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A LOGARITHMIC CRITERION FOR THE CONVERGENC‘E‘
OF MULTIPARAMETER RANDOM SERIES

TRAN QUOC VIET

In many limit problems the investigation of the convergence of random
power series of the form

z oz, (1),
k=0 :
where z°, s arei.i d.r. v. s. and t’s are real numbers, is of great 1mportance. -
The first and well-known result of Zakusilo (Cf, [b]) asserts that if 0 <{ < 1

then (1) is convergent witk (P. 1) if and only if
Elog(lz, I+ 1) <e ) _ (2).

This logarithmic criterion was generalized by Jurek [2] to the multi-dimen-
sional spaces and by Thu [3] to the multiparameter case. Qur aim in the
present paper is to give a unified approach of the above-mentioned papers.
Namely, we shall prove the following theorem : ’

THEOREM 1. Suppose thai Ty seny T, are some invertible bounded linear operators

en a separable Banach space X such thal

e
khm it Tj I =0, J = 1ep d (3)

—>00

and 2,z , 0= (., 0;) € N9are i, i.d. X-valued . v'. 3, Then the random

power series
) Z T Z

nexyd 4

where

r =11 ..T,d
i B
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whenever » = (©; ..., 1) € nY is convergent with (P. 1) if and only if
' Elogff(l F1Z1) < e . S ®
To prove the above theorem we need several lemmas.

LEMMA 1, Let V be a bounded linear operator on X. Then the relation

(V™) —0 asm — o ' )

holds zf and. only if there exist o > 0 and 0 < B =< 1, such that 7
" Vm H g‘ aBm M == 1,2“-‘., (7)
Proof. Obviously (7) = (6). We shall prove the implication (6) = (7).

From (6) it follows that for some constant 0 < < 1 there exists a natural
number p such that

o VP < B2,
Hence, it follows that

pvER I gt k=12,
For arbitrary m = kp + r, k =0,1,2...., r=0,1..,p—1
We get a
‘ AN R A nvEkr . .
Putting o« = max (L} V" | B~7, r=0,1,..., p — 1) and taking into accou_ﬁt the
above inequalities we get (7). Thus the Lemma is proved.

LEMMA 2. If T,,.., T, are operators as in Theorem 1, Then, for everyx e X
MARLA 1 d e, Yy

1T, =l > ey ®
where, for n = (i, ;) & N, |ni=n+ .4 njand
0 < y=min (| TJ?I % J=1,., d <1 )
Proof. Since,for n= (ng4..,n) and xe X, || =|| T;iTna: 1<l T ]{,‘[’n“i §
and
pr = e < T e T
We get

-1, -1 -1 - -
1Tzl >0T, "0 “lei>1T, | Mol T, | "d g _
Consequently, if the condition (3) is satisfied thea

471> 1,i=1,..., d and (8) holds,

Thus the Lemma is proved.
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Proof of Theorem 1.
Suppose first that, the series (4) is convergent. Then as n —» oo

T Z —0 (P1) . (10)
which, by virtue of Lemma 2, implies that
| Wwizi-o0 e an
Consequently, by Lemma 2 in ([1], 'p. 228), for every ¢ ~ 0
T Pz >0 <o (12)

REN
where v is the same as in (9).

Then by the same method as in {3] we infer that (12) holds if and only if
the condition (5) is satisfied,

Conversely, suppose that (5) is satisfied, By resalts from 3] it follows that

| oo ) .
H;EN PUIZ < e (P (13)

for every 0 = B <« 1. Further, virtne of Lemmsa 1 there exist numbers o
»
Bj such that o > 0, 0 < BJ. < 1, and

I :r‘;? Ih< ap Trm=1,2,. a0d j=1,..,d. Pt f=max (B1s ooy B, ). By (13)
‘and by the above inequality we conclude that the series (4) is absolutely con-
vergent with (P. 1). Thus the Theorem is fully proved,

Directly from the proof of Theorem 1 we get
COROLLARY. (i) if 4) is convergent with (P.1) then if is absolutely conue}'gent
with (P.1). ‘ '

(ii) The series (4) is convergent if and only if

T,Z, >0asn—> oo (P.1).

By the same method as in the proof of Theorem 1 and Theorem 2.1 in
[4] one can prove the following
THEOREM 2, Let T be an invertible bounded linear operator on X, such that

IT™ || - 0 asin — o=,

Further,letZ, , Z, ... be a sequence of independent X-paiyeq L.v' s, such that

. Ny :
for every k = 1, 2,... the distribution of Z, is | k, “, where X is an id. pro-

bability measure on X, a > 0,
o (1 ka=0

} @ (@ 4 1. (@4 & — g k=12,..
and the power is taken in the convolution sense, '

I‘k, o
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1, the random series

- (=]

Tk Z, _ ¢

k=0
is convergent with (P. 1) if and only if
§log® (A lzl) M (dx) < o (15).
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