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} . INTRODUCTION

In the ‘paper [1] we have deve10pped the theory of multtvar:folds fo formu-
late and solve the classical multidimensional Plateau problem (i. e, the Plateau
problem in a homotopy class of multidimensional films). The present paper is
to announce a further application of the multivarifold theory to another impor-
tant question: the isoperimetric inequalities for- parametrized films. Isoperim-
etric inequalities in various formulations were oblaine by Federer and Fleming
[2}, Almgren [3],.Reifenberg [4] and Fomenko [5}. We emphasize that these
inequalifies are a key Lo solve the 1soper1metnc problems The detalls of ‘thie
paper will appear elsewhcre RO '

oy

First we recall some deIC notation of the multwanfold theory Whlch. can
be found in {1]. Let _# be a Riemannian manifold and let YU, (M) be the

linear space of all multivarifolds of order k on _#. For any multivarifold V. €
4, () let us denote its support by spt V, and its multimass and homogenous
components— by {Mo (V) M, (V)io M (Vi andi{an) 'V(I),’..., V(k)} respect-
ively. To every mullivarifold V € » . (M) corresponds a Radon measure || V ||
on_ff, which in its turn can be expressed in a canonical way as the difference
of two positive Radon measures |[Vi+ and ]|V||--([|V][ == ([V|i+ — {[VI["). Further,
we denote by gQI (M) and R, ( Y ) the subspace of the semi-rectifiable multi-

varifolds and the subset of the rectifiable multivarifold sin "?,l (M) respect-

Jvely. Consider now a continously differentiable mapping f from a Riemannian
manifold % into a Riemannian manifold 4 and denote by T (f): U (M) —

@, (M) the induced by f mapping. If f is only a lecally Llpschltzmn mapping

then there does not exists the induced mappmg T (f ) in general, but it is still
defined for semx-rectxflable multwarlfoids.



Finally, among the multivarifolds on _# we have ‘the set .:Sfa; () of 1he

T}_ -real multi%arifolds and the set J%?(ﬁz) of the Tr -integral multivarifolds,

Such'multivarifold V has a well defined boandary, wich will he denoted hy 3. V.
We remind that these multivarifolds have many valuabe geometric applications,
Let us denote by g (r, 4) the distanee from a poiat & € /X to a subset 4 of
M. The main result of this paper is following : ’ .

MAIN THECREM (the isoperimetric inequality). Lel ¢ IR™ be a contract-
ible in itself subset, C ¢ 4 be « compact subset of [R™. U be neighbourhood of 4
inRand a: U — A be o relraction, satisfying the Lipschitz's condition with the
coefficient & on the subset {fxo(x, C) a}, where a is some positive number.-

IfVe J@i_(fR"),‘sptVC , 0p V =0, 2n2kC;Mk (V)< a anad v —
=T (h )V, where V, €R . (F), 9 is a Riemannian manifold, which can be the

] 4
boundary of some Riemdnnian manifold and Iy 6+ |R? §s a Lipschiizian
' )

mapping, then there exists W & J Gy ( iRH), such that Spi\ c 4, 3, =V and
y k(+2) e -
[M el )] k41 2n“"'+1 Cht M (V)
- BEMARK. In the case if the subsef A is convex, we can choose arbitrarily
greal and £=1,

2: SINGULARITIES OF INDUCED MAPPINGS

Because the deformations of a space {R” onto skeletons of its standard
‘cubical cell decompositions, which we shall use to prove the main theorem,
have singularities, we begin to consider the influence of the singularities of g
mapping f upon the induced mapping T (f). More exactly, we shall prove that
under certain conditions the induced mapping T(f ) acts even then the mapping
f has singularities in the supports of multivarifolds. ‘ .

Let u=|R" —[R be a nonnegative continuous function. We put:
0, = [a:e[R“{u(x) > 0}
As in [2] we say that a continuously differentiable mapping f: 0 - (Rm

is u-admissible if it carries bounded setg into hounded sets, and [Df(x)| <
< u(x )~ for almost everywhere in Ou with respect to Lebesgue measure,
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Now we hlewe:

THEOREM 1. Let u: [R"——>R be a nonnegative continuous function, f and g
be two u-admissible mappings from O info (R™, and lel h: 0, X1 — |B™ be
the linear homotopy betweenf and g. If a multivarifold V e@k(lP\“ )sausfzes the

condifions -
4[4 (RPN0, ) =0 (@)
@V V) (@ < e 0T < @)

then we have the following statements :

1) There exist the [imits (in lhe we tk topology)

T(f), V = lim T(F)(VIA, )
A0

T (h), (IX")* lim T(h)(IX[V Ay D
a0

where A, = {me R”!u(x)>?x he i aan,._[Ol]”*]B
92) For each i, 0 <1 < k, there are the following estzmatzons

M, [T(f) Vi< = (b nvmn-x:z h,

ik . : 3
.+1[T(h) (I><V)}< z (IV (J+1)“ B vU+D -y (u i1 )_{_ '
i j <k |
+ = (liV(”I++l|V(f)u“)(|f gluh | .
i< ik _ 4)
M[T(R), (IXV)] b (lﬂ(ﬂn*+|iV‘)|1—)(u ) -
0K i<k (3)

3) In addition, if V is.a semi-rectif iable multivarifold, then the multi-
parifolds T(f) V and T(h), (IXV) are semt-recttfzable foo.

THEOREM 2. Letu and v be nonnegative continuous functiohs on R™, Sup-
pose thal f and g are i-admissible and v- .admissible at the same iime. Then if the

multivarifold V & 4, (R™) satisfies the conditions (1) and (2) for both u and v,

we have

T( f) «V = T(f ), V
T(hy (Ix V)= T(h),(1 ><V)
Here h is the linear homotopy from f fo g.
Accordingly, T(f) v and T(h), (I xV) do not depend on the funcnon u, 30
we shall denote them by T (f) Vand T (H) (I x V) respectively.

-
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3. DEFORMATIONS

“We’ describe now the deformations of RZ onto skeletons of its standard
cubical cell decompositions and study their singularities (for the details, see [2}
' and [30N. .

Let z® ¢ R" he the latice of the integral points in R”, and let Z ¢ R" be

the subset of all points, having j even and n —j odd coordinates. To each point

& = (E1, Egyeres En }E Z. correspond the j — dimensional cube

= {& = (T, Lgyuur, ) € [Rnl o, — i<l if E is even and z; = g, if &
is odd |
and the n- J—dlmensional cube

g = {&= (2 @y T )& RA ] | — & I>1if; g isodd and o, = & if £,

is event},
Then, . :
C= U U g and” =10 . U g
0<j<ngegzn 0<j<ntezn
A J ' J
are the dual cubical cell complexes with the k-dimensional skeletons
Ck=v v ¥ and C—vp v

0<j ke Zﬂ o ‘nmkgjgngeZJ{t_

Consider the mappings-

P, = C;c +1 N C;:_k_ L C;c (k=0, 1,.,n-1)
defined as follows: the restriction of P on C’ is identity mapping and the
restriction of P, on each & 41 - dlmensmnal cell (except the center) is a cen--
tral projection of thxs cell onto its houndary ‘
Suppose that s : [—1 1} — [—1, 1] is a monotone increasing odd smooth
function such that 8 (0) =s (1) ==1and all derivaties s'" =001 <i<+ o).

We define then the mappmg s: R" - R" by
S@ =2 (5@ @ s (4,)),
if 2= 24 y with z € Z7, y € [—1, 1J". & is clearly a smooth mapping, We

put now

o
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so P, o) =P, oP]

3
P = k41

&

We also consider o, = P; to be the identity mapping of the space |R".

It is easy to verify that a function s can be chosen so that P; arbitrarily
closely approximates P, and o is a smooth mapping, Uy - admissible with
some nonnegative continuous function ’U::c

Denote by I (i, i—1) the-linear homotopy between cs; and st'—-l' i.e

t (i,i—1) (=, t)...!cr(a:)—{—(l—--t)cI L) 0<ICL
" Then we have a new homotopy between “i and Gf—-i’ givén by the

f ormula

h(l i—1)(z, t)_zu ;_1)( }__F_S("_f:_l_)

-l

}ogtgL

We can show that the homotopy r(p, ¢)(p>gq) from afv fo o;,(':onstructed
from the h (p, ~—1),sy h°(q +1, g)» is'a smooth homotopy, In parlicular,

v’(n, k) is a smooth homotopy deforming R \C" _ -1 Into C"‘k for each
h =0, L., n—1,

3. ISOPERIMETRIC INEQUALITIES FOR MULTIVARIFOLDS

K .

By means of the theorems 1 ard 2 and the smooth deformations given

" above, we can obtain the following two lemmas (the analoaous resulis for
currents were given by I‘ede1 er and Fleming [2)

LEMMA 1. Suppose Ve S@ qu } and € > 0. Then there exist mullwanfolds
' ;PGS%Z(\R“), Qe SCE;( R") and- Se 8@, +1(]B ), satisfying the following |
conditions : - -
)NV =P4+Q+02,5
2) (sptP) U (sptS) C {8 {z spt V) < 2ns}
(spt 2 P) U (5ptQ) C {o | S, spt 07 V) < 2ne}

&Mgm on* W%%V%+£21k1@Vﬂ
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) k-1
M, (0,P) <2n [c M, _ I(aTw)]

M (Q)< < 6n” Co M, (O V)

i k+1
M, +1(Sg<4n € C";_Mk(t{)

4) In addition, if Ve chf (\P.“), then P, Qe I, (IR") and Se I%;_, (IR")

and the homogeneous component P of the deqree k of P is a polyhedral

kdimensional chain consisting of cubes in e ( ') with inlegral coefftc:ents,

where e denotes the homothelic transformatz’on of the space R" carrymg a point

x tot he point ex.

LEMMA 2. Let A and B be twwo subsels of |R? such that B C 4 and Ais deform-
able to B. Suppose that I” and O are neighbourhoods of A and BinR",(Cisa

compact subset of A, a >0, b>0,a =1 — A is a relraction, ‘'satisfying ihe
Lipschit's condition with the coefficient & on the subset {z | S(x(C) < at, B:O—~B
is a reiraction, satisfying the Lipschi’s condition with the coefficient n on the
subset {x | S(x, BN C) < b}.
It V etk (R™), spt V.C €, spta, V C B
and 3ne < inf { b, {n '—}- 2)—la}, where e > 0 is defined by the equation
kren M ‘ n
208 [C Pk(V)+e C 2 M, (OpV)]_ gkck

then there exists multivarifold W & @, (R?) such that spt W C 4,
spt (V—9,W) B and /
M (W) <57 4 28 (40 € (n4-2)+ 3n (b D)l M (V)
| N ar k k
M, @W)< M (V) + 6n Croq (42" e M, (3, V) '

By means of the results given above we can prove the main theorem

formulated in the iniroduction.
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