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1. INTRODUCTION

In this papef, we consider the freé boundary value problem rclated to
a slationary flow between two water reservoirs of different levels which are
seprated by a dam consisting of two verlical layers. A numerical analytic
solution of this problem is received by the method of right lines, and an
approximate free frontier is. directly constructed. Our problem is more general
than that of [3] and the proposed soluiion method is quite different from 13
and [23, . |

. b

The problem is stated as follows.

Let ' )
.D=MQweRﬂ0<x<L0<y<L}

be a plane rectangle representing the section of 4 dam, where Y; is the
water level of the left reservoir. Denole by Y, (Y, <X}}) the water Ievel of the
right reservoir. The dam consists of two vertical layers separated by the line
t=a (0 <<a<{1). Let k be the coefficient of permeability of the dam, which
s assumed to be constant in each layer. Denote by Q the part of the dam that
s saturated with liquid and by & the inter —face (the so—ealled free boundary)

retween the wet region and the dry region of the dam. The equation of
he free boundary is ; .

y=e¢@) 0xz<l,
vhere g(x) is a strictly decreasing function and . ~

90 = Y1, (1) > Vs



! it has been shown that all characleristic quantities of our [fillratiox
' problem can be found by solving the following non — linear boundary value

problem (cf. [1]): . '
: ) div (k grad w) = k%, (=, y) € D, Co(r
| ) n=g (@, y) & oD
Wlao=u]uaso ' (2

kl(D:: H) I a-o0 — k2(D.‘; Ll) | ato
e 0if(zg,y)€Qu=0if (x, y) € D\ &,

i where %, is the characteristic function of the region Q: k-is the coefficient of
E permeabilily of the dam, which-has the following form

kiif o<z <{a, o<Ty<Iyt
I\qlfa<'c<1 0<y<¥i

where ky and k; are positive constanis. The function g is determined by the

k= k(l‘) =

formula ,
7 é—Y?— ;{I] X i'fo\x:mga,y:O
%)‘_34__3;(1_:&) ifa<<x'\<\1'y=0
g, y‘)=‘ %(Yl—y)ﬂ ife=00<y<<Y
—;—( 2—')7)'“’ WYs) | ifx-—_—l, y<Y
0 fy=Y,0< o<1

‘where q is the disahafg& of the dam, which is calculated by the expression

Kiky (Y2 — YD)
2[8. !\21-(1—'-3.)[\1]

q=

and %(g) is the characteristic function for the varia};[e ¥

5 1 if o<Cy<Cg -
g) = . .

* ] if By <Y,y

- 2, APPROXIMATE SOLUTION TO THE NON LINEAR BOUNDARY

VALUE PROBLEM (1) {2)

Now we apply the method of right lines lo find an approximale solutior
of the problem (1), (2). To this end let us introduce the fumily of lines whicl
are parallel to the axis y:

x; = ih, h = ! ,i=0,1,..,8-+1

n-f-1
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where n is ai integer number. We suppose that the separatirig line of dwo
vertical layers coincides with the right line x = x;,, e.g
L [

xnl=n,h=a.-

‘where n; is an integer number, such that
O'< n, < n+4+1.
Using the integral interpolation for the equation (1) with respect to the
variable y we have the difference homogencous scheme cf. [4])

. —_ . P . 2n. .
—111— (am Hivt i — aj s - Uit ) 4+ d; P =d; Xy, (3),

~h h dy?
where
ui = wi(y) = u(Xy, ¥), ¥i = (X, |
’ L X xi+1/2
-1
a;= (—1- 1 dx) d; = 5 k{x)dx,
\h k(x) : h
‘ . xi—1 - xi—1/2
‘with ¢ 1
= x;+—h
X ‘i—;‘ X i 5

Using (3) and (2') we obtain the following system of difference diffe-
‘rential equations: ‘

[

Ky

d?u k . ) . k ]
k;—d—y§+~h—‘2(— 2u; + u) o =k1%(y;)—-h-%uo(y),.
o . |
kg %—;—: +-1£12_(u1 — 2uy +-uy) ‘. = ki %(y2)
B _ ' . |

kibky duw 1 s Koy itk
12‘2 dy2 +"]‘J—2'k1un1—1_(k1+k2)unl +k2un1+l= 9 ﬂx(-ynl)

d? up 49

k
e —gg 4 g (Un, — 2up 41+ Un,+2) = ks Xyn,+1)

2y . 'k I 7
| d;ﬂ;1 + ?Z (Un-2 — 2Un_1 + Un) = ks K(yn-)1
y _ .
d?u, | Kk ‘ Nk
o + ._1.17 {Up_qy — 2Uy) o . = ko X(¥n) urh_faun“ ¥}

: “where .

ke

L

1 '
u.(y) = -‘,12—' (\:1 — ) Uy () = - (Yz — ¥)* %(Ya).
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Let us introduce two vectors

—

U= i U], T = £ )

with

1 .
fi = x(y1) - ﬁ uo(.y)s fn = x(Yn) —_ F Un+1(y). fi = X(yl), 1 = 2, 3,.., n.1.

and two matrices of order n:

p.= dlag[kh kl, aery k], —k1—_2|_—k% , kg, vy ng

1 —_—
n,—
[ 0o ky ]
kk 0 &k o
T = ki 0 ky . . . . . ny—
0 ky O |k
' ‘ | k2 O ke
L , kO J ‘
Then we can write the system (4) in the vector form
' a1

_1‘ --)-_—>

()
We can show that (ef. 5D ' - -
o p'T=PAP" PX —p-i (6)
where p* (resp. p~!) is the transposition (resp. the inversion) of matrix p, and
A =diag[h,, Asy ey An] P = [a]; o
.| » ) * — ‘)
a;="C, ) sx.n 19;, 1= 1., e m o
i ojsin (n+-1-—1)8) i =n;, my+1, ..., n,
Aj=2co086;, j=1, 2, .., n,
and 8,(j =1, 2, - 1) are solutions of the equation
“ sinm +1)8 + ki — Ky sin(n41—2n)8 =0
ki + k» )
in the interval (0, @). Those coefficients o; and Cyare determined by formulas
sinn, §; . .
if sin(n4+-1—n;)6; <0
- sin(n—l—l—-nl)ej : stn (n+ ' 1) J=,E
y . kICOSl'hej o - .
~ if sin(n4+1—n)6; =0
ke sin(n 41— nyp; o (R:T—m0) 8,
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G = ?kl B eosim=1) Bjsmn‘ej} Ltk Grene
2 2sin 9; 2 . _

1
2

n—]—i—-m _ cos(n—nl)ﬂjsin(n-f-l_n,)ejzH_
2 Zsinﬁj

' In view of (6).the equation (5) can be written as follows

"2k
+0'j 2[

a2 1
dy® .h? .
Now mulliplying both sides of the equation (7) by P and using the follo-
wing notations

P(A—2B)Pju = T. | (7

we obtain .

d?vy 2 i - {
o Nk ks 2, - ®
where
2 . 9[{
'\?k -= — SIn —,
h- '2
Cy sin g
gly) = TR [(kl"]“kzo'kx(Yz))y -—-2(1(1Y1+k26kY2x(Y2))y + (le +
+ Ko px YE 'X,(Yz)] + 2 CHITR0 ) (9)

1=1
In order to solve the equation (8‘) we need the following lemma
. LEMMA 1. Consider the differential equalion
, v
dy®

—av =gy, O0<y<b, - (10)

where .

g(y) = Ociyz -+ Bly_{'_ Ti, Yi— 1 <Y<Y:. i=1,2 .., M+ 19_yo = 0, FM.1 = b.
The solution of the equation (10) in the class CI(0, b)nW; (0, b) is

v(y) = Ae*V 4 Be~*¥ — EI“R(y), - el

where A and B are ar bttrary conslants and the function R(y) is determmed by
the formula : .
4&.1

B(y)—2a.y2+2ﬁy+—- + 274

—{—E 3a(y y9 [(ocj-—otm) (y —i— 2YJ + )(33 x+1)(.}’j +‘1“)+Tj"'7j+1]+

T [(aj—aj+l) (th_ gy_;_ ~—)+(Bj—-pj+1)(y, ~ I—)+vr =3 +1] 10"

a

‘on the interval y; < y < Yi» and sum in (10”)is taken to be zero if i= 1.



Proof. Note that Ae*+Be~*'is a general solution of the homogeneous equation
and u—LR(y) is a particular solution of the non—homogeneous equation (10).
. 222

Now we verify the continuity of R(y) at the points v=yi, i=1,2,..., M.:

. i—1 "
R,y o~2°hy +261y1+ -:—9’1' + Yy
=1
- detita il | -+ i
Bly+o =2“‘+1y?+23i+2y‘ 5+ Mt ) | drey
) : . j=1
2 r
+2(0i—aip) [v2 + = + 2Bi—PBi1) Xi+2(Ti =T 49
v t 3

40" + 27+ E ol yay =Rlyi_o

j=1

= 2a.y + 2By 4+ —=

The continuity of %Ii at the points y=y¥,i=1,2 .., M is verified ana-
-

logously. Finally. due to (10) we have

' 2
- iﬁeLm)m .- QED

We remark that (he s:pemai case of Lemma 1, when M =1, has been
considered in [3].

THEORME 3 The numerical analyhc solulion of the problem D, (2) by

- the method of uight lines has the following for m: \
n n n
Shviy I Shvi(y—wv1)
ux(y) =j§1 Shv,Y; ‘Elkj‘El qidji — jgl _Sh_v,_"- agj Z tiy; an
= i= =
' "'“Qk(y) =+ Sk(y)’
where ‘
if'0 <y <y,
— Aijpi g . 2
)= JZI v jl—- J Ch"J(Y—YJ Hy<yYy a2
J .
1 ke + k
Si(y) = kl(Yl‘-V)2 E QkiC;i clcf —]— S E L-%_?—?EJ- ax;C; c!g -5- -+
=1 ==t ‘\Pj -
—_kz(Yz—y) E axj C; o-Jctg —9’- 0<y<Y,, .
=1 ST
+.k2“ o I & 8 0;
— = —L ag;ecqetg 9% 4= — akeietg —L L chw; (y-Y,), - (13
3 j§1 2 A ;C; 2 9 g 2 _C. g 2 3 i (F—Y2) (1)
J J

Yoy ng
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o1 L : - A o 8;
= E-—‘) aj E aijpiCh'\?j(Yll_Yi)—E'Z ~—Lay pietg ‘51— X

i=1 'v:i' i=1 =t -\,32 2 .
X [k1+1{20"0h'\7j(Y1—-Yq)] . (1)
'tl = — — E 31191 _]Ctg-—--(l\IY‘z "}- l\zY —I— _]) —{—
= ’V.
‘I N
L .
-+ E aJIPJ E alJPJ+ E ajip;j 2 3-191 u;(0). o ' (15)
i=1 "J i=1 © =1 i=1
Proof. Applying'Lemma 1 to the equation (8) yields
vi(y) = A e’y 4 By 7Y — %Rk (), k=1, 2,..., m, ' ' (16)
v2 ' '
K

where Ag and Bg are constants and

Gksma“ [kl(Y;—y)" 4 kao (Yo — 902+ ‘—‘(kl +- l\ﬂk)]'!’ 2 2 amp],
'\7_ i=1 )
s if O ‘<._ y \<~. Y2v
— ,.l(l_khsuﬂ':_[(Y y)2+ E ] . 2szksm§k chvy(y — Vo) +
Vi h’~’vk
n 4 o.r e
i=1 ch v(y—yoif yi <y < Y4

For determining those constants Ay and By we use the condition in
horizontal lines y =0 and y = y1:

Ax + Br= Ky(0) + 2 aik i Wi (0),
’Vk . i 11 N (17)
AkekaI + Bxe LR Ry (Yi),
2v2
. s ’ K
From this it folloyvs ' :
1 . — LY . V1Yt !
Ak = -HE—-—[R;((XQ —_g R[.; (0)] —_ "Z—s—h’—Y"‘z Ajic Piui(o)’
4‘Vk Shv, Y, , Vk‘. =1 18
. 1 'VLYx W’YI i L e
Bk == —2—-—-—— [Rk(Yl) R}_ (0)] + W 2 Ajk Plui (0):
’ 4'\?k Shv, Y, Vi 1 i=1 =
where A
: 1- 9 q . s : ‘
_ ?YI —'k—'lh . if i=1, 2,..._1';1
u; (0) = 1 oo q1 -
SV Loy i it
- 2



Substituting (18) into (18) we find that

Sh v (y — y) [
vk =Y L gy - SBWO —y) [ L Rk(o)+
Sh Vi Y: 2’\’; Sh Yk ¥1 2"2
,n 1 N
4 = akpiw (0)] — ——— Rk(y). (19)
i=1 2v), '

Finally,using the inversetransformation T; =P? we obtain theformuala(11).

PROPOSITION 3. In ihe special case of' Theorem 2, when the dam is
homogeneous, e.g.

ki=ky =1, np=n-1, | , (20)
the formula (11) takes the following form ; : -

2 Shvy

uk(y) = 2h 2 Shov, yr SRR S qag— Qk(y) + Sk(y), 20
1 i 1 1 N
where
<1, . 0;< YV < ¥i
Qk (y) = 2h Z ——Smarth 2 sinwijh. =~ )
o, j=1 vJ i=1 chvi(y —yi) 3 <y < Y,
- .
Sk(y) = —- [(¥,~ y¥ + kh] (1= kh) +
'—2—'(Y2""Y)2kh s _ <y Yy
+ i (23)
1 2 o (-1) h
—-6-(1 —k2h¥)kh — h > sm'ﬁ:k]hctg chv; (y — Ya), Y 2<,Y<Y;.
. ’ =1
J \?j
n 1 je
q = 2h 2—7 sinx jlk == sin 2 ifhehw; (Y — y)—
=1 +° i=t
! (24)
e 1 . stjh ; .
—h = —sina jlhetg (1 — (=1 ehv;(Y; = Yo)) .
= :
1 ‘Vj
Proof. In this case it is easy to verify that
. Bj=ﬂjh, '\7j=-2—sin E‘.ll} CJ:V%, i
o h 2 (25)
Qij = V2h sinwijh; p;=1,- j=1,2,.., n. :
Due to (25) and the relation '
- . n i — jyi-1
S o FH I ak | 6)
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we can verify the correctness of formulas (22), (23) and (24). From equélities
(23), (26) and usingsome lrigonometrical relations in [3] it follows that

t=0,0l=12.,n ‘ (27)
Substituting (22) — (25) and (27) into (11) we obtain (21). '
! QE.D.

We remark that Proposition 3 has been considered in [3].

~+

3. DETERMINATION OF THE FREE ERONTIER

The representation formula for the solution (11) contains unknown para-
meters yp(k = 1, 2...,, n) which determine the free frontier. Let us {ind these
‘parameters now. Denote by ®y (y1, ya, .- Y1) the value of the function Uk(y) at
the point y, (k = 1, 2,...,n). Then we have ‘ :

S, Shy y' -2
o sy Y2 eee ¥a) = ittt VL SP i
l.{(yl Y21 e ¥n) jgl Stv, ¥, kj izzl qiay +

——

n ' n - ﬁ-
B (Ys — ¥ 1
=2 vl ; L i = gy — 2 — al‘j[.z 2% F

=1 ShvY; i=1 =1 Y] i=1
< ky = @ 8 W
+ 3 aSehviyr—yn] + = —-agjejetg —- chY;(yx — Ya)+
i=k+1 2 j=1 ! 2 |
k I - N 1 0;
+ 2 Y-yt = aijjctg& + Xy = — akcjetg -t . (28)

Since uy (y) =0 in the free frontier, we obtain
O (oo Yoo oo V) = O k=1, 2 @9

This is a cdmplete system of mon-—linear algebraic equations for deter-
mining yx(k = 1, 2, ..., n). Now we show the-exislence of solution to the system
(29) in a special case. '

THEOREM 4. We suppose that the measures of thickness of the two verlical
layers are equal and Y is closed enough to Yy Then the system of non — linear
algebraical equalion (29) has ol leasl que solution which s different from
(¥1 =". = ¥ = Y1)

For the proof of this theorum, ve need some lemmas

LEMMA 5. The following relations are true

. |

.. atkj e n1 mk : 30
. = (=112 tg — . ¢
Ei B T T T S am g



= sin oki _ o og TR L g, Tk
;=1 2n 4n )
> cos akj _ L 1 + cos k + —l—sm wk ct
i=1 2n 2 2
-1 ‘ n—1 if s=2vn
n- sl 1+(_1)s_1
lgl cos n = — ('————2—'—'——') lf S% 2vn

where v; s, k, I, n are integers.

The verification of the equalities is straightforward.

LEMMA 6. If 2ny=n+ 1 we have

© . def B ‘
== ajk p; = ki + Ka Gy +2k2 O cr ctg - =k
=1

Proof. In this case we observe that

o= —2K T oy 2n (35)
n-+1 21’11
_ sin zkl . i=1, 2., my i
aj; = Cg T ki (36)
‘ o, sin , i=m;- 1,.,1
2H1
Fl‘ohl this we obtsin
ni—1 ) . ‘ n
4 ki . : L.t
J(k)y = ck}k; > sin ki -+ ki + Ky sin sk + kyo; > sin (m—a) Elfi:
=1, m 2 2 j=n+i my
ny—2 . ] ni—1 .
o= ’(kl — Kyoycos —) 2 sin ZX) + s'nﬂ—k u + ksox = cosﬂ—kj]f :
: 2111 . 2 2 j=1  2m
Usjng formulas (31) and (32) in the lemma 6 we find that
. : 1 —cos 7k '
' wtk - 2 mk ! . =k
Jiky = ¢ ki —koory cos — ( t — — —sin —
® kg(l AT 2.) 5 e m 2 2
nk [k ki +ka 1 nk 1 in nk
+ sin — kogk [——{1 — - — ctg—— 37
7 +20[2(+0082)+25 8 ]“ 37

56 .0

‘

2(mn + 1).

(31

(32)

(33)

(34)



3

If k is an odd integer we have o, =1 and cos-ﬂ—zk- =0. Hence J(k) takes

the form

IK) = ¢ ki + K ctg wk (38)
2 4111
. . 1(1 . R ‘Jt_k
If k is an even integer we have ¢x = — — and sin 5 = 0. It follows that
ok, :
S Ik) =0 A : (39)

By writing the equahtles (38) and (39) in the genelal form we obtain
the formula (34)

Q.E.D.
"Now we take Yy =& and
duy
Pr(B) = —= (40)
dy ,
y=TYi
LEMMA 7. Y1) =0, k = 1, 2., 0 oAb
Proof. At first we prove that
quE=Y1: tllﬁr—"Yz:O’ [:1, 2,...,11. L \ (42)

Since. E=Yy, =Y, we also have y} =Y, i = 1, 2,..., n. Hence from (14) we
obtain ' : -

n 1 n-
. q! I §=Y1 = 2 ‘_2' ajJPi 2 4P — — 2 —° pje; c[g (1\1 _|__ 1\90.1)
i=1 v 7 i=1 ]_1 w2
] j
m- 1 b ‘
= 2 ) o ahp.] [2 Ajjp1 = k1 NZ k2 oiCy tg .__..J_]
i=1 v, i=1

. Then using the lemma 6 we see that = (. Analogously we can
ql ] E Yi g ¥

show that Ll1 E=g- Now according to (11) and (49) we have
YY) ={— S =
Px( _1) [d (— Qk(y) -+ k(Y))] —Eo Y,
i ky B b
= ['—' > il ctg'—";)—- shv; (Y: — E)] =0
2 j — 1 VJ ) = = Y‘
T Q.E.D.
LEMMA 8. We have Lhe following inequalily
d(pk I
—= <0 k=12,.,n . (43)
dE &=V,
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Proof. ‘VVe‘ have

i

=Xy

1
— kaYicjoyetg -—2—}

A\

T1 I . B .
- = — % ajpicictg =~ kyoshyi(Y) —
di &=V, [2 jZIIJij. 9 20551V
dtl - n [ - dlll(O) '
- = a;10 aipi
dg Ig—yl EI ey | X 2 dg Je=v, .
where :
2k, .
Yihi, i=1,2,.,n
dul(O) ky - ky ik
dE E Y1 Ky — k- 2k, .. '
\ Y+ Yihi,i=n41,,.,n
ki - ke ki -} ko !

After some caleulalions we find that
i=1 _2 ¢

which implies
aty
dg
From (i1), (44))._ (45) we obtain

E=1y

depy ' 1
— = ——Kk a a;cl -—~
dz ‘E-:Yl 2 2121 kjPjO; g
Let us dislinguish two cases:
"Case 1. 1<k <,

In this ecase

Ao = 1

. - —k ¢ o sm — 12

Q& |e=v, 9 2_ i ( :
Using formulas (30), (33) in Lemma'S we have

dcp; ’ _ 2k3 k
. £ =y, k:'l*kz n+ 1’ :
Which shows fhat |
l ‘dCPk '
= << {, k=12, ..,n
df E=v,

58

n du;(0 1
= a5 ( )’E ¥ — KeYipy ojclg —J*
1

g

E i sin —{—Jl .

. 49

t

(45)

(46)

(47)



Case 2. " o mtig<k<n

In this case

i

d(Pk kz ﬂj ‘.Tf_]
ik c o’ sm(n 1—k) ctg
E fe=vi 32 - ni-1 2(n+1)
n n N - » .
= — Kz Sis c*a? sin =kj sin ). ~ (48)
cn41 = 1] n+1 nt1 .
i=1 j=1
It is easy to see that
4 ip s . ’
i t
ot &) if jis an odd integer
9 = : ,
. 4 LINT: j is an even integer

(n+1)(ke+ks) kg
Using formulas (48), (49) and Lemma 5 we obiain

~

R -
d& E= Y1 k1+k2 dn,
which implies .
) ' . d(pk . -
_ <0ifk=mn;+4+1,.., 0. (50
dt [E=v; ‘ B

The inéqualitiés (47) and (50) complete the proof of Lemma 8.

 Now we turn {o the proof of Theorem 4.

Proof of Theorem 4.

Lemmas 7 and § show that
depx . .
— <0 and ; = 0.
€ e=v, e =y,
Hence, - \ pu(E) >0, b=12...n

with E< Yy in a neighbourhood of the point Yi. But due to (42) and from the
boundary condition of w we obtain

: . ui(Yy) = 0.

" Therelore
ﬁk(y) <0, k=1,2,..n
~ with §< ¢ in a neigbourhood of the poinl Y.

In addition, the boundary condition in y = 0 guarantees the positiveness
of ug(0). Hence from the continuity of the function uy(y) we cone lude that
* lhere exists a vector (¥y, ¥z ¥n) on which ‘

u(yx) =0, k=1,2..,n
: Q.LE.D.

Received August 12, 1981
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