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APPLICATION OF THE HORMANDER — METHOD TO PROVE
AN EXTENSION - THEOREM FOR VECTOR ~ FIELDS

LE HUNG SON

Let G beadomain in R3 and K be a compact subset of G such that G \ X is
connected, Consider the system of partial differential equations:

—
div-U =0
rot U =0 7
where U == ff}(x) = {uj (x), u, (x), u, (x)} is a vector —

-

function of z = (z, Ty, Xy ) € R3 | This system is called the Riesz — system :
inR3 and has applications in mathematical physics'.

In the sequel we shall be concérned with the following extension problems
for the system (1):

Letw — (u, » u, , uy )beagiven continuous solution of (1yin G \ K.
Under which conditions can 7 be extended to a solution over G ?
For the case where ¢ = G, X (_?2 X G4 is a polycylindrical domain

in R3. This problem has been solved with the help of the integral formula —
method (see [1]). The aim of this paper is to show that in the general case itbe
solved by means of the Hormander method (see {5D

et e H: (G) be a function such that ¢ = 1in a neighbourhood of K (the.

existence of such a function has been proved in [6, 7]. Denote

- 1—¢) ¥ in G\K
2 u = 0 in K.
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. . —_— - .
We wish 1o find a vector — function v € Cf(R3 } such that the vector —

ranction
—
—_— —_ w—r
(3} 4 = u — Vv
Solves (1) and is an extension of 7 to the whole of 6. The vector — function
7'is a solution of (1) if
s —
(1) divu = div u° — divo=0
- —

e A .
rot t=rotu —rotv =0

or
G) divo = f

rot-t‘;m?z
‘Where
(6) .f = ; divu® in. G.

0 otherwise,
7 ' —
( )‘—E?__ rot u° in G
- ’ 0 otherwise.

LEMMA 1: Assume thal the system (5) has a solulion v in the whole of R?, such
that v € C2 (R%) and ‘
®) v = 0 for all sufficiently large |4 [-

Then any given solution u of (1) in G\K can be exiended lo a solution over G,

Proof : By assumption the vector — function 7 is a solution of the Riesz —

system (see [2]) in C (Supp 9) = R% ~_Supp ¢. From (8) and the uniqueness
theorem for the Riesz-system we get

) 7 = 0 in the unbounded connected components of the complement
of Supp . _ -

Since the boundary of this set belongs.to G\ K, there exisls an open set
o == ¢ such that 6 C G\ K and a

— — -
(1) p =0, u = u ino
Clearly, the vector — function u defined by (3) is a solution of (1). In
view of (10) we get ‘ .

—

(1) W = mine.
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On the other hand, since G\ K is connected, it follows from (11) and the
uniqueness theorem for the solations of (1) that
.'# :
— e d
u

U= u in G\K.

-
This means that & is the extension of ?to the whole of G.
q. e. d.

The converse of Lemma is also true :

LEMMA 2: Assume that 1 can be extended fo a solution of (1) then the system
(5) has a solution 2 such that condition (8) is fulfilled for all sufficiently
large | g |.

. —_—
Proof : Let u be the extension of Z to the whole of G,
Denote :
S ! =< G
— a® — in
(12) v = g

0 otherwisae.,

It is clear that v € C?, v == 0 for all sufficiently large | z, | and T.1s a
solution of (5). Q.e.d.

Now consider the system (5). From a theorem of potential theory (see (j3])
p. 161) it follows that the system (5) is solvable if

(13) divF =0
This condition is fulfilled if F is given by (7). Hence we get from (4] (chap-

ters 3), and 7, the following lemma

LEMMA 3: The system (5) is always solvable, and the veclor-function

. I
(14) b, = — grad IT% datrot j ;{:é%—d&
RS : RS
is a particular soiizt!on of this system, where T (¢, x) is the distance from x to §
in R® ., -
Remark 1: Let ;: be a particular solution of (5) defined by (14) and 7 be a

golution of the Riesz — system (1) in the whole-of R3", Then

— —» —>
v =0 + y

is also always a solution of (3).



)

If we assume thal a solution »° of the Riesz — system (1) exists such that
- - -
15y v, = — 2° for all sufficiently large [ T, | then this solution»® sa

tisfies the condition (8) (the existence of such a solution v is not obhvious.
Consider now the following

EXTENSION — PROBLEM
1) Special : Let T be a domain in R3 of the form

i

(16 T =]%=&, T, )eR3/1x3|gco£

- ey . -
where ¢, > 0 is suiticiently large. Can every solution », of the Riesz— sys-
tem (1) in T: =R3\ T
be extended to a solution over RY ?

It turns out that

THEOREM : If the special extension — problem is soluable, then the above slated
exlension — problem Is solvable, i . e every solution u of (1) in G \ K can be
exlended to a solution over G

— ) —_—
Proof : Given a solution u of (1) in G \| K, we can define f and F {rom the
above mentioned function.
Further we choose ¢, > 0, such that

F=0and F =0 inep
then the system (5) is the Riesz - system in °T and the vector — function

-—vo is a solution of (1) in T, where vo is the vector —function defined by (14).

From the assumption it follows that — b, can be extended to a solution of the
Riesz — system (1) over T, such that

— -,
= —0; 10 °T or
— —_— .
17) v,=—uv in °T
Now consider the vector — function
. ‘
18) > = v + w0,

It follows immediately {rom (16) and (18) that Jis a solution of (5) satisfying

' W =0in ‘T

or . » = 0 for sufficiently large | x5 | .
Therefore, by Lemma 1 u can be extended to a solution of (1) over G.Q.e.d.
Thus, the above extension — problem can be reduced to the special extension—
problem 1. If this special extension — problem 1 has a solution then a solution
»° of the Riesz — system exists, such that condition (15) is fuifilled.
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