EEDNL<+)e ()T += 2 Z]}x()(‘t,‘(ﬁ 1,a:+ ) —2z,

i=0 i=1
di+1 - d,
-|-Zw(s,'_1)-—(v+€) (T)T—l—-elz o 4=
i=1

i—
oo

0
= |
—{-vS X(B,a:o,g v (@0 8 3y ) do) o5 >: I(°)+
0

[ plo) — z 2, T
—‘—Z R (flst[ 1° l—"l’ ) mo“‘|‘ ®, ( )<
I=o0

(v—l—s)u(T)T—l—ev?LMTdi +€27\_ Z 5‘.. ||I(°)ll+

i= 1! 0
& ) 2
""E:mz Z”R (t[! 11’3"[ 1,@)“'!"20) !T)<
i=1i=0"
(v+°)a.(T)‘T+elMd;[2vT+e(d1_1)][2+
di+1 d:
42w Ttk Eml(a 2,7
i=0 i=1 =0

s(1+C)e () T+ 2?M,
where wg (22, T)= 0 and My = My (T, dy) is a constant

14

-

“r

i+

(15)

A



i ;(T) —Agxg fl =

Hence we get an estimate for

Fort>»0, 1 el0, T)and v € G we have

A+T -
1 Xo(, &) Il < lim = | & .’w,x,ng(a, 0, 7, ) da)deugM,
T-—)co ‘I ' ’
i [} .

@ I<lm & 3 1@<,

T->m r i<t.<f+T

- +r

B Xo(@ (%), €) — Xo( 20, 9) || < lim _-HS [3(5 1), Sq,(a 0, a:(’c), ¢)do) —
T—>oce

X0,z Sw(a’ 0, o, s)d;,)] a0 “ < (v4-2d)(1 +-eHB-DAMT, -
. |

M)~ @) | < fim -0 = LET)-TiE) <

T — oo t<t <t+T
< (v+ed) hdMT.
Using these estimates we obtain
_ 7 .
o+ S [—} X, (0)2) 4 To(a(6)) ]da -
0 - .

— @y —v Ko@) T — = o(xo)T| < S;l 1 Xy (Z(8),) — Xo(@y,2) || +

&)

A+ I I (@) — Iz} 11 }b < (v + ) oL a5 -+ -] AN

From (15) and (16) the following inequality holds
I &(T) — D)< (T ~ Aol + N 2(T) — Aga | <<

<e(@+C) (DT +°H,

where M= (C,+ d) [C,(1 + U™y + dAMT? + M.

For the next step of the induction proof, we introduce  the notations

AT g
_ é - d0+ d1+...+dr__1 —|-i,
(r—1+ __ -+ e
o T Ty 4y et 1+1 =0,i=1,d_,

(16)

(17)

i 2(T) — 2(T)}{ which shows the closeness of
the points 2(I) and &(T). Since x(T) belongs to the domain G with its neigh-
bourhood of radius p, it follows from (16) and (17) that the points Az, and x(T)
belong to G too. This completes the proof of the mequahty (7) for p=1.
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(F=1y’

t(r_ﬂ = (r — 1) ‘T., Ty _HH.rT,
™ D% _ X - DT e (;' TDE 2 ot T), £ =1, B
Then we have 'tg ‘1) 'c(;;-z; 1 gnd
:Fg-—a)} _. (r:—z)1++ N F—9 3,

Let us assume that for p = 1(r > 2) the 1nequ’1hty (7) as  well as of the
type (13), (15) — (17) hold, that is

1 1 - ) !
w(t) = o1 )( 511.), 2 1“*)__ TP = DT, w@=DT) +
+ 5 Jr—1) 2 R(r n (.c(r—i) ’C("—U, a1 )
‘i=o-‘ =0 - =1
(r-1) { —1) (r=1)+
+ KTV T e
for '
(.r 1) + S@(r 1)+,YJ 1 0(92) — 'C 11)< t-\<\’c‘(; 1) i( + g@?"':l)_l_
+ 0( 2, |
where o
ot (wir— DT 170
— d+ e+ d,_ + N '
O 70 ) xe (=11,
i R L I :U ST (I'-—-I)T . v

§w(6,9 #{(r—1)T), ) ds)de+z - 1)]
:=0

t(r 1)_ I‘T @(r'—l) =7, = 0 I(' 1)._

(r-1) (r (r—=1 -1+ o) — —1 7
Ro (’l:0 ), ) .,‘.:1:__1.‘_7 ’,‘.Q:—HO, Tjr-__l,J__l,d ’

r

as well as for

,<r 0 +ﬁ@( 13+0(a )—1:(" D <,<t(£ 1)—rT j—d +1

;——- r- 1 S+l
o x(zl‘)——-Agx((r—I)T) 11 (v+°) a(T)T + A Md, [2vT—|—E(d -1)]/2+
=""dr+‘1 o o d, '_:;i '
+2 I(ei’T)+axE z z(€2 T) s(1+C)o:(T)T+s2M -1
i=0s =1 I=0
where

Wit=1) (9,T)y =0 ‘and M =M (T,d ) is a constant;
i r r re .

| s (F = DT) — 4,3 = DT) | < {1+ [v(t+e 0B~ 1y e 4T}

Tomta



AT+ sHp 1) + ed]?LIT}i e Ce(T)T + sgff]
-0

where
M=(C, +D[C,A+Hp™h + d AMT?4- max M;
i=4, (r-1D
| Az (¢ —DT) =T (T) I <e¥C+d) [C,1+S6HBTY) + d]AMTY
| 2Ty — (DI 2(T) — Az ((r—1) T) | +
I Az ((r— DT) — Aoz ((r—1) T) | - | Agz ((r—DT) — 2T <
<r§: {1+{v(1+sup"1) 4 sd]}\T}i [e +- C,)e(I)T + M,
where l
T =(C,+d[C,(1+enp~™) + d] AMT? 4 max M, .
- =1, (r—1)
Consider d_ 41 points

iyt d, + 1 (@)ool b da, + dr+1{5("T))
in the interval (rT, (r 4+ 1) T') so that
M+ oo + 4, p i (BOT) <ty p qa iz (D),
[ = 1,(dr'+1 — 1)

Then from (7) for p = r, and from the continuity of the functions ¢, (),
i=1, 2, .. it follows that for ¢ sufficiently small these dt+ 1 points

(r) '
bt d,+ 1 (x (@T)) = ;% s td1+'"+dr —1—dr+1(“’(PT)) =

_ t(r)
dr —{—1 .
fie in the interval (T, (r + 1) T), so that tf.’") - tg"_)l_ yi=TE L, — 1.

(18]

From the conditions of Lemma 1 and from (7) for p = rit follows that
for ¢ sufficiently small there exists a constant B. €[ — B, 0) such that for

i=T1d, 4,

atdz dowtd, ey (x (rT)) )

oz ly 4 .. +a 4 rT)) < 8, <0.

We shall prove (7) for p = r 4 1.

The solution of the system of integro - differential equations with impulses,
which assume to have been consiruc.ed in the intervals ((p — 1)7T, pT)

p = 1,1 will be extended to the mext interval (+T, (4 1)7T . For the sake
of simplicity we shall write Tor instead of x (pT).
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Let sr:(r) (1, 7, % be the solution of the systeni

( i 6
. (r) . 1 0 — ¢
n J:rT-:-x-.gX(_e x, W, T, mT)?Sw) s S
' ' +T —oo
5‘") & T, z,) = ¢ "
x; (s rT, x ) €) ds) dg, t >rT, (20)
fir SERCH < 1) , 2Ty t< T,

\ dI" .dJ"

The solution of (20) coincid‘es‘ with the solution of the system of integro-

differential equations (2) with ‘impulses till' the moment ’fgr) at which the ira-

Jectory (¢, x (f)) meets the hypelsurface 54
we have x (f) —x(") , 1T, z, ) '

Consider the function
i
F T, 2 ) =2 4y [X G
rT

For rT <1 < (r++1) T we have

—l—d 10 that is for 1 <1:(r)

SW(O' g, x T,B)dﬁ)de

uR(r)(t T @ g, €)= || 2 (41T, xr)—“(r)(t Tz I <

t

T . —o
—X (g, 1;71.1-, S"-IJ(O" Bs er’ 5) da) ” dﬂg

0 o

; ' v

SuX(e, (")(t T, ), gl

&

T U L '—°?
: 1 .
- X (g, m’"T’a— gip ( azs > & T 0 s)ds) i dg 4

i K o : :
v S u X (9' er’ S 1]) (O‘, 9 — &g, er’ 8) dO’) —
rT 0

— X (9, er, 5"-]3 (0', fs er! E) dﬁ') ” %
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) ds) —

_Sw(_@_:_{_,s,ng)(s rT, T 1) s)ds)._
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i * . 1
<v?~§ 27, oz = el | e (B

el —

o — ' . -
gf‘”) @ 1T ), s)-—m( - 2, s, Top > e) hds] ook m (@) T <

1sp

t B . . . ..
K VEAM [ A8 dl + 2evAlBtT 4 vil(e)T <
T T '

<V MT?2 + 2evhtep ™ 1T 4+ vAE)T = wy(e, T).

Hence the function :r( )(t T, z, ) approximaies the solution of (20} in fhe in«

gerval T, (r + 1)T] wilh accuracy of order 2.

For the root of the eguation !

(f)(t '@ )

L

we Tind
) =)+ 69(?') + O, . - (21)
where |
t(r) , o .
ot
egr) - _V_ dit.. +a1 +1 (SCIT) S Y(Bg o S P(o, 8 Z,p » £) do) db.
¢ 0% rT o

From (18) and (21) it f0110'ws‘ that for ¢ sufficiently small the 'inequglgty tgr) -
~ rT holds. Thus, for T<t<g tg‘"),_
=) = gr‘)(‘" 1Ty x.p) = xglf)(t’ Ty &)+ R?) @ 1T, @ p5e).

Further, ; _
2O+ =2l () 1T 2 4 g a1 @0 @ T ) =

==z;$r) (Tgr) ’ I'T, er ) + £ I:Er) + R&r) (1;9‘)’ rT, xI'T * E:) =

| 7 o
=% gtV S @ 2 . OS y(0, 8, &, »c)do)dd - =7 g").fl- Rgr) (T(I"), rT,z . »€)
rT B - , '

h — (rig.
whete I0=I, 4 4a+16 GRS

In the general case j =2, (dr , T 1) we denole by :1:(’") (i 1:(1’) K ‘(i"_)_"l;) the

solution of the system
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f H t .

(F)--f" X (Y n 7Y Ly 90
2 + ¥ S _ (e,:vj (0, Ij—1' x.f—‘i)’ _ (22
.C-(’r)1
(F) (i () (f)‘_‘f):ﬁ:;f g - .
J-1" j-1 PR :
1 Su(?—i 5, 20 (s, T, ‘”’+), 9 ds)de t*ﬂ:(f) g
B e J -’ i
(r) ¢ (D) £+ (r)
o\ ( t oy j'—-2)!_'- t<1:!_1L

where

(r)+ — (r) (r) L;(r) () + S
xj 1(1 2.55la AN

J 1
) ), -
Fla g O 8-
I(]")
4 Jj—1 oo
==er+\’$ X(B;ﬁ:l;T'.Swp(c, 0 =y, €)'do +
rT 0
RN :I (:) + E R(r)(—c(r) 'C(") ;e (r)_—l;, o),
i=1 =1

r) = ( )
M R AL L (‘”121(1?)1 t.(lr 2 y)—;))

The solution of (22) coincides with the solation of (2) fill the moment 1:;"-)
| at ‘which the trajectory {f, x(f)), meets the hjpgrsurfage a4 3 d, A

i Consider the function

t [-=3
) ()+ -+
& (r)(t T:J‘rl.xf 1) a:gr1+vSX(ﬂ x Smp(o',ﬁ xT,s)dc)da.
(I')l 4] :.‘1 .
Sty

It is easy to check that the followmg estlmatlon ‘holds in the interval

o L
[

I‘T<T(r)1 <t (r+1)T

oo

il R(r)(t. 'cr__i, T4 e) 1|=.- o - (23)
_'_____ H a:(r)(t T_;)l' x-(’r)-:) (1‘} (t, cf‘z)l’- (r)+) “ j(ngnf...
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Since

t ‘ o
(r} {, ’Cff)l (J’)T)—-x + v S X@, = 5, S (s, 0, @ 5, =) do) df 4
T ¢
(") ) (") (1‘) (r)+ .
+ ¢ El JAREES 151 Rir € Gl xly a8 =

_xi {t FT T T) + g 2 I(I‘)+ E R(r)( (l) 1:(1:_)' , ;E(_Ii+, E)
i=1 =1 i—1* vi—1

we get that

(i)—sr,J “g, -g'”)l, g"H') =2, 1T, @ 4 § 19

[ =]

-, |
FE RWED, @ 0F e 4 R, <0, 20
i=0 ! i i—1. i—1 i ji—1

-1 £) @4
for
(r) 1@ (r) o (1) (r) o -
() 00 v, 0 =tfr <t< o 4200 + 06,
whzre
t(r#
: Jj. oo .
@(r) _ atd1+'"+dr+j(xf'T) X :
7 o] . File ) (e' er’, ) P (O‘, -8, ‘Tj.rr 3) dc) de +
T ‘o

(r) Ar) ofr) L (r) 0 PR - S
| RO (LO ,’E_l.x_l,s)_.O, ryj—l J—l’dr+1'
as well as for

() 8 foA=t) <<t | =+DTi=d, 4l
:-+1 r+1 l'+1 rt+1 N

Mow we compute z (r+1) T) and z((r+1DT):
z(r+ D=2 @+ o) el )=

4l r+1 r41
(r+1)T oo
=a:PT+V‘SX(B,:L‘PT, S P (o, 6, T o ¢) do) d8 + -
rT [} :
dr-‘i +
4 Z I(r)-]- z (;(‘") 'c(f) (r)+ €)=
i=0 =0

v . .
:xI'T+S{?lﬂ(xrl"a)_i_lo(.xrg‘) LT+

61211



(r+DT oo
-I-VS[Y(G:J: 51{)(6{3.7:1,,5)(16) Xo(x, gy )] d0 4+
T ) :
d.. d. 11
r+1
Fe[ % Iff)-— e DT 2 RO T, S
=0 i=0 .
_ ‘ (r+2)T '
T+ D) = o + S . [,—‘i Xof T4 ) + 10(5(9))] do =
L
_ (r4-1)1T
=% (IT) +¢ S [l Xo (%(0), <) -+ Io(% (8) )]a‘s
. e :
Taking into account the definition of the operator A, we can write the
difference a((r 4 1) T) — ={(* 4+ 1) T) in the following form .
D((r + VT) = B((r + V)= [a((r + DI) — dsz,7 ]+
C A,y = A TOTI 4 (A T) — & (r + DT
Hence
e + DT) == ((r + + VD)< I| a((r 4+ 1T) — Aexpr]| +
. . L = ©25)
+ W Aoz, — A, 2(rT) || ]l Ao2(rT) — w((r + 1)T) .

Proceeding further in the same manner as in obtaining the estimate (15) for
the first term on the right hand side of {(25) we obtain .

=x((r + I)T) — AT,y I (v + o) «(T)T + shMd, o | [T +

(26)
d r+1 d.sq
‘ s(dr_l_I —1)]172 + ‘?“".‘ o, (EZT)—}-SA L ﬁ I(sz)g_
=6 - i=1
L e(14+C)e(T)T + 2 ¥ ‘T+1'~
where M 1 = =-M (Fd ) is’a constant.
For the second term on the right hand side of (25) we have
| Ao 7= AgzleT) [ = | Epp ¥ X @, s )T 4 BIU(x_rT)T —
— 2(T) —vX, (@ (7)) — el (@ T)T | <
<l — 2T+ T X @00 ©) — YowlT), &) | + (27)

4 T I,, (@, ) — Iy @ (T | <1+ WT(1 e g 4 eATd].
I e, — = @< {14 [y L4+ ehp +ed] AT },

£2



r—1 . .
S {14+ {v (I + e Wg=l) - cd DT}, [s (1 + €, )e (1) T +¢° i,
_:' :‘.:U

where _
M =(C, +dy[C,(1 +¢Mp)+d]AMT® + max My,
i=lI,r
Since for te (T, (r + 1) T},
i

Fe® =31 <e {[Z1%E @ 91+ 1 LE@) 114 < (ke MT

rT
for the third term on the right hand side of (25) we get
| doa(rT) —a((z + DD = = (rI) v Xy lx @T), ) T —[— e Iy(x THT—
{r+1,T
— 20 — [ b X@EE.+h(@@)]do) <
rT
(r+1)T . ~
<\ I K@@ ) — Ko @) 9 + @8
rT
Felllo (@ @M—1L @) ]do<[Av(L +sUp~) e d]
{r4+1)T
. S 1 z(@) — 2D d << wed) [v(A4+cRBY) Fed] A MT?

rT
| eXCy+ d) |C; (L - skp=Y) + d] AMTS
From (25) — (28) it follows that
fa((r +1T) == ((r+ D)<
< B {14 [V sHpTT) f ed] ATH . [5(t 4 C) e (T)T + 2,

i=0
where
M= (61 +d)[C,( 4 GMBT Yy o+ d] AMTE - max M, .
1—1,:
The last 1nequahty shows that (7) also holds for p =7 + 1 and that
«({r + 1)T belongs to the domain G.
The proof of Lemma 1 is complete.

Proof of Theorem 1. According to the condition (iii) of Theorem 1, there
exists a constant C(7) < oo such that for each { = 1, 2,... the inequality
d, < C(T) holds. Hence therc exists a constant A o(T) < oo such that

M(C, "rd) LC (1 +6pp D+ d) AMT? 4 max M, < M (T) . 29)

l-—-.'l,l‘
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Let ¢ pe the integer part of the number Ljs7. Then for cach p & g
according to (29) and Lemma 1, wo have

lx(pT) — = (pT) | <

-1 ) .
<o Z {14 VA + MY 4 d] ATH [ + CHu(TIT + My (T)] <
i=0

A +C) ATIT + M (T {1+ [v(1+elphHfed]rT I,
(L, (14 By 4 d] AT )T < [exp { [C, L+ GMp ™) + AL}
F OG- [+ C,) a (1)T + My (T3] {{C, (1 +etp™) + dI AT } 7%
Choose T so large Lhat ' ‘
A+Cpe(Thexp {[C,A+eMp™H F dI AL} o
[C, (L 4B~ + d] REN
and then choose ¢ so small that
OE A + C,) a (T)T + M (T)] + cexp {{C;(1+ sUp™h + d] AL} M (T) <
1C;(t+epup™ D+ d] A 4

Then for each p € 1, g the inequality
| ha(pT) —2(pT) I<n/2 ‘ (30)

holds. Further, estimating ||z ({) —x ((p — 1) T)lland |2 () —x((p—1)T) |
in the interval (p — 1) T <t < pT', we have
t .
170 =3 ((p—= DI {[XE O ) + I FO) B <
{(p—1T .
<Le(C +d) MT,

he® = s((p~ DI =l (b P SV —a - DD =

1
- (p 1)(t (P—DT, 2, _g)p)+e iioI‘{p ?U_I_ (32)

-1 -1 —1

i=0

+EP Y jf’l“, ST —e (- DTS

o .
gvg | ¥Co %, s Sw(a, 6, g yp> ©) do | 40+
(p—1T 0



.f—‘i {p—
: i:O i=0

M,

+ w, (22, T) <eM[CT + C(T)] + 2 M(T) =¥ (= T).
i=0
Hence, for sufficiently small =, the choice of T ensures that
¥ (e, T) < m/2. (33)

From (30) — (33), under the above choice of T, for sufficiently small ¢ and for
p=1, q¢ we get the following inequality
[z () —z@li<|z@—2z(p—~D DI+
+lz((p—VT)—2((p— DD I+lz((p—DT) -z @] <n
m the interval (p.— 1) T' <1< pT.
Hence, for smallz (0 <& gy < 6) in the whole interval 0 sJ 1 Le! the
inequality

la(h) — () [ <

holds, This completes the proof of Theerem 1.
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