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Let us,consider n cases of some disease: (S'I. . Ti )l. (i=1, 2,.,mM)where S, eR?

and T, eR' is the place and time of onset of i—th case, respectively.

The desire of epidemiologists is to obtain powerful methods of detecting
clustering of patients.

If there exists a space-lime clustering, i. e. cases in the cluster will be close
both in time and space, it would be evidence supporting the hypothesis that
the disease is contagious. Conversely, if there is no space-time clustering, the
digease is non-conlagious. |

The hypothesis of no-clustering is equivalent tp one that the locations in

tim are maltched at random with the locations in space, there being a total of n/

" equiprobable sets of matchings. Thus, one can consider the space coordina-

“tes as i'ixed; while the time coordinates are random variables Tn:(f) (i=12,...,n)

with the uniform distribution on the probability space of all permutations of
the numbers (1,2,..,n), where = is a random permutation of (1,2,...,nn)

The statistic which corresponds to the number of cases being close together |
" both in space and iime was first discussed by Knox (of [3] and [4}). In terms
‘of the graphical theory, Barton— David (cf. [2]) and, then Abe (cf. [1]) gave
sufficient conditions for an asymptotic Poisson distribution of the Knox' statis-
tic and an asymptotic unit normal distribution of it's standardised variable under
the hypothesis of no space-time clustering. Mantel (cf. [6])\also gaire ‘another
statistic’ which'contains the Knox’ statistic as special case. In application, the
above-mentioned sta;.tistics can be considered as tests for épace-time clustering.
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For any A CR? B CR'let us denole
Ny,=N, (4 )= 1{5:5 €4, i=12.,n}

Ny, =Ny, (B,) = {T,:T,e B, i=12,., n} ;

Ny =N (4, XB,)=4{(5;,Trp):S;64,, Ty &B,, =121 }

(i

The purpose of the paper is to study the asymptotical behaviour of the-
laws of N when n tends to infinity, Namely, we obtain a necessary and suffi-

cient condition for the convergence of law of N_tothe degenerate, Poissonian or
binomial one,

In the following theorem, we denote the law of N by
L(N_), the Poisson law wﬂh expectation A (0 <A < o0) by P (1), the bino-
mial law of order N with the parameier -—(0< A <o) by B (N, —) and the
distribution assigning mass 1'to 0 or o) by 2 (0) (or £ (o) ).
THEOREM '

Under the hypothesis of no space-time cluslering, we have:

(i) N, converges in di:irib_iztion to 0 or o if and only if anil Von 0 oree

when n — oo, respectively, s

(i) Nn has an asymplotic Poisson law P (}) if and only if Nin N 2n - A
(0 <k <C o) and

N~ Ny — o when n— oe

n 2n
. . MY, N N
(iii) Nn has an asymptotic binomial law B (N, F) if and only if _In_ 2n —»
: n

— A (0 <<\ <o) and either Nm—> N < e or 1V2n—+ N « o when n~» oo,

Proof,
‘ ‘ B n
Since N,= 21, (5;)
i=1 1
n
Ny = £ 1, @)

n
Ny=Z 1, (5;)1p (Trp)

i=1
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where : .
I 1‘;1(:1:): i Tf re d
0if 2 ¢ A.

and under the hypothesia of no space-fime clustering, the k-th order factorial

moment of er can be written as follows:

Ilfkj —=EN [V —1.[N —(k=D] .
L8R enn @t 6oL @
=E 1 i L)1 ) )
i],=1 f2=1 ik =1 An( Ii) an( TC(I].-)) Aﬂ ( Ik) IBR ( ﬂ[k)

(, i, PF3:P q=1 2. K)

n n n '
=X X .. Z 1 S.).1 S )E1 T ..+)..1 T _,. ¢
fh=1ip=1 i, = A.n( 11) 4 ( lk) _BN( Tc(ll)) B, ( n(lk))

(iprf%iq: p+=q; p,g=1 2,.. k) '

505 L5 S -
% 1 (S 1. (S,
TGRSR

fp =1 ig=1 ik i1=1ip=1 fk =1 n

% n n
. ..z ]'B (Tl.l‘) vee 1Bn(Tik)

(ip = iq: p+q, py, ¢ = 1,2,....k) (E'p#: iq: pa=q; prq = 1,2,0.,k)
_ n(n—N.(n—k-—-1)
et (Vg — D (Vg — D

f

i=0 n—1
r—1c N, N . ]
in “"2n I 2 ¥
=:=0[ n-—i r-n—z'(N1H+N2ﬂ)+ n—i]

for all positive integers k.

Thus, we get the formula:

i=0

k-1 Nln NZu
n—i

~ .l._ ; Wy, + N ﬁ‘%’l]

The sufficiiez;cy: ' .

Suppose tk{at the condition of (i) are satisfied, i.e._ ._D_HL:V‘?L. — 0 (or o)
~ when n—ses, It is obious that the eﬁpression in the square brackets of (1) tends tc
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n
0 {or = ) when n -» oo, Consequently Il[k] ~» 0 (or o) which hy the Frechet —
Shohat limit theorem (ct. [3], p. 185), implies that Z (N )~ £ (0) or £ (o).
‘Next, if the conditions of (ii) are satisfied, i.e.

N1n1V2n

—->)\.(0< A << ooy and Nln--iv oo,N2n —> o

then—l-l]»—>0and ﬁl—ﬂ)asn»m.
n n

Consequently, the expreasion in the square brackets of (1) tends to A as

n— o, Thus Ivln

(i1
2N, ()

Now suppose that the conditions of (iii) are satisfied.

\, N N,
Then either _ % _, 0 and —22 i"_or__i_l'l }ian “2n

n n N n N n

— A which, by the Frechet-Shohat limit theorem, follows

i
In both cases the expression in the square brackets of (1) tends to

AN—i % = }’:‘T (N,—i)' i=0,1,.., k—1as p—> oo,
Consequently,
Ak KA ‘
(_) AW — i) if k=12,..., N
e d\N/ =
[4] =°

0 if k==V4+1, N+2,..
., which, again by the Erechet-Shohat limit theorem, implies that
LN, ) >3 (N. i)a:’. n—>o.
N 1

The necessity :

We shall first prove the conditions of (i). The conditions of (i) and (iii)
can be obtained by the same method.

Assume that £°(N, ) — P (4), but the conditions of (ii) are not satisfied.’
Then at least one of the following conditions is satisfied :

Nink Nonk
a) There exists a subsequence ———=——.of the
ik
N.

N, N
sequence M_ such that Nlnk. 2nk
n:

—~ & A as k> oo,
g n ) &
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b) There exists a subseqence N, f(or N, )having a a finite limit as k—ce,
k k

If a) is true, but b) is false by the proof of the above part, the asymptotic

law of A is one of the followings: £ (0), £ (o), ? (4 )or B (.,.), which con-
" :

tradicts the assumption that 2 vV, )= 2 ().
k

If by is true, then N, <N < oo for some N
.

Ly

Tt is ‘obvious that N <N, <N for all n. Thus, the asymptotic law of
: k k .

N, can not be Poissonian. This implies that the conditions of (ii)

T

are necessary,
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