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1. INTROBUCTION

In this paper we are concerned with differential games which arise in a
pursuit process of one control object by another control object. The problem
can be described as follows.

Let x, y denote the phase vectors of two control objects whose motions are
described by the ordinary differential equations

x="f (x, u);.:t:(o):mo, (1.1)
. y=9@v) ;yo)=y,, .2

whese u and v are the controls. Let « = (z, , x, ), ¥ = (y,, g, ), Where z, g,
are the geometrical positions and z, , g, the velocities of the objects.

In the pursuit process, one control object, x, is the pursuer, the other, g,
is the evader. The pursuit process is completed when the two objects coincide
geometrically, that is when |

F1 =Yy : a.3

To simplify the notations’it is convenient to transform the pursuit process
into a differential game. Namely, denoting by R the direct sum of the phase
spaces of the objects, we can rewrite the equations (1. 1), (1 -2)into a single
differential equation

Z = F(z, u, v), ‘ ' a.4
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where z = (x, y) € R. Condition (1 . 3) defines in the space R acertain subset
M. The game is now given by its phase vector space R, the equation ( 1. 4) and
the set M on“whici the game mast be completed, There are, two problems that
- can be considered : the pursuit game and the evasion game. Inthe pursuit game,
one has to find the value of u at each instant of time in order to complete
the game, whereas in the evasion game, the problem is to find the of v at each
instant of time in order to prevent the game from terminating.

Differential games of pursuit have been extensively studied in recent years.
In[1— 11] various sufficcient conditions for completing the pursuit have been

developed, under the assumptions that the controls u ‘and v must satisfy
constraints of the form

nel, ve(,
or +on + oo /
Jlu®n?a<e® 5 [lon2d <.

In the present paper we shall develop sufficient conditions undes constraints
of different types imposed on the conirols,

2, THE MAIN RESULT '

- We denote the phase vector by z and assume that the motion is described
by the ordinary differential equation :

z = Az — Bu + Cp; 2{0) = Zy 2.1)
_Here z e R™, u e RP? is the pursuit control and peRY is the evasion control;

A, B, C are matrices of orders nx R, nXp, nXq 1espect1vely, the . controls
: u(t) v(l) are measurable functions satisfying’

fumm2m<¥wme& : 2.2)
0 : .
where p > 0 and () is a compact convex subset of R7. Let & be a subgset of R"
of the form M ——~M -+ M where 11 is a subspace of R*# and M? 2 subset ,of

the orthogonal complement to Mi in R". Let = denote the orthogonal projec-

tion trom R onto L.

We shall say that the pursuit process in the differential game (2.1) — (2.2)
is completed after time f , if for any measurable function v = v J1. 0 <C t< ty

v(t) € Q, there exists a measurable function u = uft), 0 <t < trs

-
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.
fromn?dt < o2,
0

such that the solution z = z(t), 0 <{ t < t, of the equation

1
z = Az(t) — Bu(t) + Cu(t), z(0) = z,,

~

satisfies z(i 1)e M.

Let 6(f) be a non negative non decreasing and piecewise continuous
function defined for all £ >> 0, and let r(f) be a non negative, increasing anp
continuously differentiable function such that r(f) < ¢ for every ¢ >> 0. Denote

agp = {180 101 ¥ 00 < r(D)

@ otherwise.

. We shall be interested in computing the value u(#) of the pursuit control at
each time / when the values v(s) of the evasion control are known for all
& (0. In other words, we shall be interested in finding the function

u(ty = u(v(s) : s Q.(t)).
r any given T > 0, let

,AI(T)={LO\<\1\<\T:ﬂ(t)+¢};A2(T)=[0,T]\A1(T);
A (T) = QB ; A (TYy=[0, TINA(T).
3(M) iGX (T)() A= IN a()

B be verified that the sets A, (T) are measurable and that

A (T : 2.3
3(D) = tA(Tr)(f) (2.3)

nally, lei

Hm = {xT79 cous.
A, (1)

* NOw in a position to formulate our basic hypotheses.

ests 1, There exists a number 7, > 0 such that M,: H (T, )¢, where*
Ometrical difference in the sence of L. S, antryagin [1].

2. There exists a matrix‘(bri of' piecewise continuons fanctions
b-of xy
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11 ir i
(PT1 G ) B (PTi (. g)

Op @D =1 N

2 . . - - -

rl o
o, g) e op (@ )
which is defined on the intervals 0 x<{T,, 0 <y < T, and satisfies
1. CDTi(t, s)= o ifs¢ Q@ orlel,(ry)
2. There exist continuous (p X ¢) — matrix functions FT:! {(f) and piecewise

continuous (p X ¢) — matrix functions GTI (t, s) such inat

2. Gy (h5) = D ifsg Qo ort € Ay(T ),

(T, —t)A (T, — A
2b, xe 1 ) BGT1 (t, s) = (PTI (t, S) e 1 s) c. o =
. Ty ‘
. _ - r_ A
2c, 'n:e(Ti 04 BFT (fy =\ E __S @7 s, 1 (1) ds 'r:e( 1 r (8 C,
-1 1. .
0

~ T . )
where dim L =r, o is the zero square mafrix of orderr, E is the unit square

matrix of order 7 and g is the zero (p X ¢) — matfrix.

Let u(th t € A, (Ti‘ ) be an arbitrary pursuit conirol such that

Viwonza < .

Ay (Ty)
Define
?=f‘§uww2®
By(Ty)
. r(t) ,
2(T,)=Sup I F (t)n(r(f))f-(t)+ SG () v (s)dsy? dt.
M wea )y M, T1 &) dsi
o(sCTy;  L1(Ty) : e(t)

Hypothesis 3: X(TH < pe
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Hypothesis 4 .

. I'IA —s4d . ] 5 . . _,4 . 3
re zo—\ e Bu (s)‘as}eG(fj)—[—Mz; H(T,) , | (2.4)
25Ty
where
T;—s)A . ' ~ ]
G(T1)=; S T Buw(s) ds : g T ds < (p—%(T,) ¢ .
QAT , ALT)

The main result is the following

THEOREM 1
Under hypotheses 1— 4, the pursuit process in the differential game (2.1)—
(2.2) Is'completed after time Ty
Proof.
‘ From (2.4), it follows that there exist vectors g € G( T,)and me MQ: H(T)
such that
T4A 4
me L (zg _ S e Bu"‘(s)ds):g—l—m.
‘ AT |

Since g ¢ G (T';), there exists a measurable function o (sh sel, (T, ) satisfying

2 V1@ 1 as <G —n(z)y’

TzA —sA Ty—9D4 _~
ne [ (zo- Se § Bu*(S)ds):S me 170 Bw(s)ds+m .
~ Assume now that PTG ES LS T, ;(t) € {J is an arbitrary evasion econtrol.

0 there exists a’ vector m, & M,such that

wéT”‘?( zo—,g e ** Bu (5) ds):
ATy |

(T4 Zna

- Sne(Tf_”A B (s)ds 4+ my— sne Co () dt. @. 5)

A1) ALTY
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The pursuit control a (), 0 < ¢ < T, is defined as follows

@, if te A, (T;)
o - r(t)
”‘(‘)% Fr (0 E(r(t))r(t)+§ Gp (B)D @) ds+0(D), i 1By (Ty).
6H

« By Minkowski's inequality we have

- ' r(t) '
\/ JIaW +Fp @ e F0+§6p (9 v(ds 42 at <
A,(Ty) o(e) 7 '
' r(t)
< v Su Sy | 2 di+ S” Py, OPIGO IR0 +S G, (t,s)v (s)ds u2 dt <
AI(TI) : (TI) " e(t) _

Consequently,
T, ' r(¢)
 nEONRA = (1 & O +Fp, OO O+ (6 (9T @ ds)? dr +
0 Ai (T1 ) 9([)
% * ‘ .
+ Sre@n? a < (pamy?d+p?= 2,
Ay (Ty) A, (1)
Lheua®),Oo<<LIiLT ¢ is an admissible pursuit control. By Cauchy's foemula for
the solution of equatlon (2.1) we have
Y (r
T4 Tyt 4 -
Z(T1)=ei ZO—Se 1 Bu (1) dt—{-g T1-9 Co () di.
' _ 0 0 -
Therefore
T, A r, -4 T,—DA ~ —
nZ(T, )=me 1 Z, - S 71:e( 1 Bu*(fydt — S :te( 170 Bu{t)dt +
8, (Ty) A (T

T,—s)A T,—s)4
+ S xe 1 Co(s)ds + S e 1 Co(s)ds =
2gy(ry) A,
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T4 T, -4 7, -1 -
= e ¢ Zo — g ;:e( 170 Bu#(hdl — g e 1 ) Bwi{)di —

Lo (1) APTVAR

' (1, ~14 — - RGP _ .
— S me 1 BFTI(i)v(r(f))r(t)dl — S (S e 1 BGTI(t,s) v(s)ds)dt#
A (T) AL (T o)

T,—s)4 ._._ 7 T,-8)4
- S -me( 179 C o (s)ds S ‘rce( 179 Co(s)ds =

T, 4 —
e 1 (Z _ S e mBu*(s)ds) —_
o .
8y (Ty)

f

Ty =DA_~ 0, -p4
— S n:e( 17! Bu(thdt 4 S ne( 170 Co(f)dt

ATy ©oa,))
(T;—DA - . (T; D4 ‘
- S ze 1 BFTj(i)v\r(t)) r(t)dt -+ S we ! Co(t)dt —
£,(T,) . | Ag ()
r(
, — _ )
- S ( S et ) BGT1 (t, s)v(s) ds ) dt. | (2.6)

A] (TI)' 8¢

From (2.5), (2.6) we deduce

AT,y = ,,;2 + S r.e(Tf“S)A Cv(8)ds — ne(Tf —5)4 BFT1 ) o(r(f)) r () dt —
AS (Tj) 7 ' A_-; (Tj) |
r{f) .
_ S (Sne(Tj o4 BGTi (L, $) v (s) ds) dat, . 2.7)

L7704 BFy (05 (r0)F (N dl =
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Ty
_ (E—- S o7, (8 r(h) ds )n’e(..ri 4 o 5 (r)rddt =
Ajry)y o . :

e T2 TN ¢ v{r()rtydt —

ATy
Ty
— S | (S o (5 1)) ds)rce(T1 _’(’»A_cs(r(n)}(t) at. (2.8)
A ()0 \ ‘
But in view of (2.3) we can write:

T O G eapiga= (=T cr e,

ATy Ay (1y)
Tj ) . .
T - p— -
S (S@Ti(s,r(t))ds) =TT cFeanF@dt =

AUT) 0

T, .
-_—S (ScpT (t,s)di)-ne(ri_S)A Cv(s)ds .

. .

A3(T1) 1]

Therefore, we obtain from (2.7) (2.8):
_ r(®) - _
-.?Z(Ti)—.-mg —_ S ( S ne(Ti_t)A, BGrj(i,s)E(s)Hs ) dt4
AT 0D —_—

‘I m i! e

Noting that &7 (t5)=0 if t & A, T'y) or s € O (1), we bave

Co(s)ds. @9

r()

(

S (DTI (t,5) we
AI(TI) (1)

T,~s)4

1 CE(s)ds d!=
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| Tj wr
= S (S @T1 (t,s)di) me 1794 v (s) ds = |
ALT) ¢
Ti’ .TI
= S S EDTi (1,5) me

0 0

T,-s4 —
T1=94 o S@dsat

<z

This implies, in view of . (2.9), mHT,) = m,, i.e. (T, ) ¢ M. The proqf is

complete,

3. SPECIAL CASES

In this section the main result stated in Theorem 1 will be specialized !o.
I. Consider first the case where

; o) =r) =1t Y 1>0.

Then

ATy =47,T)y= [0, T]; Ay (T) = A, (T)=¢ for any T > 0,

As an immediate consequence of Theorem 1 we obtain

COROLLARY 1: Let Tz‘ be a positive number '[.'1 such that

a) There exisls a tontinuous (p X q)-matriz function F(t) salisfying
ne!d BE(t) == ne!d C for any 0 < ¢ <T

r

By T) = Sup S I F@) oty | dt < o2
vis)e
0<s< Ti o

1-

7.4 '
¢) me Uzoe Mg + G(1I',), where
T T ,

G{Ti) = Swe Bo(s)ds: S | wf{s) I° ds < (o — U1

* O ' n ‘

Then the pursuil process in the differential game (2.1)—(2.2) is completed
after time T, . :
I1. Assume there exists'an increasing, continuously differentiable function F{(3)
on the interval 0 <{ t <« 4 o such that: ’

1. I{o) = 0.

41450 s 4
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!

20>l for any 0 < L < o=
3. There exists a continuous (p X ¢)-malrix function F(l) satislying
rel4 ¢ = meld BF(H) for any t > 0.
Assume, furthermore, that : ‘
A dan =0 — & It DAY =105 IO — 1
A, (@) = [0, I A,U@)=¢ forangt > 0. .
COROLLARY 2. Let t, bea positive number such that

ty
[
2 121 =  Sup S | Fy oIty — I0) Il dt < o
o(s) €0
o s I(t) © : -

where [ = Ity —1y u*(f), 0 <t 1, is an arbitrary pursuit control satiafying
1
[

'

) | dt < 6

O Cae?

and
t
- o
P =t Su wr(0) IPd.
pe
)4 0 -2 .
b) we z,— e Bu*(s)ds | & M, + (G(1,), where
o ' 2 1
0 2
EERORDE a4l
G(l, )= S e " Buw(s)ds: S o)) ds < (p '“'X(ti)z
o 0 0

Then the pursuit process in the differential game (2.1) -- (2.2) is completed
after time I(tj Y=ty + by

Note that an analogous resuit for differential games with integral cons-
traints on controls has been obtained earlier by A. Ya. Azimov [5].
1IL. Assume that v J= 0 is given and g(f) is a nonnegative, increasing, continu-
ously differentiable function defined on the interval v <{f< oo and satisfying
g.hy < tforanyi>".

Consider the case where 0 () = r(t) = g(f) for any t > v. Then for
any I' > v: -

A, () =[nT1; 2,(T) = [0, 71
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By T =19 % g(1)]s A, (T) = [0, g(»)] v [g(T), T].

From Theorem 1 we have

COROLLARY 3. Let {, be a posilive number satisfying :

a) There exists a continuous (P x q) — matrix function F(t) such that

(f ) (g —r(t)a

we' T T Pppgy = {
_ ) = me C for anyi>v.

¢
1

b) ¥2(t,) = Sup S LFGrapr(y 1 ° di << e?,
v

Lo e Q
'Of\:s:gtj

" where
, v ‘
2
b o= o’ = S 1w )? dt,
0

and o*(}), 0 < F < v is an arbitrary pursuit control, i, e,

v
freo 17a <o,
.
_ v
1A —54
Q) me Zg "‘S e Bu*(s)ds eG(tI).‘J. M2 .‘.".H(li) , Where
a -
. i
(t1 —s)A ) 1 ~ 5
G{i1)= Ty Bw(S)dS : S N o (8) ”2 ds < o — % (11) ,
v
}
g(v) { .
(t; — s)a 1 —
Bt) =\ me ' Cst+§ et "M ey
0 g(ti)

Then the pursuit process in differential game (2.1) — (2.2) is completed
after time t,

Note that analogous results for differential games with geometrical and
integral constraints on controls have been obtained by 8. P. Berzan in [6] and
Phan Huy Khai in [12],
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4. APPLICATION ' @

In this section we applv the above results to solve concrete pursuit game
with different types of constraints imposed on the controls.

I. Assume that the motions of the pomts S Rr . U GR” are described by -
the differential eguations.

T+ oax = u; 33(0)=x0, (4.1)
y+ey=uv:  y0) =y, ., ' 4.2)
where o > 0, 8 > 0. The controls u(t), v(t) are measurable functions satisfying
+oo .
frayi? e o® s o <o (43)
0

We shall say that the pursuit process in the differential game (4.1) — (4.3) is
completed after the time t,if 1 at,) — y(t YI < &, where & > 0is gl\fen in

advance. Lel us calculate then value u(t) of the control parameter u at’ each

instant of time {, assuming that the value v(%) is ‘known. That is, let us

u(t) = u (u(—;))

For any f > 0, T > 0 we have
. . 1
g(t) = r(t):Et A, D=0.Th: A, (D =@

Ay @ = [0, 1]; A, (T):'(%, T).

compute :

2
Let z=(z,, 22)T = (z, T € k", _ R

A:(_“Eg)-gi— --E)_C__ 5)
' 0 -BE/}’ "'(-0 ’ (E ’
where (z,,7, )7 is the transpose of the vector (z; , z, ), £ is the unit matrix

of order n, 0 is the zero matrix ot order n. The equatlons (4 1), (4.2) can he
rewritten as

z=-Az — Bu + Cv s 2(0) =z, (zi,za)T (x,» 4, w,
Then :

M = F z = (z, ’zé ) eRgn:lliﬁ 7y gef.

ngéz(z:{ ) Zg )TGR2“:21 =—z, g
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‘Denote orthogonal projection of the space R?" onto its subspace L by = Let
Il = (£, —E). Then for a suitable system of coordinate of L .the malrix of =
can be written as L

A simple compuiation shows thai

: t
. - T—1Y)4 o
e(f—r)ABze a(T-—:‘)E:n ( ) C—¢ ( | 2)E TF .
Setting = . 7 s (<L (Urﬂ
FT(t)=e . € EforotgT, Q
we have o . {3” '-{t
: ; .
(T—1) 4 (r-g) A
e BF, )=rne ‘ Clorany 0t T, F
Letov (1), 0 < < T be an arbitrary evasion control. Then y o/—(lJ P
' T 4,
T 2 (L) o= (} ‘
Fn)yv t ’dz<“2 o e 2 at
Neor(zg2le<s (- I
0 g
Assuming now that % < « < B, we can write
r .
T N , 2 A
‘ 2 ¢ 2(P—20)t Cet
{ —1 )= |* .dt — df <{—.
S“FT()”(:? )2“ <3 Se L<3 23_3},
b .
Since : )
lim (II 4 z,ll= tim [ * for any z e R°",
] L
T—>+w T—>4-o0 m
- we deduce ™
T
H(T) = Sn 794 ¢q as,
r : ~O
5 .

It is a simple matter to verity that H (T) is a ball of radius

T
c e_B(T—s)ds < 2, ‘ g_,(,-—zﬂ“-) 3
z._g ’ 5@ I
2 Uo_u)g Fol
, . 53
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" Therefore e S * H (T) # @ if ¢ <{ B, where § is the unit ball in L. From
Coroliary 3 we then-obtain

PROPOSITI_ON 1: Under the assumptions « > 0, B_> g, —g~ < P o< efand
o? < 4(2e —p)? , the pursuit process in -the differential game (4.1) — (4.3) is
completed after finite time for any position z° = (z; R zg)T.

_iL. Assume now that the motions of the points & ¢ R®, y ¢ R™ are described
the differential equations: '

. (4.4)

z tarta,r=u; x @)=z .,z 0) =z
G+ by+tby=o; yO) =y, ,50)=j,, (4.5)

where a,, a,, bj, b2 are real numbers. The controls u (t), v(t) are measurable.

functions satisfying
+ oo -
| Hahn2ar<o? spo(t)i<1 . | (4.6)

/]

We shall say that the pursuit process in the differential game (4.4) —(4.6) is
completed after time .tj if a:(tj) = y(11 ). Let us compute the value u(f) of the
parameter u at each instant of time #, assuming that the value v (f) is known,
That is, let us compute u(f) = u (v (#)). -

Here we have : :
B =r()=1;0,(T)=A,(T)=[0,T]; A,(T) = A, (T)=¢,

Let us denote z= (z,, 7,, 25, 2,)0 = (x,2,5,5)T c Rin |,

i E 0 ] [ 7]
A= —.azE-aIE 3 5 B = —FE i C= 0
[ 0 E 0 0],
| 0 0 —b,E —b E L o) [eE],

T ; ) -
where (z,, 22.’ Zgs Z;)" Is the transpose of (zj. Tgr 23, 2,), E is the unit

matrix of order n, 0 is the zero malrix oi order n. Rewrite the equations
(4.4), (4.5) as '

; — — . —_ — woT .. .

z= Az ButCv;z(0)=z,= (29, 79 435 29) =(z,,x,, g, yo)T’
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We have then

o s
I R o w AT . - . - nry
M—{”:(‘1’22”“.5’°24) < Rﬁn"x"‘""é’]’ :
—_ — ~ AT 4“_,,.___:1 H,_. Yy ——
L——{Z—(~1' 22, <o Z‘{L) =] R = ,,,3’32_24_0}“

Note that M is subspace of R*" and L is its orthogonal complement in R*7_ The
orthogonal projection of the space R®™ onto L is denoted by' w. Let

n=(&, 0, —E, O) Then for a suitable system of coordmate of L, the malirix
of = can.be written as Il.

Let (Pi (f} and ®, (#) be the solutions of the homogeneous equation
E+a1.é+a2§=0 . . 4.7

with initial conditions ¢, (0)=1, Epl(o) =0; ¢,(0)=10, q;2(o)= 1 and
Y, (£) > vy(1) be the solutions of the homogeneous equation

H=1b,1+bn=0, (4.8)

with initial conditions ¢, (0)=1, 1};1(o)= 035 9,(0)=0, '432(0)= 1.

Putting (1) . .y
(=) %O
E , If t=0,

we have
f t

l ! ib?
%2 (t)y= sup NF(r)v(r)l?dr<o? .:)(r) dr .
loff <1 3 (1)
7 0

Hypothesis 5a. The equations (4.7), (4.8) have real characteristic roois A, 2,

and v, y, satisfying A, <Ay vy vy 3y, <Ay <O, 8%62 « 2 p2(12 —Yg)s

where
Ao — A
6=ma:c(1_; —2——1)

Yo T Y1
Hypothesis 5b. The equations (4.7), (4.8) have double characteristic roots A and
T satisfying vy < A < 0 and o2 < 2p2 (A = v

Hypothesis 5¢. The equation {4.7) bas a double characteristic roots A and the
equation (4.8) has conjugate complex characteristic roots « * if salisfying

e <A 9and o? << 2P0 — ).
| 5%

\J

&) (wartal

s
—

i

[
a\

!
il



Hypothesis 5d. The equaitons (3.7), (4.8) have conjugate complex characteristic
roots « ¥ B, £ * iw salisfying ¢ < & <C 0, » = kB and % < 2p° (ot s), where
k-natural number. :

Hypothesis 5e. The equation (4.7) has a double characteristic root A and the
equation (4.8) has real charracteristic roots v, < y, satisfying Yy <A< 0and
2 <2620 = v,

ngothesis 5f. The equation (4.7) has real characterristic roots 7\1 < 12 and the
equation (4.8) has conjugate complex characteristic roots o + B -.satisffying
g < hy < 0and (hy — 2,0 8% 0% < 282 0?(22 — ), where

sin Br
(?\.1 - 7\.2 )r

O = sup
o<r<gg 1—e

\

As an immediate consequence of Corollary 1 we have

PROPOSITION 2. Assume that one of the .hypotheses 5a, 5b, 5e, 5d, 5e, 5F is
fulfilled. Then the pursuit process in the dif ferential game (4.1)—(%.3) is completed

after a finite time for any position z° = (z;, zg,,zg, z‘;)T .

Received June 3, 19 82.A
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