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ONlTHE SIMPLICITY OF OPERATOR KNOTS
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The problem of the complete nonunitariness of contractions was studied
in [1] and {2]. In this paper we obtain a generai criterion for the complete
nonmunitariness of an arbitrary contraction. The obtained results are applied to
the study of concrete model operators.

1, INTRODUGCTION

T.et H, E be Hllbert spaces, F, G bounded operators from £ into H, T, S
. contractions in H, E, respectwely The totality

~ HTH
o | F G

E § E

is cdlled the operator knot (ef. [5]) if

I—-T"T=6G¢G", I_S*.SQG G, TG = F§,
I-TT*=FF, I——|SS = F* F.
_ The knot « is called simple if the closed linear span H, of the vectors T" Fe,
(T*)'Ge (ee€ E; n=20, 1,...) ’is the whole space H, H  is called the main

subspace of the knot « and we have the simple following
LEMMA 1. H_ is the clased linear span of the vectors

f{',e (I —¢TYy'Fe, gpe = (I — (I ~'Ge(ee E, 1L <1



LEMMA 2. The following stufemenis are equivalent
(i) o is a simple knot,
(ii) T" is a completely nonunitary coniraction.

The operator — function

0(0) =S —¢E d — LT%-16 y

T
is called a characteris_tic function of a.

HJ, T, H, , ]
Leta =|F, G|, (k=1 2) be knots with the common outer
E 5 E

space E, then the knot

H ©H, T,P, +TyPy —F G*P, H ®H, |
o= F 5% 4 F, G, + Gy, -
VA , S48, E
is called a product of a;, ag and denoled by « = oy
In this work we will consider the product
a 1v i
o = € | = %paeeeey Giglly
E § E
’ o, T, 2.\ (%
of n knols o, == I, G, i (k =1, 2,.. n).
\E S, E f
From the definition we have
H=H GH,B...0 H,
i
n X a = :
- ThH, =T, f,—F, Z (n S)GT, . 1
ok ko Pizptr gm0
n k-1 n
: ~ 'S r
(Fe), =F, N Sie, Ge=G, 1 S;e, S=1 §. 1. 2)
B e 7 Fiad k=1



where f =f.1 & fg D .. P fﬂ denotes an element of I,
And it is easy lo see that

(Fro, (0 —tN ™1 Fe)y =U — L0 PR (5 De

4g§e)k = [({ — ET)~ 1 Ge]k ={ - F;TA;:—)*l G!‘_ @ (k, T)e
where

! i k—1
s

_\ -
R(k; C) = 11 B*j (E) 2 (:)(T\" D= Ii Hj (C)
J=r+1 j=1

Let B, = PI—FP?—]— o Ppice. By Is the orthoprojector
trom H =H @ Hg@ w @B H, onlo H OH, .. @Hk

LEMMA 3. .

1 .

(Pof o Fua) = T (LB G REED— BO, 1RO, e )

1 Fos .
(B ta) = 7/ — @ G+ Lm0 e+ 1.0] )

] 1 * darf Ta -~ -
( By 9g0Tua) = o (RO MR U ) @101 a)

Proof. From (1.1), (1.2) we have . :

(kace s fp_a) =
k *, . * % -1 =1 , .
=E(H(J,u)Fj(I-uTj) U-1) F,RGDe )

but, on the other hand, the relation

. —‘ A1 -1 _ 1'—-9-“—'-)8}(?)
Fj(I-—M Tj) (I—-QTJ.) F;= ;—Fc

holds [5], therefore

kI

Y

(1. 3),

€. 1),

(1. 5.

(1-6)
1.7
(L.8).

N 1 !
(B;wfg'e{fua) =1 = ( [R(G. WRU, ©) — R'(— LY RG—1,0)]e, a)

7=1
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' ¥

= _%t (R (e, 1) Rk, T) — R0, W) R(O, T)] e, a),

The relations I(l.?) ~— (1.8) are proved analogously.

2. THE FUNCTIONAL MODEL

L3

We will use the following functional model [5]. Let « be a knot with the
characteristic function 8(Z). Then 8(f) is also a characteristic function of the
following simple knot :

‘ T TH
T=lr @
ESE
where .

H=H2EALYE) © {u @ ou; ue BB,
Tlo @o)={e! p(e1) OO (c)Coq @ el () — A(MCoa}, -

2

Con =gy | V1" C) )+ 2 v (e

F = [(0(ct ) S*=1) e @ A(e'h) S*e},
G= { e (0 (&) — S) e @ ell a(el) e}.

Aty = (I=r U +,

/S\—.—_B(O)_—.S,ee’E,{cpeaw}eﬁ.

Hence the simple part ol the knot « is unitarily equivalent to " byﬁ the
following unitary transfermation U ‘
Ufe, =U(I = 1T)" "FPe=(I — tT) "1 Fe=TTte @1,

-

Uge, =U (=)™ 1 =0 =1 " 1Ge= Ty,

‘Let 8(%) = 8, (L)8, (L) be the regular factorization (cf, [6]) of the characteris-
iic function 8 () of the knot ». Then we have the following invariant subspace
for T
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= (rue 2 aupv: uect’® v € s PB}o

O {tw ® &, w e H(E)),

where Z is an unitary operator mappings A L? (E) onto 8, L?(B)® a1 L (E)
and defined (cJ. [6]) by _ | . ?
Z(DV) = £y 0, 0w DD

et P, denote {he orthoprojector from A onto ﬁj' Then we have the
following (cf. [4]}:

LEMMA 4 ‘
® Ty, P = e (500 00 — o] ).
@, Ty Tu) = (| 5 W) 8, © |ea).
(P, e ?ua) = gig ([BW — &) 61(0] e, a )

3. SIMPLICITY OF KNOTS
H, T, H Yo
Let there be given n knots e, = G,

£ S E

and a = a_ .. &; P, Then for the characteristic functions we have

n

~
= N Bk (L)
k=1

8 (%) = 0n () - 02 (§) 02 (¥)

Using the notation (1.5) we will write
_ B ()= R (), T) ® (K +1, 0
THEOREM 5. The knot « = «_ ... a, «, is simple if and only if for k=1, 2
in the following conditions hold: |
(i) the factorization (3. 1) are regular, '
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(i) the vectors I, fCe’ P, g, (ec E, [t] < 1) are dense in H,
Proof. Sufficiency. By means of ils characteristic function the functional mode

% of the simple part ol the knot « is built according to the scheme of 2. From

the 1eou1ar1ty of the factorization (3. 1) and Lemma 4 we have

— B B R (D - oI 7)) - a),
P G Fuy i U = 0+ Lo 00k 41, 0] e, 0 |

(B Fre, Fg) = -

M) ¢k + 1, 8] & @)

L

(P19§e, T

LT
Comparing these relations with the (L. 6), (L 7), (L 8) we have

(PJ g?;e’ FHUB!: F(Qe’ Eu-a)’

(P Feer Iug) = (B dgos Juoh

(Py 9pp Fp) =B, g, Fy,)
Taking account of Relations (2. 1) (2. 2) and the fact that the elements
TF\CE’ /g\g (e € E, |t]| < 1) are dense in " we get -
Pi = UB, U".

As P, B, are orthoprojectors and U is unitary, the subspace U* [ — HO

is invariant under Bf"' On the other han@, since f§e=U* f@e’ c = 9t it

follows that B, fcer-.: UeH, B, 9, € UsH (k= 1,2,..., n). Therefore,
Pfy, =B —B,_) fr,eUB=1, (32),
(3.3)

Pyog, = (B = By o, €UH =,
We shall noﬁ show that the knot « is simple. For this, it suffices to prove

that U'H —=H. Let U"H = Hie. 3k 0,4 | U'H (h=h, @h2 Q.- @h ).
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Then from (3.2) (3.3) it foilows that & | P}cff_’,e’ h | P, gg, The last equaticw

means that A, | P, ¥ ’J—P! ge, (¢ E, | 8 | < 1), which under the conditions

of the theorem jmplies that h, =0 (k=12.,n), and consenuently h =0,
Necessity. Let « be a simple knot. We can wriie

o = e’

where
L] -~ "

Cpbg it @ T Fp %y %y

with characteristic functions

9°(¢) = R*(k, T ), (%) @ (k + 1, §) respectively.

Then by Thecrem 2 [5] the factorization (3.1) is regular. Suppose that the con-
dition (i} of the theorem does not hold, i.e. ’

ah, €H, , B, = 0;k 1 Pes b | P, (eeE, [ {1 =<1). This means that
h=(0,..0,h,0,..,0) | f&e’ Gz Thus fl_’,e’ gge(e 6 E,'1 ¢ | < 1)are not dense
in H, which contradiets the simplicity of the knot o. The proof is complete.

incidentally we bhave proved the. l'ollowing,

THEOREM 6. If the factorizations (3. 1) are regular for k=1, 2,.., n then
~ the main subspace FIO o7 the knol o= wy... 0w, is invariant with respect Lo ortho-

projectors P, (k=1, I )

‘4 THE COMPLETELY NONUNITARY CON'fBACTION

We consider an application of the above results to the conerete triangular
model (cf. [7] ). Let E be a Hilbert space, P (f) an operator function in E
such that

la o 2
S P i, dt <o
f1 i

and T —the operator in Lzﬁ.(tj, tz) of the form

(p( x) iplx)

) @) = & fwy— 2% Py i) | moporcoa ),

x
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wacre
M) __:S"’erp ?P(I) P () g dt (4.2).
)

We shall find a criterion for the complete nonunitariness of T. Accordingly,
let us introduce the operators £: /7 — Lé(tj; ly) G: E — Lg.(tj; L) SIE—E.

of the for}ns

Fe=YZ ¥(x)Px) m-1(z) n(t)e - @.3),
Ge =1V 2 P* () II*(x) e ' ’ ' (4.4),
Se=m*(t,) e ' (4.5).

It is not difficult to prove the following
THEOREM 7. The lctality
2 3 ' 2
LE(tI' ) 1 LE(tf’ ty)

F G
E S - E

a(fI . fg Y=

of the forws (4.1)--(4.5) is a knot. Moreover the biparametric famzly of the
krois a(l , 1, y it mndliplicalive, 1. e.

wltysly) = o (% i,,,ez(fj,)\f\f<t) (4.6).

s D aiplx) — _
= I — ST -1 E‘?— == ..__V._.._._..e__74 P* 3 ¢ s Ly F 19* t ] tys 4-7 ;]
f, = (1= ST) SR 0 DI € 1 £ (0
g == (I e ST)_I Ge = —'—Y’:&'——'B (tlr! €T &)E | (48)
se 1 __&BECP(&‘) . ’

where
and the characteristic function of the knot = (it t2) is 9 (ty, Ey3 E)

THEOREM 8 [4]. The dperator T is completely nonunitary if and only if lhe
following conditions hold :
(i) the factorization

Bt L3 E) =0 (L, 1,5 EYB(E,, 5 8) (410

is reqular for ¥ ¢ é (tys ig)s
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{iiy the equation P{x) f(x) =0 has a unigque soluifon flx)y=0 for a. e
re(l, 1‘2).
Proof. Necessity., The complete nonunitarinessc of T is equivalent to the
simplicity of the knol «({,, [,) = & (laly ) alt,, 1)
Then by Theorem 5 the faclorization (4.10) is regunlar, the necessity of the
condition(ii) follows from Lemma 1 and the relations (4.7) — (4.8).
Sufficiency. For{, < { <t <{I, we have
a(l,, f?) = o (", 1’2) a(t, 1) O"‘(III’ ) (4.11),

and from the condition (i) and Theorem 6 it follows that

Pt 0yt e I Pty g, eU H (4.12).
Tet h e H = Lé (t,5 L,)and i | U*H. From (4.12), . (4.8).

it follqws that

RECOIEUIETE:
S ( 1__Ee~—itp(x)

e, h(x) )E dr = 0.

Because of the arbitrariness of , " € (¢, {,), e € E and the reversibility
of 0 (t,, @: &), the last relation implies™ P (x) i(x) =0 (a. e), hence i(x) = 0.
Therefore, «is simple and the operator T is completely nonunitary.
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