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INTRGDUCTION

The notion of fuzzy sets was introduced by Zadeh ([9]) and subsequently
extensively studied by many authors. One of the most important concepis in
fazzy set theory which has applications to various branches of applied mathe-
matics is the concept ol fuzzy set-valued mapping. In [4] Chaug gave a defini-
tion of eontinuity, called F-continuity, for point-valued mappings regarded as
fuzzy point-valued mappings. This concept of continuity was extended by
Butnariu to fuzzy set-valued mappings defined on a topological space equipped

with the so-called local fuzzy topology {20,

In the present paper we shall-deal with fuzzy set-valued mappings defined
on a fuzzy topological space. In Section 2 we shall give a definition of F-upper
semicontinnous {uzzy set-valued mappings and study their basic properties ag
well as the relationship of this concept of F-upper semicontinuity to that of

, F-continuity given in [4] and in [2]. Section 3 is devoted to the fixed point
problem, The main rgsults are Theorems 3.1 and 3.2 which represent fuzzy
versiona of Kakutani-Ky Fan’s fixed point theorem. An application of these
theorems to two persons fuzzy games is also discussed in this section,

For completeness, a preliminary section is also included,

I. PRELIMINARIES

- We first recall some basic definitions and %lementary properties. For more
details, the readers are referred to (9], [3] and [8]. '

Let X be a set. A fuzzy sef in X is a function A: ¥ —s [0, 1]. By L(X) we
denote the collection of all fuzzy sets in X. For any 4 € L(X), the complement
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of A is a fuzzy set 4’ in X defined by A'(x) = 1— A(x) for any = in X, For
A, B € L(X) we say that A is contained in B and write 4 < B if A(x) < B(x),
% x g X. The notation A C B means that A € B and there exists a pomt x, in

¥ such that A(x)) < B(z,), A==DB if Ax)=B(=), ¥ reX. We denote by
Supp* A the support of 4, i. e. the set Supp 4 = {x € X/A(x) > 0}. A fuzzy point
is a fuzzy set the support of whi¢h contains only one element. We say that x
isa t'uzzy point of a fuzzy set A and write T edif z (@) < A(x) where z is the

support of “z. Forany family {4;} of fuzzy sets in X the inlersection n A, and

=7 gy
the unjon v 4, are the fuzzy sets defined respectively by
ier ,
(r\ 4, )(3:) —Inf 4@ (FxeX)
i€l

and ‘

' @) = Sp 4, @) (Fwe)
(iEI ) iel

PROPOSITION 1.1. (See[8])

If A= v 4, thenz & A if and only if x e A; for some i eI
€I ‘o

OBSERVATION 1.1.
A fuzzy setis composed of its fuzzy poinis, i. e. A == N T= U 7.
z64A xCA4
ideed,

(NU E) (x) = ;Sup {te[0,1], i< A(z)} = A(x) if x € Supp 4
x el 0 else

In [4] Chang introduced the notion of fuzzy topology as follows:
A fuzzy topology on X is a family ¥ of fuzzy sets in X satisfying the
following axioms: ‘

1. X¢e? XXE?J“".

2. v 4, e F ‘ ifAie? -for any i g I,
iel '

3.ANnB if A, Be %,

' : i
where ¢ denote the empty set and X, the characteristic function of a set 4 in

X. The fuzzy set qu is called emply fuzzy sel.
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The pair (X, ¥) is called then a fuzzy topological space (brxefly, f. t. s
The elements of ¥ are called open and their complements closed.

A fuzzy topolosy § on X is said to be weaker than ¥ (or ¥ is stronger
than @) if G 7. ' :

A fuzzy set U in a fuzzy topological space X is called a neighborhood
(briefly, n. b. kd.) of a fuzzy set A if there exists an open fuzzy set G in X such
that ACGEU. ~

PROPOSITION 1. 2. ([4])

A fuzzy set A is open if and only if for each fuzzy set B contained in A, A
isan, b, hd. of B. ‘ T

PROPOSITION 1.3. ([4])

 The intersection of a finite number of neighborhoods of a fuzzy sel A is also
a n. b. hd of A and each furzy sel which coniains a n. b. hd of A is a n. b. hd
of A, too. .

Let 4,B be in L(X) with B S A. The set B is called an I:nterz'o; fuzzy sef of
Aif Ais a n. b, hd of B. The union of all interior fuzzy sets of A4 is called
the interior of A and denote by A°,

PROPOSITION 1.4. ([4])
The interior A° of a fuzzy set A is open and it is the largest open fuzzy set
contained in A. The fuzzy sel A is open if and only if A = A0.
We denote by wr'(A) and . (4) ‘the weak and strong r-cut of A respec-
tively, i. e.
w (4)= {xe X | Ax) >r},  (4) ={xeX| A(x)>r}

If X is a linear space, then a fuzzy set A in X is called convex if-
Alte ; +(1 —-t).:c2) > Min {A - 1), A(a:v,)}.

whenever T, s Ty € X, t[0,7]. In other words A is conver if w_(4) is convex
, foreachr >0 (1. e. A la quasiconcave functlon) or equlvalently, it o (4) is

convex for each r > 0. So a convex fuzzy set has a convex support. The

intersection M Al of an arbitrary tamily of convex fuzzy sets {A } - isa
iel is]

convex f unzzy set.

- With any fuzzy topology & on X we associate an uasual topology T on X
defined by T = {Supp G/GeF} and we call it the associated topology of & (it
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is easy to verify that T is a topology on X). Gonversely with any topology © on
X we can associate a fuzzy topology G on X defined by G = {G e L(X)/Supp G e T}
and call it the associated fuzzy topology of T,

We recall that the induced fuzzy topology of a topological space X is the
family of all fuzzy sets in X which are lower semicontinuous functions (see[7]),
A fuzzy set A is open in the induced fuzzy topology if and only if for each
r 2> 0 the set G, (4} is open in the usual topology. So an open fuzzy set in the
induced fuzzy topology has an open support. That means the induced fuzzy
topology is weaker than the associated one. '

The family of all characteristic functions of open sets in a topological
space X is a fuzzy topology on X, namely, local fuzzy topology (see[2]). Since
the characteristic function of an open set is lower semicontinuous, the induced
fuzzy topology is stronger than the local one.

We observe that if we identify a subset of X with its characteristic function
then an ordinary set can be understood as a fuzzy set and the usual topology
on X can be regarded as a fuzzy topology on X, it is just the local fuzzy
topolegy.

PROPOSITION 1.5.

A fuzzy set Ainaf.ids Xis open if and only if il is a neighborhood of
all its fuzzy points. _
Proof. If A is open then 4is a n.b.hd of all its fuzzy points, If for ‘any

e d, 41z a n_’.b,hd of x then since x is a fuzzy interior set of A we have

A= .\,U :;CAU.
red

Hence A = A% i.e. A is open.

Remark 1.2, |

Let (X, ©) be an usual topological space, let & be the associated fuzzy
topology of T. Then & is stronger than both the induced fuzzy topology and -
the local one. But all these fuzzy topologies have the same associ§ted topology,
naniely the initial topology 7. ' . _

There are different definitions of compactness, One given by Chang can be
stated as follows:

DEFINITION 1.1 ([4))

A fuzzy set A ina f.ts. is called compact if every open cover of 4 has a
finite subcover. Here an open cover of A is defined as a collection of open

fuzzy sets the' union of which contains 4. -

o
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We can give a definition of compactness as follows:

DEFINITION 1. 2, |
A fuzzy sel A ina fuzzy topological space (X, &) is called Ass - cdmpacl if
Supp A is compact in the associated fopology T of . '

PROPOSITION 1.6,

Let X be a topological space equipped with the local fuzzy lopology or any
stronger one (for example the induced or the associated).

Then a compact fuzzy set has a‘compact supﬁort_

Proof. Let A be a compact fuzzy set. Let {Gi } be an open cover of
ic]

Supp A. Then the family {?(.G. is an open cover of A in the local fuzzy

'
il
topology (and in any stronger topology). Since A is compact there exists a finite

I
of A. This implies Supp A = v Gi .

i=1

! i=1,n

subcover {XG }

From this proposition we have that any compact fuzzy set in the local
_ fuzzy topology (respectively in the induced or in the associated one) is Ass-
compact. '

DEFINITION 1.3.

A fuzzy set A in a fuzzy topological space (X, F) is called Ass-closed if Supp .
A is closed in the associated topology T of F.

2. BUZZY SET-VALUED MAPPINGS AND CONTINUITY CONCEPTS

Let X, Y be two arbitrary sets. By a fuzzy set-valued mapping R from X
into ¥ is meant a mapping from X into L(Y). So a fuzzy set-valued mapping is
. a fuzzy set in the product set X X Y defined by.

Rx.y)=HR (pforzeX,ygeY

where R_(.) denotes the image of x by R.

For any A € L(X), we denote by R [4] the image of A by R, i.e,, the fuzzy
‘set in Y defined by: _
RAYy = Sup {R(x,gy). A@)}, ¥y e Y,
reX



For any B ¢ L(Y) we denote by R~ 1[13‘] the inverse image ol B by R i.e,,
the fuzzy set in X defined by :

R™[BYa) = Sup {R@) - B@)), ¥ < X,
geY

The following properties are obtained immediately from the definitions:
1. For any 41, A2 in L(X) with Al c Az we hapve .
R[A ]S R[A,].
2. Forany B, B, in L(Y) with B, € B, we have
“HBJS R [B,].
3. For any fuzzy point X with support x we have
(Rz) (4) = Ry . T @), vy & Y.
4. For any, fuzzy point ; with support y in Y we have
(R™7 [3]) (@) = R@.p) - § ), ¥ € X.
b R[Al= VU R ['55] for any fuzzy set A.

Te A

Proof. The properties 1/, 2/, 3/, 4/, are obvious. Let us check 5/, Lety e Y,
It follows from Observation 1.1 that :

(RIAD(g) = Sup 33 (2,4). Az)
zeX

-

=Sup
zeX

R(z,y). Sup T (2) f
x€A :
On the other bhand we have

(NU R[g])(y) = §up gfﬁ[':?](y)%’ Sup 3 Sup ’R(L.’sy) . (2) “—_—.

. .'CGA €4 a:EA ZGX
= Sup  Sup ? R(zy). = (2) é_ Sup FR(Z ). Sup x (z)f
z€X ::GA zex | :cGA
So u
(R[AD ()= ( U R [E]) W, Y ye¥. '
T4

DEFINITION 2.1.

. Let (X,%) and (Y, Gy) be two fuzzy topological spaces, R be a fuzzy set-valued
mapping from X into Y. We say that R is F- -upper semicontinuous at a fuzzy

point'x if for any open fuzzy set G in Y with R{x]C G there exists a fuzzy neigh-
borhood V of x such that R[V] € G.
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R is called F-upper semicontinuous if it is F-upper semicontinuous ai every
fuzzy point.

LEFINITION 2.2.

A furzy set-valued mapping R from X into Y is said io be a fuzzy point-
valued mapping if for any x e X, there exists an unique element y € Y such that
R () = 0 or, equivalenily, R_ is a fuzzy point for every x ¢ X. It follows
from the properfy 3./ that Supp Rr = Supp R[?é] for any fuzzy poinl:?é with

support x. So R is a fuzzy point-valued mapping if and only if the image
of any fuzzy point by R is a fuzzy point.

In what follows, R* [B] denotes the fuzzy set
R*[B] = v {¥ % eL®, R{¥cB}=u{A € LX), RIAIS Bjtor any

B & L(Y), where X isa fuzzy point,

THEOREM 2.1.

R is F-upper semicontinuons if and only if r* [B] is an open fuzzy set in X
for any open fuzzy set B inY.

" Proof. Suppose that R is F-upper semicontinuous. Let B be an open‘fuzzy set
in Y. Let ¥e R* {B]=(J{% .~ % e L (X), R[%]< B}. Since R is F-upper semi-
I continuous, there exists a fuzzy n. b, hd V of « such that R[V] € B. This means

Vv < RY [B], so R"[B]is a n.b.hd of . Since 7 is chosen arbitrarily, R* [B]
is an open fuzzy set by Proposition 1. 5. _

Conversely, let z be an arbitrary fuzzy point and B an open fuzzy set'in ¥
such that R [:x:] C B, thatis® e R* [B]. Since R" [B} is open, R' IB] is a fuzzy

n. b.hd of x. Moreover it is obvious that R [R+ [B]] C B,
So R is F-upper semicontinuous,

THEOREM 2.2,

If R is F-upper semicontinuous with compact values, then the image R[K] of
any compact fuzzy set K in X is a compact fuzzy set of Y.

Proof. Let {G, b . be an open cover of R[K]. Siqce R[] is compact for any
i

fuzzy point x € K and {Gi,}. _covers R[:Ej, there exists a finite subcover
! o ig]J

_of R[';:] s 88y {Gi }’i =71n

@1) R[z] < U G, =Gy,
i=1 def -
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By viriue of Theorem 2.1 R" [G;] is an open fﬁzzy set. Moreover (2.1)
means x C R+[Gg}, 50 we get--

K= U 7€ U RI63)
(=

i.e {R*[G~] }—; e constitutes an open cover of the compact fuzzy set K.
Hence

) m
K=v R [G~ |
Consequently, K is covered by a finite number of the sets G, (i € 1). This com-
pletes the proof.

Now let X and Y be two topological spaces. Any set-valued mapping
T:X — 2 can be regarded as a fuzzy set-valued mapping denoted also
T, which is given by Tp = X‘Gmpsz, The image and the inverse image of a
fuzzy set A by Ty is written, respectively, as foliows:

Sup  A@), FT W=
T ADY) = { zer™Uy)
0

else
where T—f(y)zq{xEleeTx}
@ B)2)= Sup B, ¥weX
geTx

In the case when T is ,poi‘nt-vaiued, the notions of image, inverse image
and F-continuity introduced above, coincides with the ones, given by C. L,
Chang in [3]. :

Now, let (X, ) and (¥, §) be two f.t.s, let T : X — ¥ be a point-valued
mapping, then Ty is a fuzzy point‘valued mapping. The F-continuity of Ty
defined by Chang can be stated as follows : ‘ .

DEFINITION 2. 3.

Ty is F-continuous if T; I[B]' is an open fuzzy sef in X for any open fuzzy
set BinY. '

This notion coincides with that of F-upper semicontinuity defined above.
This is illustrated by the following proposition:
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PROPOSITION 2, 3.
Lei (X, ) and (Y, @) be two fits., T: X —Y bea poini-valued - mapping,

Then T, is F-upper semicontinuous if and only if T F[B] is an open fuzzy set in
X for any open fuzzy set B in Y, ‘

Proof. We shall show that T S [Bl=T}[B] for any fuzzy set B in Y. First,
we observe that

—7
1. T T . {BIS B, ¥ B¢ L)(Y~),
— 1
2.7 F [TAT S 4, ¥ 4 € L(X).
Indeed, let y ¢ Y if T~ I(y) = ¢ then

p (THT 7 1BIN) = 0.
It T~Xy) + ¢ then

TAT ZBD® = Sup - (T [Be) =
aeT 1y C
= Sup  B(Tx) = B(y).
x€ T y) .

So (T, [ T_‘; [B] D () < B(y), ¥ y€ Y whence I/ follows.

On the other hand:

THTR 41D @ = (TpADT2) = Sup AR > 4@, ¥zeX

v zeT {Tx)
whence 2/ follows. ' ' -

Now let T C T, [B]. Wehave T, [%] ST,[T ./ [B]] S B, hence
~  _+ —_~ A+~ !
xeT, [B]. 'Cpnversely, i x €T ,[B} then TE [x] € B, hence
~ -1 ~ 1 ip
z €T [T,G)] € TR (BI.
+ -2
Consequently, T, [B] = T, [B].

Qur assertion follows now froim Theorem 2. 2.

Let X and Y be two topological spaces, As fuzzy topologies on X and Y
we consider the induced ones. In [7], M. Weiss has prove | that a point - valued
mapping T : X —Y is continuous if and only if T, is F - continuouns. So

by Proposition 2.1, T is continuouns if and only if 7 p 18 F—upper semicon--

tinuous.
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In the case X and ¥ are topological spaces equipped with the local fuzzy
topologies, Butnariu have deflined the Sup semicontinuity for a fuzzy set-
valued mapping as follows (see [2]}:

DEFINITION 2. 4. '

A fuzzy set-valued mapping R from X into Y is called (X, Y) — Sup semi-
continuity if for any point x e X, any open fuzzy set G with R, S G, there
exists a neighbourhood V of % such that R[V] S G.

Remark 2.2,

It X and Y are two topological space equipped with the local fuzzy topolo-.
gies, the F-upper semicontinuity defined above reduces to the (X, ¥y — Sup
semicontinuity deflined by Butnariu. '

Indeed, let R be a Sup semicontinuous fuzzy set-valued mapping from

X into Y. Let z be any fuzzy point with support =, G be an open fuzzy set in

'Y with R[%]C G. Since G is a characteristic function we have
R = R[t ] S G

Hence, there exists a neighbourhood V of % such that R[p] S G. But

evidently, V is a neighbourhood of z and so R is F-upper semicontin-

—
ra

nous at x .

DEFINITION 2. 5. |
Let X and Y be two {opological spaces, R be a fnzry sel-palued mapping from
X into Y. The sef-valued mapping T: X ——— 2Y defined by
T (@)= Supp R, ¥V xek,
ts called the associated set-valued mapping of R.

‘"We observe that for any set-valued mapping 7 : X —~2Y . the
_associated set-valued mapping of the fuzzy set-valued mapping TF is just T.

In what follows we shall deal with the relationship between the F-continni-
ty of a fuzzy set-valued mapping R and the continuily of its associated set-valued
mapping T.

THEOREM 2. 4.

Let X and Y be two topological spaces equipped either with the associated
fuzzy topologies of the local fuzzy topologies (or any fuzzy topologies stronger
than the local and weaker than the associated).
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If Ris a F-upper semicontinuous fuzzy sel-valued mapping from X into Y
then its associated sei-valued mapping T is upper semicontinuous.

Proof. It suffices to consider the case when X is equipped witth the associated
fuzzy topology and Y is equipped with the Iocal one.

Let x ¢ X, G be an open set in ¥ with Tax € ¢, We have then
Rk ]=R LS % S¥, = B.
Since Rt is F-upper semicontinuous and B is an open set, there exists a
neighborhood V of %_ such that :
R[V]C B.

Evidenily, U = Supp V is a neighborhood of x. Moreover, let y e T(U) i.e.,
y = Tx’ for some x" € U, we have

R(z’, y) = R o @) >0

But V(x)> 0 and (R[V])(y) = S'up {R(x, y). V()
' T e

Hence R{V](y) > 0, which implies B(y) > 0, i.e., y € G. So' we have shown
that T(U) € G. The theorem is proved.

In the special case when Y is equipped with the local Tuzzy topology, the
F-upper semicontinui@y of It is equivalent with the upper semicontinuity of T,

THEOREM 2.5.

Let X and Y be two 10pologrcal spaces. If Y is equzpped with the local fuz
topology, X is equipped either with the local fuzzy topology or with the associated
fuzzy topology (or any fuzzy fopology stronger than the local and weaker than
the associaled). Then a furzy set-valued mapping R from X into Y is F-upper
semicontinuous if and only if its associated sei- ualued mapping T is upper semi-
condinuous.

Proof. By Theorem 2.4, it remains for us to prove that the upper semn,ontl-
nuity of T imphes the F-upper semicontinuity of R,

Letx be a fuzzy point with support z, let G = % be an open fuzzy set

fi.e. B is open) such that R[r;;] € G. Then we have Tx € B, hence there is a
neighborhood V of x such that T(V)S B.

Therefore R[X,] < XT(V) Cip=G

aud X, is a neighborhood of z. So R is F-upper semicontinuous.
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3. FIXED POINT THEQOREMS AND APPLICATIONS.

The notion of fixed point for fuzzy set-valued niappin‘gs has a great
importance in fuzzy garies (see [3], [1] and [2]). In this section we deal .
with the fixed point problem in locally convex spaces and its application 0
two-persons fuzzy games. ‘

DEFINITION 3.1.

Lei X be a set, Q be a subset of X, R be a fuzzy set-valued mappmg from Q
into X,

A point x_ € Q is called a fixed point of Rif R (x,,x,) > 0.

It is called .a well-fized point of R if
R(z,,z,) >Rz, VyeX.

REMARK 3.1. |

a) Let R be a fuzzy sei-valued mapping from @ into X with nonempty
values. Then a well-fixed point of R is also fixed point. The inverse assertion
holds in the case when R is point-valued or a characteristic function of a set
inXXxY. _

b) Let T: Q— 2% be a set-valued mapping with nonempty values, Then a
point r_ is a fixed point of T, i. e., z €T x, if and only if x is a fixed point
of the fuzzy set-valued mapping 7.

Indeed, x, € T, < Ygropnr Fy %) =Tp @,,%,) = 1
hence T, (x,,x,)>Tp (x,.1) ¥yelX

Now, let X be a Hausdorff locally convVex space, Q be a nonempty convex
compact subset of X, We denote by IQ (x) the set

Ig(x)={geX|3ueQ, 3 a0, such thatg_:n-i-a(u——x)} and by
I Q(:r:) the closure of [ Q ().

Let X be a topological space. By Remark 1. 2, a fuzzy set in X is Ass-com-
pact in the associated fuzzy topology if and only if it is Asslcomgact in the
local topblogy (or, in any fuzzy topology on X stronger than the local and
weaker than the associated). For brevity, we shall say Ass-compact instead of
Ass-compact in the associated tuzzy topology. '
THEOREM 3.1.

a) Let X be a Hausdorff locally convex space, Q be a nonemply conver Ass-
compact fuzzy set in X, Let R be a F-upper semicontinzous fuzzy set-valued
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mapping from X into X (with respect {o the asseciaied fuzzyg topology on ¥ and
the local fuzzy topology onqQ), respecfwely), withnonemply convez ass-closed palues
If for each™% € K = Supp Q we-have

Supp R_ A T, (x) = 4,

then R has a fixed point.

b) In addition, if R is point-valued or a characteristic function of q sef in
A X Y then I? has a well-fixed poind,
Proof. Since R is F-upper semicontinuous the associated set-valued mapping T
of R is'upper semicontinuous (Theorem 3. 4). Moreover TlK [ —» 2% gatisfies
the boundary condition of Halpern ([5]). {ence there exists a point z, & K
such that T e T xo, or equivalently, R (X, x, )y = 0.

If Ris pomt~valued or a characteristic function of a’ set in X X ¥*then

Rir .w ) > Rix,p, ¥yeki

T, is a well-lfixed point, of R,

Let R be a fazzy se'-valued mapping from X into X. We define a fuzzy
set-valued R* from X into X as follows:

) R(yy= | (00 Bolo) > Byf2), ¥ ze X

else

Then any fixed point of R* is an well-fixed point of R. So we have:

THEOREM 3.2,

Let (X, ) and Q be as in Theorem 3.1. Let R be a fuzzy sel-valued mapping
from X inio X.

If R’ defined by (3.1.) satisfies the hypothesis a) of Theorem 3.1, then R has
a well-fixed point.

COROLLARY 3.1.

Let X and Q be as in Theorem 3.1,
Let T be a point-valued mapping from X into X such that

1. Tg is p-upper semicontinuous in the induced fuzzy topelogy,

2. T [QIS Q. | o

Then T has a fixed point in Supp Q. ' .
Proof, Since Ti? satisfies all the conditions of Theorem 3.1, the proposition
follows.

In [7] Weiss has proved an analogous theorem (Theorem 4.1) but the notion
of compactpess there is diflerent, :
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PROPOSITION 3.1.

Let K be a nonemply convex compact subset of R®(n = 1). Let R be a fuzz
set-valued mapping from K inio X, If the fuzzy sel-walued mapping R’ from K
into X defined by (3.1) is F-upper semicontinuous (with respect to the associated
fuzzy topology on K and the local fuzzy topology on Y,"res{vectiue!y), if for each

x & K theset Supp R; Is nonempty convex closed and |

Supp R}, n T (2) + &,

then R has a well-fized point.
Proof. Since the associated set-valued mapping T of R’ has a fixed point, R has -

a well-fixed point.

COROLLARY 3.2 (see [2], Theorem 3.2)

Let Q be a n-dimensional simplexr in R? (n 2> 1) equipped with the local fuzzy
topology. If R is a F-upper semicontinuous fuzzy point-valued mapping from Q
into Q, then R has an well-fized _point,

To conclude this section we give an application of Proposition 3.1 to fuzzy
games. The notion of fuzzy games was described in [3].

Now we recall some definjtions and results obtained in [1] and [2].

DEFINITION 3.2,
A two-person fuzzy game T (briefly 2-FG ) is a sel of data as follows :

(a) P ={1,2} is a sef whose elements are called players.

(b) The finite sets Ek = ”;cgk),..., cggc)i, k = 1,2 are finite sefs whose elements
are called pure strategies of

@Y, = Rk s the set of regular choices of the player k,

(d)‘IEk € L(_Y,PX Y, )with peP — ik} is @ fuzzy set in RA(U+n(2) ouieq the

fuzzy set of possible choices of the player k (k = 1,2 where W, =Y, X LY yis
the set of strategic conceptions of the player I (pe P — {Ieh). - P

Suppose that -the .following axioms are satisfied
(O If A:2 e L(Y,) and A2 =L X,¢ Lhen E1 [Az] =+ “1C¢ .
A If A, e L(Y,) and A, + %y the@ Ez[AI] 4:7%‘3 .

o
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DEFINITION 3.3.
Lt s=(s,, s$5)e WV, X W, bea puir of strategic conceptions in the 2—FG T,

‘where s, = (oF, A ) withk, peP, k= p. We say that s is a possible solution
of T if and only zf : :

E[4,] ") =E (4,1 ") for ang yl & ¥,

E,[4,] (m2)_E [4,1¢ 2) for all y? Y,

Lets*= (s}, s5) €« W, X W, with s; = (m;, AY) py k=12, p+k, we say
that s* is a possible codperatiue solution of the gam T if and only if s* is a

possible soluiion of T and A; is the characieristic function ‘of Lhe singleto;t set
{of}, (p=12).
THEOREM 3.3.([1]. [2].

Let T' be a given 2-FG and s* = (sj’,, sy e W, X W, with s, = (mf, A;)
(k,p=1,2 .p = k) where A”’ is the cha;-aaterf.gtic function of the singleton set

{w*} (p=1 2) The following two asserlions are cyuivalent :

1. s* is a possible cooperalive solution of T,
2. i}ae iaair of veciors (‘(;)1, w2 Yis an well -fixed point of the fuzzy sel -
palued mapping R* from R™ into R"™ with n = n(1) + n(2) defzned by :
(3. 1) R (0, w) = .
- Max {E, (o ‘_1) E, @7, ol). E, (0%, o)} Max {E,(«7, <2),
By (o1, v?). E, (o1, wh ¥ o, eRnfﬂ XRH(Q) = R"

THEOREM 3.4,
Let T be a-2-FG and R* be defined by (3.1). If Dom R* is a nonempty
- Convex compact subset and R salisfies all the hypotheses in Proposition 3.1 wilh

‘X=R"and Q= Dom R*. Then T has a possible cooperative solution, where Dom
R* is the set ‘

Dom R*={z < R" |3 y  R?such that R* (z, y) > 0}
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