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ON TOPOLOGICAL PROPERTIES OF NOETHERIAN
TOPOLOGICAL MODULES

NGUYEN VAN KHUE* and LE TIEN TAM#**

All algebras in this paper are assumed to be commutative with unit element.
A topological algebra B is called m-convex if its topology can be defined by a
family of submultiplicative seminorms. By'a topological B-module we mean a
B-module M equipped with a topology such that the maps:'

MxM—M (m,n) — m+4n

BxM—M : (b, m) —— bm '

are coniinuous.

The aim of thls paper is to study topological properties of noetﬁerian topo-

' ~ logical B-modules, and to apply the resalts to the study of algebraic properties

of algebas of germs of holomorphic functions on a neighbourhood of a compact
set in a complex space [10]. Some results on this problem for topological algebras
have been established by Ferreira and Tomassini [5], Ballico and Ferreira [2].

In §1 we investigate the closedness of submodules of noetherian topological
modules. We shall describe the classes of noetherian topological modules for
which every submodule is closed. A condition for a noetherian topological mo-
dule to be finite dimensional is proved in §2. The noetherian topological modules
over algebras of holomorphic functions on complex spaces are investigated
in §3 and §4,

There we prove that every Hausdorff Noether topological module over a
Stein algebra is finite dimensional. Moreover we prove that over every infinite
dimensional Stein algebra there exists an infinite dimensional noetherian topo-
logical module. '
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§ 1. TAE CLOSEDNESS OF SUBMODULES OF NOCETHERIAN TOPOLOGICAL MODULES:

Let B be a m-convex algebra and M a fopological B-module Following [5]
we say that M satisfies the open mapping theorem if for every submodule N
of M of finite codimension and for all continuous surjective B — linear map 0:

BE N the C — linear map § @ B:
B 4 c"

— M, where §: C™ — N is given by a vector basis of M/N is open,

1.1. SOME EXAMPLES:

1} From the open mapping theorem [12] it follows that every barrelled
module over a 7 — complele algebra the open maping.

2) Let V be an algebraic set in ¢?and let C[V] = [ZI sl ]/ L[V} where
I (V)= {oe {Clz, 5., z ]‘c | V. =0} denote the m — convex 'algebra of
regular functions on V, This algebra is equipped with the compact open t0po-

logy. Then € [V] satisfies the open mapping theorem.

Consider the commutative diagram

: 7
0 Iy —— C‘[zj,- s L= C[V] =0
O ——J () —> 0" —————0 (V) =0
in which R and 7 are restriction maps.
It is known [9] that
a) R is open
_ b)J (V) = I (V) O (CM)
From b) we have
I (WVMy=J({)
Therefore, from a) and b) we infer that v is open _
Let I be a given ideal in (' [V], 9 : C [V]? — I ‘a conlinuous surjective hbmo-
morphism, We have to prove that ‘¢ is open.

Al

We first consider the case where V = C" . Let “q; denote the canonical
extension of ¢ to @ (C"). Then Im (F: I0 (€% is close in O(C"yand Ker
@ = Ker p© (C")?. Hence, as above we infer that ¢ is open

| In the general case, take my, ., ., ., m, & I(V) and f,, . .., fp, such

“that (f;) == ¢le,) forevery i =1,..... »pWheree, =(0,...,.1...,0
_ . i

e C(IV[Zand (f;,..., fp, Mgy o ony mp) generates 3~7 (/). Consider the

commutative diagram
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-1
Clags .oy 2, ]0P _._1*’_,?(1)

In
_wheretp is defined by (fi,_. e, fp;m1 s e ey mp) and
M@ys « o o, aq,bi,...,bp):(a1|V,,..,aq|P)

Since p and 1 are open and 7 is continuous we infer that ¢ is open.
) Lei B= 0, 7/ J be an analytic algebra, where O, is the algebra of

germs of holomorphic functions at O ¢ g7, equipped with the topology induced
by the topology of Cllz,, ..., z.1]- Then B satisfies the open mapping

theorem [9].

4) Consider the noetherian normed aigebra [Ciz3, B+ ], with |6 = sup

{162 13171 < 1/2} and the maximal ideal I = (z + 1)C[z] in C{z]. Since
z2“+1~[— 1 eI and z2n+1 +1-—1in{Clz, § .« |]

we infer that I is not closed. Hence [C[z], | - i ] does not satisfy the open

mapping theorem.

1. 2. THEQREM. Let B be a m-convex algebra and M a Hausdorff -Noether
topological B-module salisfying the open mapping theorem. Then the following
condifions are equivalent

(i) every maximal ideal in B containing AnnM is closed

(ii) every submodule of M is closed,

Proof. (i) — (ii). Since every complex m-convex algebra which is a field is
isomorphic to C[13], by the Noetherianess of B .~ AnnM [4] it is easy to see
that dimB _~ I < oo for every maximal ideal / ©) AnnM and for every n > 0.

Then, since ¥ is finitely generated it follows I2M <" e for all n > 0 and for
every maximal ideal I 5 AnnM,

Assume now that N is a submodule of M of finite codimension. Since N is
finitely generated there exists a continuous surjective B —linear map g : B+ N,
From the hypothesis that 3 satisfies the open mapping theorem the map 0D B:
B @ Cm ~ M, where B : C™ — M_/N is defined by a vector basis of M/’V
is open. This implies that the map id @ g : N @ C* — M is isomorphic Hence,
N is closed in M,

»
In deneral we write N = Q, » where Q; are primary ldeals of M Then
- i=1

it suffices to show that Q is closed for everyi=1,...,., D.
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Let Q be a given primary ideal in A/, Take a maximal ideal /in B containing
ryy (Q), where r(Q) denotes the radical of Q in M. Note that I > Arni,

_ By Krull intersection theorem [4] we have Q=n (Q+ I"M). Hence Q is

n=@
closed, since codim (Q 4+ I/72M) < o for every n > 0.

(ii) — (i). Let I be a given maximal ideal in B containing AnnM. Then ] &
- SappM [4] and hence by Nakajama lemma [4], IM + M. Take my, € M\ JM.

Consider the continuous B-linear map IEO: B —» M induced by mg. By the maxi-
mality of I and since m, € IM we infer thac m, '(fm,) = I. Hence [ is closed.
The theorem is proved,

1. 3. THEOREM, Lel B be a m-convexr algebra and M a Hausdorff topological
B-module. Then

(ii) If every submodule of M is a Baire closed space, then M is noetherian.
(i) If B is barrelled and M is a noetherian complete B-module salisfying
the open mapping theorem, then every submodule of N is closed.

Proof. (i) Let {M | be a given increasing sequence of submodules of M. From
the hypothesisoﬁ Mn is Baire, so we have IniMn, = ¢ for some n, This implies
n=1

that M = MND for all n > n,.

To prove (ii) we need the following
1. 4, LEMMA. Let B be a barrelled m-conver algebra and M a Noether Haus-
dorff complele B-module. Then

(i) The spectrum S(B/AnnM) is ecjuicontinuous :
' : e —
(ii) Every maximal ideal in B/AnnM is closed.
Proof. (i) Since B/AnnM is barrelled it suffices to show that :
. sup iﬁ(w) | : w & S(B/AnnM)} < oo forevery b & B. Conversely, there exists be B

and a sequence {con}- C S(BfAnnM) such that ]/b\(wn) | = oo as n—ee Foreach

n we find ¢, €0O(C) such that ¢ (6 (0 )) =38, . Since {fo } C suppM it

. .
follows that for each n there exists m e M\w M. Letg (Z)=2a.2' . and
. n n It . i=h I .

bn —_ a?bi ] fi\ Since M is also a B-module we can consider the submodule
i=0 ‘

N of M generated by {b_m }. Then for some r, we have bt = gobi m; a,
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Hence 0 m, mod @, 4 M = bno+1 (“’nﬁl’ ) mno+1‘modmno+1 M= bnﬁj

Ny g
mn0+1’ mod mno-i-l M ::1311 bi m a. mod Op 41 M = l--fobi (mno+1) m, a mod

porg M = 0.
“This contradictihn shows that S(B/AnnM) is equicontinuous.
e
(if) Since S(W}_:S(B/AHQM) and the seminorm on B/AnnM defined

' . . . i }
by S(B/AnnM ) is conlinuous the set of invertible elements of B/Ann¥ is open. -

iy

- 3 ] A -
Hence every maximal ideal in B/AnnM is closed.

As in the proof of Theorem 1. 2 it suffices io show that every primary sub-

module Q of M is closed. Let-rM(Q) and rM(Q) denote the radicals of @ in

T — . o o ——
B/AnnM and ByAnnM respectively. Take a maximal ideal I in BzinnM containing

rM(Q).' By lemma 1. 4 T is closed and hence [ =1 A B /AnnM is a maximal ideal
in BjAnnM containing r,(Q). Thusby Krull intersection theorem we infer that

Q= ~ (Q—}—IHM) is closed. The statement (ii) is proved.

n={
L 5. COROLLARY. Let B be a Frechet m-convex algebra and M a Frechet
B-module. Then M is noetherian of and only if every submodule of M is closed,

Let K be a compact set ina complex space. By O (K) we denote the algebra
of germs of holomorphic functions on a neighbourhood of K, The algebra O(K)

is equipped with induction topology:
O(K) = lim {O(U) : U D K}
—

Then O(K) is a\DFN - space [3]. Since the sets of the form
Conv [U {6 O(U): | 67|11U <ep, <LUD K}

form an idempotent neighbourhood basis of zero in O(K) it follows that O(K)

is m-convex [13}. . , .
1. 6. COROLLARY. Let K be a compact set in a Riemann domain over a Stein

manifold. Then every ideal in O(K) is closed.
Proof. For each neighbourheod U of K we denote by T the envelope of

holomorphy of U[11] Put 7(\1;? = {ze U: lrf @Il P fe O(Ef)}

Then it i3 easy to check that
O(K) = lim O (U) = lim 9(0) = lim 0(1355
- — -



Thes we can assume that A is holomorphically convex.

Then K can be written in the form K = A P, , where P; are analytic polyhe:
1

drons and hence-P’; are semianalytic. Then O(P,) are noetherian, Hence by
theorem 1. 3 every ideal in O(K) is closed ’

2. NOETHERIAN TOPOLOGICAL OF FINITE DIMENSION

It is known [1] that every Banach-Noether algebra is finite dimensional. By
considering either the Frechet m-convex algebra ([[z]] of formal series of varia-
ble z or the m-convex DFN-algebra O_ of germs of holomorphic functions at

O € Cn we see that in general, this statement is not true. In this section we give
a condition for a noetherian topological module to be [inite dimensional.

Let B be a m.convex algebra and M a topological B-module. For each b€ B
we denote by b, the continuous B-linear map of M into M induced by b. We
say that b is a topological divizor of zero for A if there exists {m_} CC M such

that m, —f=>0butb,, (m,)—0
By Spr we denote the spectrum of bM¢ HOM (M,M)
Spby, = = {AeC: b, — M is not jnvertible}. We can prove the following.

2. 1. THEOREM. Let B be a barrelled m-convex algebra and M a Hausdorff --
Noether B-complete B-module such that every submodule of M is barrelled.
Suppose that every closed submodule N of M and for every be B there exists

AL €D Spr/N. such that bM/N — A, is a fopological divizor of zero for M/N. Then

M is finite dimensiongl_

Proof. a) We first consider the case where B/Ann)M does not contain a divizor
of zero for M. For each b ¢ B take A, & 8 Spb,, such that b, — A, is a topolo-
. gical divizor of zero for M. By Theorem 1.2, Im (b, — 2,) is closed, Since

B/ AnnM does not contain a2 divizor of zero for M, it follows from the
open mapping theorem that b, = 2, .It is easy to see that the form: bmod-

AnnM — ), defines an isomorphism of B/AnnM onfo C. Hencé dimM << ce.

b) Assume now that every divizor of zera for M in B/AnnM is nilpotent.
Let J=J(B/AnnM) denote the nilradical ideal of B/AnnM. Since B/Anndf is
noetherian we ﬁave J9 = 0 for sufliciently large g. Consider the Hausdorff —
Noethertonological BfJ—module MJ ~M. It is easy to check that dnn(M/JIM)=0
and J(B/J)=0.
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Thus we can assume 0 = /}\ Q where Q are submodules of 3773 s ¢l thay B
dees potcontain a divizor oll z;rOLOI'M/JM/Qi = M{TM Q,. Since M/ T +Qi
B—complete and every its closed submodule is aiso barrelled, by a, we have
dimM/JM - Qi< o for cvery i=1, ... , p. Hence dimMJM < o, Then,
in view of the relation AnndiyjJM = 0, it follows that dimB/J < os. Hence
dim JTM™TL M « oo for every m 3> 0, Since J7 = U we infer that dimdM < o

P
c) In the general ease, we write 0 = ~ M, where M, are closed suhmodu-
[_1

les of M such that every divizor of zero in B for MIM, is nilpotent, Then by
b) we have dimM/Ml. <l e for everyi=1,...,p and hence dimM < os.
The theorem is proved. ‘

Since every Frechetl space (resp. every closed subspace of a DFN—space) is
B — complete and barrelled [i2] by Theorem 2.1 we can deduce the following
2.2. COROLLARY. Let B be @ barrelled m-convex algebra and M a Frechet (resp,
a DFN —) B-module and lel 3 be noetherian, Then dimM <C e if and only if
for every b ¢ Bihere exists b, dSpb M|\ such that bM/N_ A,is a topological di-
pizor of zero for M/N.
2.4. Remark. It is known [1] that when M is a Banach B-module, b,—* is nota
topological divizor of zero for all b ¢ B and A € aSpbM

3. NOETHERIAN TOPOLOGGICAL MODULES OVER ()(Xx)

Let X be a complex space having a countable topology
We denote by O(X) the I‘rechet algebra of holomorphic functions on X eqnipped
with @ the compact--open topology. In this -section we investigale noetherian
topological modules over O(X}) We {irst prove the following
3.1. THEOREM. Let X be a complex reduced space and B a closed subalgebra of
O(X). Then every neoetherian ideal in B is finite dimensional.
Proof. We first prove that '
Supp 6 — V (Annl) forall 6 ¢ I

Where I is a closed ideal in B and V(dnnl) = {z 6 (z) =0
¥ 6ell

let6clandze X, 6 (z) + 0, Let B € Annl. Take anirreductible branch V

of X such that z € V. Then by the reiation § 6 == 0 we infer that |V =0,
Hence zeV (Anal). Thus by Lemma 1.4 we have
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16 =sup {16 (2)):zeX}=sup{|6(z}]:z¢eV (Annf)} < o for all 6el

and ~ '
fo|=sup{|bz)l:zeV (Annl}} << e for all & ¢ B Observe that I is

complete with respect to the norm | . | and it is a Banach — Noether A—module,
where A4 denotes the completion of B/ | | (o) ~ I with respect to thenorm JJ. || .
By Theorem 2.1 we have diml < e-,

The theorem, is proved.

Let X be a complex space. We say that X is K — geparable if dim iy €X:
f(x) = f(y), ¥ f € O(X)} = 0 for every « ¢ X. The space X is called perfect if
© _is a Cohen — Macaulay ring for every x € X,

x
8.2. THEOREM. Let X be a perfect compler space which is K-separable, Let HP
' (X, ©) be noetherian for all p >l and suppose N NilH? (X, @) is closed, Then
p=0
HP (X, ©) = for every p > 1.

Proof. a) We first prove that dim U V (Nilii” (X, 0)) = 0. Since H (X,0)=
p=0o

= O for every p > 2dimX, it suffices to show that dim V (NilH? (X, 0)) = O
for every p > O. By the relation V (NilHP (X,0)) = V (4nnHP (X, 0)) and by
the Noetherianess of O(X)/AnnH? (X, ©) we infer that & (V(NilH? (X,0)), where

&: X — SO denotes the canolical map, is relatively compact in SO X)‘ Hence
every holoporphic function on X is constant on every irreducible branch of

V(NiIlH? (X, ©)). Since X is K — separable it follows that dim V (NuH?
(X,0) = 0. .

b) Let Z be a given irreducible branch of X. Put

A, = {f e n NilH? (X, 0): fiZ =,l=const}
p=0

We clalm that A,y is dence mr\ NilHP (X, ©). For suppose there exxstu g
p=0

€ r\ NilH (X, 0)\ A Then there exist a neighbourhood U of g in A NIIHP
p=0 p=0

(X, ©) such that ¥ A EZ = .. Thus f | Z = const for every f & U and hence

o]
f | Z = const for every f e n NilHP (X, ©). This is imposible, by a).
p~0
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oo
< By Baire theorem A, A isdensein n NIHP (X, O).
p=0

d) Let f e % A,. Take p such that f* [P (X, 0) O for every p > 1

Since X is perfect, the sequence
. n
00— € —~ 0/]“‘—)0
is exact. I'rom the exactness of cohomology sequence
R. .
cvee = HP (X, 0) — HP(X,0) - HP (X, O/f"0) -~ HP+L(X, O)—. . ..
we infer that for every p > O the sequence
0 — HP (X, 0) - HP (X, 0/f*0)— HP+I (X, 0) - O
is exact.

. Then

SuppHP (X, 0" 0) = SuppHP (X, 0) USuppHP+! (X,0)
[4] Hence,
HP (X, 0/f*0) = NiIHP(X, 0) ~ NiHPI(X, 9)
[4] for every p > O. '
Thus we have:

~ NP (X, 0/f* O) = ~ NilHP(X, O)
p=0 p=0 ‘

‘and hemce A HP (X, 0/f" 0)is closed in HO (X, 0/f" O).

p=0 .
Since dimV(f) < dimX and the space (V(/), 0./ f), O " O) satisfies ‘the condi-
tions in Theorem 3. 2, by induction hypothesis we have HP (X, 0,/f" Q) =.0

forevery p > 1

The theorem is proved. |
'

4. NOETHERIAN TOPOLOGICAL MODULES OVER STEIN ALGEBRAS:

 'We recall that a Frechet algebra B is called Stein il it is isomorphic to the

Frechet algebra of holomorphic Functions on a Stein space. Thus B is a Stein

algebra if and only if S(B) has a Stein space strocture such that B — ¢ (S(B)).
4. 1. THEOREM. Let B be a Stein algebra. Then

i) IfMis a noethericn B-module such thal AnnM is closed in B. then

dim M < «
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ii) If dim B= oo, then there exists an infz'm'fe dimensional noetherian -
module.

‘Proof. (i} let J = AnnM. Then M is a noetherian module over the Frechet -
Noether—algebra BJ. To prove dim M < oo it suffices .to show that dim

Let X be a Stein space such that B = 0 (}x) Let J denote the coherent
ideal sheaf on X generated by J. By Cartan theorem B, we have.
dimB,/J = dim HO(X, 0,9 ”
Since Supp 0./ J = V(J) = S(O(X),/ T} we infer that V{J) is compact. Hence
dim HY(X, Q /) =< =
(ii) Take a discrete sequence {z,} C X. Then (V) = =, where V ={z_ }
Let J denote the ideal in @(V) gemerated by {¥ A: 4 (V'\4) = o}. Put
M = O(X)/R'_I J. where R: O(X) - O(V) is the restriction map. Then

M= c J. We prove that M is a noetherian O(X) -— module anddim M = oo,
Obviously dimM = ce.

Let I be a given non-zero ideal in M .

Take h= 3 x, f eR (I)\J

i==l 1
‘We write

h=x(A1\AZ)/\SIfI_I"xAi(\Aanz(fI T i)+ R, Ny )y ns, f, T
+ 3 % Af;
=38 i

where S, __Snpp f1 s Sy = Supp (f1+f2 ) S *—S“PPfg’

We may assume that X(Ai \ 4;) NS, fis XAEr\ 4N Sg(fi + 1)

X(Az\Ai)f\S3f2 ¢ J. Then

r

-X(AI N4y ) NSy '+X(A1f\ 4y NS, + X(a,y \ 47 ) ASZ'[" iing l.gfi <« R~y tor
some ¢ € O (V) and

%a, N ag) n 5, U4, 04y 8, U4y \N4; )N S3E_J- :

Continuing this process we find a subset 4 of V such that

X, 6 R™L (5 \ J and hemece $f (V \ 4) < o=,
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Since V == A U (V \_ A) and ¢ CANEUAN ;’1‘)) = oo it {ollows that Ly mod J ==
=X, mod J. Thus X, mod J geperates I, hence M is noetherian.

4. 2. THEOREM. Let B be a Stein algebra. Then every closed ideal inB is finitely
generated if and only if dim§ (B) L

Proof. Let dim §(B) < 1. Let / be a given closed ideal in B. We denote by T
the coherent ideal sheal on S (B) generated by 1. Then by Cartan theorem B we

have H? (S(B), T) = I. To prove that [ is finitely generated it suffices by a
result of Forster [6] to show that : -

d=sup{l ,m I :2eSB)}<
where mI‘ denotes the maximal ideal in Ox

Let x € S (B), Take a neighbourhood U of z and b ¢ B such that b: U — V

»

with V heirig an open disc in C, is an analytic covering and b~ by = {a:}

Since the map (b, I)y e m, b, I )y -1 s/ m I, where y = b (x), is sur-~

jective and dim (b, I)g e my (b, I)g = 1 we infer that dim Ix s m, Iw < 1.
Hence d < 1. '

Assume now that dim S (B) >> 2. Take a discrete sequence {z_ }C R(S(B)),
where R(S(B)) is the regular locus of S(B). Since dim S (B) > 2, we have

dim mz J/ m"ji >nforalln>1,

n n

Consider the coherent analytic sheat S on S (B) given by

o i
if x = x,
dSr= .
mt i ="
‘ xn f = a:ﬂ

Then HY (S (B), &) is a closed ideal in B which is pot finitely generated,

" The theorem is proved.
4. 3. Remark. According to result oi Gleason [7] it follows that every closed
ideal of a uniform algebra B is finitely generated if and only if dimB < o,
Received November 7, 1983
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