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ON THE CONVERGENCE OF POINT PROCESSES
IN AMODEL OF NO SPACE — TIME CLUSTERING

*NGUYEN HUU TRO

Institute of Mathematics

Hanoi

Necessary and sufficient conditions are given lor the weak convergence of
point processes to the Poisson processs under the hypothesis of no space —
time clustering. '

1, INTRODUCTION

Let us consider n observations (Sl- »Ty)({i=12,.....,n) of some random

phenomenon where Sié R? and T; e Rl is the space and the time coordinate

of the i — th observation, respectively,

_ One is interested in detecting space —time clustering. Presumably, if there is
some space — time clustering, points in a cluster will be close h;ith in space
and time, while unrelated points will ténd to have a larger averagé séparation
in space and time. :

We define the hypothesis of no clustering to be equivalent to the—o'nAe that the
coordinatés in timé aré matchéd at random with thé coordinatés in space, there
being a'total of n! equiprobable sets of maichings. Thus, one can consider the
space coordinates as fixed, while the time coordinates are random variables
T; (=12, ..., n) with the uniform distribution on the probability space [

of all permutations of the numbers (1.2, ..n,). ‘
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In epidemiological application, e.g., when n cases of some disease are cons-
idered, the éxistence of space — time clustering is regarded as evidence for con-
tagion of the disease., The idéas of Knox and some results of other authors for
detecting clustering of patients are summarizéd in [1).

Throughout this paper, our problems are considered under the hypothesis
of no elustering.

Now, for fixed n, let N, denote the point .process in R? with realizations
defined as follows:

N (n) = }: g for all © = (= (1), ®(2)hwe = (1)) € T1

where ¢(5T) denotes the unit mass placed at the point (S,7) The author
(c.f. [2]) earlier gaved necessary and sufficient conditions for the convergence

of law ofN_ (4, X B )4, < R? B_ < R, to the degenerate, Poissonian or
binomial law. '

K. Krickeberg posed the more general question: Can N converge weakly

to a Poisson process as n tends to 1nt1n1ty? In this paper, the problem is solved
in the aifimaltive.

2. ‘THE\MAIN RESULT
THEOREM : The sequence of péint processes :’\;‘n (n=1 2. converges weakly
__to the Poisson pro_ces; ﬁ)ith.int;ansitg medsure A in Rf” if and only‘ if for elach
bounded half open cuboid L13'11 [; » B; ) having the properiy that
A (w : @) =0= ?\{xi =B,) (i=1,2,3) the féllowing convergence

relation is saiisfied:

(A) ~(5’)

n

—-—)-?L(A X BY and moreover, for A(AXB)>0 we haveN (A)—
— o and N2(B) = oo (N} o)
2
where A == o, , B, ) B=[ag, 33) Ny = r_': 1,05, NiB)= 213(1 )
i=1 i=1
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" First, we prove some Lemmas,
Let us consider any [inite sequence of pairwise disjoini bounded half-

open cuboids AS X Bg (s=1,2,..., k.

For all #, e C = {all subsels of (, 2,..., k) }, denote

..4;1 = Ais — (v ‘4 l-n (A =M 1 ) B 23— BJ!—" v bJ’!(B e A B )
iVEC,i DT Sei” = J”)]’ =T
Then, for I_—_}i':i’ec, A £ fand jzgj’:j’eC, B_, # ¢ ;,
) k k
; A‘..{ and ; B constitutes a decomposition of v A and v B » res-
irer Fiped s=1 " s=1
pectively,

. Thus, for all non — negative integers L (s =1, 2,.., k),

W) PN (4, %B)=L s =1 20kl=3{ n

Pq i‘EI
2, e 5 ' 1, .
N (B (qe T Np(4) — E po
X 11 .—J———T~>< nL!xxn i i
jerl T g, Mg, s=1 vi'es z
seit Y s&/ : jeld
Ni(B‘j.)_'_ z e . n— 3 N (A 2
X I s€f 7L (2 rp ! X el
fled Xor,. i'er . . ,
!.’EII" t] J 1V (B e .(_. L _ E ; r'i'j"
) j'er " s=1 €176l

x( N2 (B} — ZL —- rl.,j.)! .(n-— z.vj(B},)).f/nz
J&J s=1 " €I, j’&j - Jer .

where Zp qis over all sets of non-negative integers p,,and g (s = 1,2,..., k;
N i’ i’
i"el, i € J) for which

Z =L (I ={{-i"el seci’}), & < N (A
EIP s ( { I})SEE'psf’\ n( i) )



and X q = L({(J ={j:j¢€e),s5¢j }) 2 p ( ), respfe(‘:ti\el;-,

jEEJS Stn s
Ip= {ir:iel, s~ tlorallsei’,tej} foralljel,

Jo=A{j )€l t f=sforall i'el,sei’}forallisl

Z:is over all sets of non-negative integers v (e, ' edp) for which

v
. Zr," A\ (A)—apsand21 \ (B)"Zq
el €l sei oF

By denoting

k 11 A 1’2 . :
- (n)—-[ ) (Yn( s))(\n<33))1£!!
§= L L !

5
s=1

g N (A v (B (v (4 )|V
Eﬁ(n,p,_q’s)=[_,ns L ‘)).X“s”‘( 3 ]/[ L e,
itel psl.,- jed qu, 1 Ls \ Ls
1 . [ :
poir =l @l 5 Np(47)
» H,P,l, == t P ' y
3 =Py, kerfi t seil s 59
s&i’ ! L t 4
2, ' 2,
A\ . N (BY)
Eaqi)=[ ™ 7N C g |/ 0o | n /g 1],
_ ) z 9, sef’ 7 sEi’ q va
s€i” . Sy
T V(A)—Z&IN w)-zq .
En,rpq={ 1 s&i’ I et R r. !
i'6i, /"€ » | .. r e
. ij’ Fj’
k i\
N—-ZL

by
sX1 ( z I's ’)I
S IEJJGJ

i ‘ei,j'os.ri'.l

j‘
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NI (A — T py
Sei’ (: )
— JE Ty
s

IGJI--

PEN

Eg (n.r, p, ') =

1., )
NI (A1) — Szé—% P

0

F.,..!
Jled, iJ
{ isjs
N, () — T ‘
Sej’ s/’ (f::ef T g )
= e
. ! G!
E(n, r, y, j)= - =
) -2 ria. ' ;
1\“ (BJ’)‘_‘ E"qu’
, ) SE | SRS -
rel; B i'j
] !.»J-a .
f n— 7 N Ay 1
- St 'p i’
i el
NGy T e
. P'EJ S=1 NTAEETR
E (n, r)= -~
[ k )
n— Y " L. — Tovse g
‘ 51 S ren el tJ
N (B*)—-Z:L— I |
FeJ A"!'EI,J"EJ:.‘ d

N ] J

and rearranging terms of (1) we obtain: s

LEMMA 1: P { N (A, X B )=L ,s=12..k}= Z{El(n)xngz(n s s 5%

g
X 11 By (n p,t)xH Es (n, QsJ)X@[Es(n o)X E (1, p, i) X
i"er e r el
X H E,(n,r, q. j.)ng(_”s r)]}-
j'ed

' For A_X B, (s X 1,2,..,, k) satistying the convergence relation in the Theo-



rem, we shall prove the

i ‘e
LEMMA 2: EI (n) x II Ez(n. D, 8) X _H E.(n, p, i") X..H E,ﬁ(n, O j)
s=1 ieJ . J&eJ

ko IMA, x B L L P
- —Tr T n - S SN 5 (2, ) si’J
s=1 s s§(1,2,--9,k) P A4 xB )>0 i’er’psf’! i
L.!
- 5 q; ..
[ I |Y r-- . (Bsi') K ] Nn—oo

5 . Ir] 5
o &J
iags

where & "= lim NJ(A)/NT(a ), B, = lim N2(B )/ NX(B, ) and for convenience,
n—>oo n—»cc !

00 = 1, )

el

LEMMA 2: Z |E (n,r, p, q) X II E . (n,r,p, i) X
- T . ) J

N E, (nr,q /) X
‘eJ

ok
X Eg(m, 1)] = e(~Z % (A, X B ))(n—rce).
s=1

5

Proof of Lemma 2: Firstly, by denoting that .Lo = 0,

k
1 if 2L =0
© s=1 '
- ' 1 2n y -
< : Ly —IIN(As) — {][N°(B.)—1] &
El,(n)=’ n (L h., m =& — Ll ifX L >1
$€ 1,2,00, 00 L 221 | s=0 n—3 L, —i s=1
-1
k I_‘s
—— x [MA, xB /LI
s=1 )
Secondly, by induction,
* L/ p.r LI . q . |
E $ st s 5. .
2(n,p,.q,s)-—>—————m‘ms 7 'n(u’i’) X ng. 7 -'".(st,) i if A (As x.Bs)> 0
i 25 - r8 7 R
verr TS0 ypers 187



(where it is obvious that ?\(AS X BSI) > 0 implies
]Vi,(A )—> 00, N2(B_)=> = and the existence of the limits « s B, Ju
3 n 5 K siv 5}.1
E3 (n, p, i)~ 11if ;\f';()ii,) — NI(A;,) = o and

; y P P I
E4 (n, q, J )'_'* 1 ].f J:TIH(B]") — I\T (Bj!) = 0o,

Therefore, if at least one of the conditions:

M 35, 20, B): L > 1,0(4, X B )= 0,

(D3 s €, 20 k), 3 e I ; pPLAAXB)> 05 =0,

(i) Ise(?,2, . k), 3 el g =1, A4, X B)>0,p, =
‘ | R J
is satisfied, then
.
EI (Wx n E2 (n, p, q,5) X HE3 (n, p, i X HE,i (n, g j) — 0.
s=1_ , i’er J'eJ
It (i) — (iii) are not satistied, then

nE (n,p,q,s) X ME(n, p, iy X NE, (n,q J) =1 because
SE(Ts24000sk): (A XB)=0 i'el: N‘(A J=<oe JET: N’?(B s )<tos

all p;»» G, were equal to 0, therefore

ko ‘
By X T Ey(n, p q,8) X 1 Bg(n, p, i%) X NE,(n, g, j)—
s=1 i'er jer

(A xBY L
. I - s !5 X 5 - H(as_)psisx
36(1,,2,....1{):;\(:15 XB >0 Ly : U-.Psi-. . .
- i'€l% e =0 '€l oy, >0
- Si, i
L, ! '
X _'ﬁ'“-é—'—. I (B ) s i3S

jlers: 135 =p &S B

Thus Lemma 2 is proved.
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Proof of Lemma 3: On the one hand in the same way asin the prool of
Lemma 2, '

Eq(n,rvpy )y — T (MARXB)) ‘"f‘j‘/ri, joL where A (4} X B}) =
el "&Ji' . 4

. T, ivvarlipe
= LmN, (4)N  (By) /n,
n—roe
E,(n, r,p 0y — 1 if N'(43) = o
E,(n 1 g ) — 1 i NA(B) = s

- . - 'j » 2 *
and, by denoting @, = T Ny, b= T2 VB, L= SXE L+

i'ef e e
i‘i’ ",
el jeJi
S b _I 1 an——-L . )
Eg{n, 1) = ) ("n—i) 1Ian>L,bn>L
R B otherwise ’
Eq(n,v) — e ( —lim anbn/n) - e(-—- T M4 X B}.))
: = i'el,J eJi'
bn_—j anp— L . .
because n ( - -n———i—) is bounded from below and above by
i=L - : :

| b__.L_} o ) .;L b —L—1
[/ F— n : a n
the sequence (1 - Hj-bn.u ) and (1"” nn——L ) ,

/

respectnely
which have the same limit e(—-hma b /a)
. n—r
Thus, new line E(n, r,p,y) ~E, (H, »Ps q) x HES(H r,q, %y X ﬂEq(ﬂ U,q,J) X

/

% Eg (n,v).
SO ifal’el,aj’e-J';_: 1'19.!!}1 A(A* >< B* )_
) ef— = A(Ap X By )) 0 s BT her.
E (1GIJ€Ji» el J'&T ot MAp X By ))0 Ir”]Ohel
wise.
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On the other hand, since E (mr, p, iV 1, L.‘ {(re. 7y, g, v = 1 and
£y (mr) <1, we have E(n, r, P q) S EAn r,p,g) = \

1if : Er ,-0
i'el, j EJ
—_ r ,j,--l
nm- {1y, ’;’) n (N (A*)mz Ps 181 (b’* Y— X q,
&l i"EJ Ry ,>1 t=0 s&i’ s€j’ J
z Iy g —1
!"efsj GJ I
n (n ~ X L —1) otherwise
=0 s=1"
4 1 a2 Yoea O
1 : N (Ai‘. N (B".‘) A )
< (—"“ s_n Gepterf,
iefjer, . 07T

RPNV Far Al
i€, GJI" rJ n — min (S:-\Y ( i7 )y ‘\" (B* ))+1
, 16[ i€

where A, (i"el, //eus,) is an upper-bound of the sequence in the last

bracket above having the limit: A (A;:.XB;..). .

(i el

Thus, if E(n, r, }5, q) is regarded to be equal to O for all sets Lo

j'eJ;) not contained in X, the series Z* E(n, r, p, q) is majorized by the con-
v v
vergent sequence
i .
b 1 CRPY / where Z* is over all sets of non-negative
r ier,jied.. roaat
. i [J.
integers. 1, (el , je J:")'

Consequently,
lim X E(n,r, p, q) = Z* limm E(n,r,p,q)
n—roo v ; V h—r0o
k .
=e(-—2 A4, xBj,)). no, o,
§=1pgs Jer i’EI,J"EJ!.s:}\ (Ai' XBj')>0
o0 - " i o I'i!j! k
‘2 =4 XBENAA )] / =e(— X MA X B))
v, ,Jg—f_] \?i.j. s=1
because x A4} X B}- Y= A (AS % Bs)(s =1,2,1.., k).
rert, ress '
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‘Thus, Lemma 3 is proved,

LEMMA 4.: If for a bounded half-open cuboid A X By

¥ 2, -

N (AN, (B)
n

is satisfied, then N (AX B) has an asymplotic binomial law of order N with

L MO < h< o= and cither N (4)=> N < coor N2(B)> N oo (—>>2)

parameter A/N.

Proof : As a special case of Lemma 1, tor k=1, we have

<N (A) )kN (B) >Lr n—-?\T (4) ‘ n—L 1

\N (B) N N%(B)—N

P(Nn(A ¥ By=L)=

On the one hand,

(Nfz(fa) )( N*(B) )L! A if L=0
L oL _ L-1 [ NN (B)—i)

NERYA /LD 1 it
(L) & )i=0 n—i . k=t

~(:))

L

1 . 2 . i
N AY— N (B)— ]
because [N )—il ,"( ) I]__,_}_.(N—l) . ({=0,1,2,...L-1).
n-—i N
On the other hand,’
e | 1 A H—L ) rf —
i=L

N3%B)-L N¥B)—L
n n

V"(B) -1 NI(A) I

= 1_-_-_-—):1 N> L, 1\3(3)>L.
=], n—1

1 otherwise.

5 L N-L |
Thus, P(N (AXB)=L — (*’;’ ) (.7_‘_) (1 _ _7‘;) for L = 0,1, N

which completes the proof of Lemma 4.
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Prool' of the Theorem. Assume that the convergence relation in the

Theorem is satisfied, then by Lemmas 1, 2, and 3

S

lf“{NR (4, X BS)=Ls » 8 =1,2,...,

g=T
k &! .
X [1(4 XBI| "Lt % n
s=1 aE(I,?,..-,A‘)?;\(AS X B )>0
. LS It (as ) p
2P =L . Mp, f'e:[s e >0 F
i'€/® 1o >0 el e >0 i
i i
- L
)2 . 8 . I
i 8 qu.-= 8 nqs.sl j‘GJS'B >O l
li'ed B, =077 Jrertp, >0/ A
i’ i -

thus,

@ PN (4, X B)=L,s=12,

L

k L. j.
I [AA, X B )] S/Ls'
s=1

k

k} ——e(—Zh(4 X B )).

k

for each finite sequence of pairwise disjoint bounded cuboids

. 3 _

As X Bs :‘_‘i_rlj[ais’ ‘Br‘s) (s = 12
7\.(,’1:1. =ais)=0=,?x(:ri = Bis) (I =T 2, 3, 3

and all non-negative inlegers L(s=12,..,k)

Conversely, assume that (2) is satisfied,
convergence relation in the theorem is also true.

»--+» K) having the property

=1, 2., k)

b

)%}

Lk} —e(Z 1(4, xB,))
s=1 .

then we shall prove that the

Indeed, suppose that the convergence relation is not true for some A X 53,

then one of conditions:

NI (4 N2 (B)
n nk

(i) there exists a subsequence of

NI(AN i(B)

ry,

limit A* (4 X B) = & (4 x B}
1 2
(ii) for Nn(A) Ni(B)
. n
(or N% (B)) has a finite limit

is satisfied.

n

having the

~> MA X B) >0, the sequence Ni (A)
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If (i) is true, using the above proot for k = 1 and Lemma 4,
N“k (A x B) has either an asymptotic Poisson distribution with parameter

A*(A x B) or an asymptotic binomia! distribution which contradicts the asumption
that N"k (A X B) has the asymptotic Poisson distribution with parameter

A (A X Bj.
If (if) is true, e.go N(A) > N <Tes, then again using Lemma 4, N(A X B)
has an asymptotic binomial distribution which is contrary to the asumption.

-Thus, we have proved the equivélence of the convergence relation in the
Theorem to (2).

By using the well-knoewn Theorem on weak convergence of distributions in
the d-dimensional Euclidean space (cf. {3], p.159) our Theorem follows.
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