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1. INTRODUCTION. The purpose of the present paper is to determine the
cohomology algebra H*(Z )= H* (2,5 Zo) for arbitrary symmetric group Zm,

Throughout this paper, the coefficient ring is always assumed to be 7, = 7,27,
In [4] M. Nakaoka has defined the homology H'J‘= (¥..) of the infinite symme-

tric group and equipped it with the structure of Hopf algebra, whose m‘uItipli-
cation is induced by the maps Zm X ZR -~ Zm+n »m, n>1 and comultiplica.

tion by the diagonals % -+ 2 x 2, m > 1. He also has determined H¥ (Z)

as algebra. In this paper, we shall first desecribe the structure of the ‘Hopf '
algebra I . (£_.) via the Dickson elements, which we construct by means of invar-

iant theory. Then passing to the dual, we obtain the algebra # *(Z )} as the
polynomial algebra with free generators being the « Dickson classes ». I‘mall},

the algebra H (Z ) is expressed as the quotient / (Zx)/Ker Res (Z ., Z.), -

where Res (Zm Z_) denotes the_ restriction homomorphism from I_ to Zm
From this result, we can obtain easily that due to Nakaoka [3] on H*(Zé).

The details of the paper will be given elsewhere.

2. THE HOPF ALGEBRA H,(Z_).

For the notion of algebra with multiplicity one can refer to T. Naka-
mura [3]. In particular, H(Z_.) is a an algebra with multiplicity, where

nH*(Z"f') - H*(En » Zp—h
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(¢f. Nakamura [3]. Remember thal, if A is an algebra with multi-
plicity. then 4 denotes the submodule consisting of all homogenous
/

elements of mulliplicily n. We set A(m) = @ A.Particularly A (Z )=
. a<m "

- = H(Z..) (m).
We are going to define the Dicksou elements,

Let us consider Z-.z” as the symmetric group on (the point se. of) the vertor
space Zs of dimension n over Z,. lLet E" = E;x ...><En denote the subgroup
consisting of ail translations on 74 wiere E,is the cyclic group of order 2

generated by the transiation defined by the i-th unit vertor € of Zs. Then, as

well known,!we have
HY(E™ = Zo [0 y,l»

where yi,..., y, are the elements of HYE™ = Hom(E", 7.) given by
Y; (‘ej) = E’f;j for 1< i, j < n. Here 61.’ j denote the Kronecker symbols. In [2;

Theorem 6.2] Hujnh Mui has proved

2.1) Im Res(E", Zgn) o= Za[Yperes gn]GL(n,Zz)
where GL(n.Z;) operates naturally on Z{y ,..., y,]. The invariants of
GL(n, Z,) have been determined by L.E. Dickson [1] as follows.

| (2.2) - Zolth e HRJGL(]:’.Zz) = ZQ[QH,O sene Qnm - 1]’

where Qn,o . Qnm_1 are the Dickson invariants defined in [1].

Further, let Pon 2272 — 0(2”') denote the natural representation of the
symmetric group in the orthogonal group 0(27). As it is well known
H*(O(z")) = Zg[W, sues Wypn |, where w, is the -i~th universal Stiefel-Whitney
class of dimension i. We let
W, =0t (Wyn_p) e H (50 < s < .

According to Huynh Mui, Quillen and Milgram (see[2; Appendix]), we have

@3 Res (B, Zym W, =0, 0 <s <n

s
Combine 2.1, 2.2 and 2.3, we observe

T*(Z,n) = Ker Res (E"Z,n) & Z, W, oW
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This allows us to define

2.4, DEFINIT[O\I The Dickson elements D, k € H¥ (Zyn),
o s ‘n—

ki, k _, >0 are e defined by the conditions

D , Ker Res (E" , T =
( kO yeesy kn—:l : ( 2n) )
n-1 by )_% 1 (ko Teaey kn_l ) = (‘ho [ bﬂ—r}

0  otherwise,

where (.,.): H*(Zzn) X H"‘(E2n) — 7, denotes the dual pairing.
For K = (k ,..., k) the image of D, =D, ¢ under the injection

0 saers -1

(2o Zon):dl (Z n) —H (Em) WIH be denoted simply by D,

Because the Dickson elements are defined in close relation to the iavariants,
they seem to be more useful than the Nakaoka elements in determination of
the Hopf algebra Ha‘ (2..). This notice is proved by the following (compare

with Nakaora [5; §2]).

2.5. THEOREM. The siructure of HZ.) as Hopf algebra and as algebra
with multiplicity are described as follows.

W) H, (E.) = 2z [Dx; K eJ*] as algebras with multiplicity.

Here J* ={K = (k; ... kn—1); n > 0, k, > 0, L.,,. wkne; € Z4}, and muli-
plicity of Dk 8 a‘efzned {o be 27,

§=—1

So we get the isomorphism of Zg-modules for arbitrary m
Hy(3,) =Zs [Dy; K & 1+] (m)

The basis of H, (2,) consisting of all monomials in Z, [Dg s K € J+] of

mulliplicities < m will be cailed the Dickson basis.

(if) The comaliiplication A: H, (S )-—> H(Z)® H (Z..) satisfies the
formula

o ,-..,kn_l 1i+mi-k]‘ lopenssy It seau3 2

-y 0 - ft=y

‘forki,zi ,m; 0,0 i< n.
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The above formula can be reduced by the relation

25
Dy, =D
L N — ney

fOI' s’k"""'kn_i > 0'
3. THE ALGEBRAS H* (2 ).
Let J = {K = (kqyeo1s kﬂ—l). + 0,00, k“""’kn_i eZ,} J+

I K= (ko,...,k“_j), then n is called the length of K and denoted by ! (X).

For each (6. T) = (Hy,e0s Hr) PEUNER K- J" % IN" we define the Dickson
element ‘ '

T o HisenH fn
3.1) W= r— (D
@)W =1 R 2

‘where * denotes the dual defined by the Dickson basis.

! -
DT ) H* (¥
HJ“) € ( oe)’

We shall consider J' as a subset of J* x |N” by the injection

TSI x INT, o (Hyeod])) o (HyonH ) 3 (1,0001),

F

L]

For (96, T) = (Hisees H, )X (Loons1) we write simply W% = WH, s H, jp:
. r

atead of W,
S T
Note that,if H=(h , .., h, ) we get

) ’ ) n-1
(32 Res(@,n, T )WH =1 - wh,

Sem0 s

As easily seen, H* (Z_) has the additive basis consisting of the elements
_ ] . R r r
(3.3) WT s (P, T) = (Hppoon H)X (s 1) € (J4) XINT,

with 11‘1 < e < Hr, r > 0. Here <C denotes the order defined in J by lengths

and by lexicographic order for elements of the s‘arhe length. Agaih, this basis
is called the Dickson basis for H*.(Z ).
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We are now ready lo state the main result of this paper.

34 THEOREM. H* (2)=1Z,[WY; HeJ as algebras. Here

odd]
Jogg = 1 (B e B, ;) €15 there exists i such that fzi is odd, n > 0 }.

The comultiplication A of H* (Z_) is formulated via the Dickson basis by the
fermula

A E‘#’HI, YT H."‘ — : ‘r‘r’,HI’ rany HI' ® “’HI, avey HP

iI ? et B 4 U; o ii L Hpor e Uy ’ Uys ses ¥y
for HI »orss Hr ¢ J+ and Hj < e T Hr'

Remark. By use of the Borels theorem on structure of Hopf algebra, Nakao-

ka has shown in[4; Theorem 5.3] that I7* (X_) is a polynomial algebra. But he
has not obtained any knowledge about generators of the algebra except an

information on the dimensions of generators.

Now we prepare to state the final theorem.

Set Jo= 1 J, F(J, oo} ==
r=0 : ro=

where F(J, ry={ (H, ..., H); H.e(J, H, + Hiiffi +j1< hLj<rh
We define the produect *: J> x J™ — J* by putting - '

P, r),
0

(L gsees Lm) (M Mn) ="(L1,..., L, Mo M)
Let £= (L L) M= (M,,..; M ). We denole by R (£, A) the sel of all
bijective relations h: {1, .., m} — {1, .., n } suchthat (L, )= KMy .

for i € Def (h). Here, Def (h) means the domain of definition of a relation h.
We write Def (h) = (j;,.... j,,) as an ordered subset of the ordered set (1,...,m),

“and its ordered complement (1, ..., m) \\ Def (f) = (i;» ., i, ). Further let
(1, v ®) \ Im (f) == (k,, ..., k). Then we define the element of J=, which is
called the join of £ and _# by h:

ﬁ;ﬁt = (Lij’ s Lit) * (Lj1 -+ Mh(ji) yoons qu - Mh(ju) ) *‘ (Mkj’"" Mku)' Q

where the partial addition «4-» is defined in terms of the coordinates for only
elements of the same length in J. '
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For each Hf = (h,.... h_ ) €] we set

§ $ - '
B = Gty = s Beehy ).
-s .
Further, for every sequence ol positive integers f = (v...,0,), We put

o4 L3

2
B =, U H o H o 1o HD.
Vo 3 Uy

For each natural number t, we denote by [ (f) the set of all sequences of
integers f = (vg,...,0,), Wherea > 0, v; >> 0, v, > 0, such that { = 4 021 +..,
4 v,2% Let ‘

(96, T) == (Hypees H L )X (hiyensln ) € JT XN,
(Fy U) = (Kiy eory Ky )X (215 00s t1s) € J° XN

f=(frnsf, ) €FE) X v x F()=F (T)
g =(gp-9, )& Flug) X ;.. XF(u, ) =F(U)./

f n - f g o g
Pt GemH y wy H %o Ky n e x K °. We define
| , s

(8.5) (%5, TY v (%, U) = %"; %Y f e F (T) g F(U), he R(5H, %g)f A
N F(J, oo).

Passing Theorem 2.5 to the dual we obtain

3.6 LEMMA.

o wh

w? w*_ 5
T U (Ly)

where the summation runs over the ‘represeniatives of X, -orbits of (9%, T)v
(%, U). HereZy =11 Z_operateson I J' x|N" by '

>0 r o :

o oo B )X (s by Y= Ho gy vy ) X Uomgyy sedomsy e

forceZ .
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3.7 DEFINITION. (i) The depth &(x) of an element. z in the Dicksan basis of
(Z ) is defined by the formulas

i HI,'-UH!, ; I'(Hi)
8(1) =0, B(WH oo 1y ) :-i;tf 2 .
" 6 . :
(ii) Suppose z= X W, the linear decomposition of z € I7 (Z.,) via the Dick-

76,T)

" son basis, then we put 8 (z) = min B(W,lj?é).
F6,T)

Note that, by use of Lemma 3.6 one can compute depth of every element

zez, | Wi Hes | =0 (2)

3. 8 THEOREM. We have the isomorphism of algebras
H'E,) =2 WH Hel ™ VI,

for arbifrary natural number m. Here

o= {Hed oWy =2"T< my,

u .
={zeZ [W"; HeJ) 1:6(z) > m}
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Added in proof. In the case where p i8 an odd prime, we have determined the algebra
H* (2, Z ) by use of the Dickson-Huynh Mui GL{n, Z,) — invariants by a similar way
as in Deflnltlon 3. 4. of this paper. This algebra is 1somorph1c to the tensor product of
a polynomial algebra, an exterior algebra and a truncated polvnormai algebra of height p.
The generators of this polynomial algebra are corresponding to the Dickson invariants
as seen in Theorem 3. 4. Meanwhile, the generators of the exterior and the truncated
polynomial ones are corresponding to the Huynh Mui nilpetent invarianis (see [2],
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