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1. INTRODUCTION

The notion of a principal radical system of ideals is very important by
proving that ideals of certain classes are radical; it was introduced by Hochster
in [3] and then used more than once in [4], [5]; [11], [12]. In this note we shall
slightly extend this notion and show among other things that some nontrivial
facts about regular sequences may be easily interpreted by tht new notion
(which we. skall call « principal system ol ideals»). Furthermore, one can cons-
truct new classes of radical ideals by certain specializations of known « generic»
principal systems of ideals in polynomial rings over the integers. As an appendix
we shall also show that the property of being a prime ideal is transitive by such

specializaiions.

2. DEFIN{TION AND MAIN PROPERTIES

Throughout this note R will be a commutative noetherian ring with identity,

'DEFINITION. A ‘principal system of ideals in R is a family K of ideals in
R with the following property : for every nonmasimal idea! a € K (¢ nonmaxi-
mal» means that one can find an ideal ¢ € K with ¢ 2 a) there exists an clemeént
x € R such that (a, ) € K and one of following conditions is. satisfied ;

(D) a:x=aqaand A (a,x?) =q,
' n=1

(2) There is b € K with b T a, b: 2 = b, and Th < a.

REMARK. The condition N (a,x™) = a is satisfied il = is confained in the
n=1
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Jacobson radical of R or if we have a graded situation (i.e. R is a graded ring,
& a graded ideal, and x a homogeneous element of posmve degree),

EXAMPLE. For every regular Sequence T,..., rr in R such that ~ (-'fn Y78
' ‘ n=1

1) = (Tpyens T3 )y i_OV .» r — 1, the family of ideals Og, (Zi}yeess (Tpseees Tr)
forms a principal system of ideals. See |3, § 9], [4, (3.9)], {11, § 3] 12, §3 for
. other examples.

The above notion has the following remarkable property:

Ve
PROPOSITION 1. Let K be a principal sysfem of ideals in R. Let U be a map
from K to the sel of ideals in R such that for all acK:

(@ag Ua),
(i) U(a) S UbY ifa S b, be K,
(i) V(@) : z=U(@) ifa: x =q, x<R.
Suppose further that U(a) = a for all maximal ae K. Then U(a)=afor all ae K.

Proof. Suppose the conirary. Choose a maximal from the ideals ¢ € K with
- U(¢) 4= ¢. Then a is nonmaximal in K. By the above definition there exists xe R
such that (a,x) € K and either (1) or (2) is satisfied. Note that U(a,x) = (a)
because a  (a,x). Then by (i) and (ii) we have a < U(e) & (a,z), hence

: |

_ U(a) ==a 4 2(U(a) : x).
- From this it follows in case (1) by using (iii) :

U(a)=a+ xU(a) = a+ zW(a) =..C A (a,x")=a,

=1

and in case (2) by using the relation U(a) S U(b) ==b:

Ula)=a4a(biz)=atxb=a. ¥
Therefore we have U(a) == a in any case, which contradicts our choice of a,

REMARK. Many maps from an arbiirary faniily K of ideals in R to the set
of ideals in R have the'properties (i), (ii), (iii): for example, the m'éps:‘
(a) a — Y a (the radical of a),

(b) a — the intersection of the prinriar'y components of ¢ whose associated
primes are minimal over g,

(©) a — ¢~'(aR, ), where R, is thg localizalion of R at a multiplicatively ‘
elosed set M and ¢ is the natural homomorphism from R to RM
Especially, if M is the set of the elements in R which are nonzerodivisors

on all maximal ideals of K, i. e. M == R\(the union of ail associated primes of a
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contained in some maximal ideals of K, then ¢-Y(aR,, )= a for all maximal a¢ K
and therefore for all ag K by Proposition 1. ‘
New we obtain the following nontrivial fact about regular sequences:
COROLLARY 2. Lef x,..., T, be a regular sequence in R such that
. ’ T :
A (Tyeir @, 20 )= (Zppnens &; )y =20, r—1. If (%ins ) s an unmized or
n=l it
prime ideal, then (1o ;) s also an unmixed or prime zdeal respectively, for
all i=40,..., r.
Proof. It is easy to see from the above remark that we need only consider
the case of a semilocal ring R whose maximal ideals are associated to (:cl,...,a:‘;. ).

In this case R is a Cohen-Macaulay or 'a regular local ring, ‘r¢3plectively; and
for such aring the statement is already known (see [8, Theorem 137]or [9, (17.F)]).

To check whether a family of ideals in R is a principal system of ideals we
have the following criterion, which was used in [3, §5] to define the notion of
a principal radical system of ideals (where U is the map a - y/¢):

PROPOSITION 3. Let K be a family of ideals in R and U a map from K to
the sel of ideals in R which have the following property: for every non maximal
ideal a in K there exists an element x € R such that (a,r) € K and one of the
following conditions is satisfied :

(WU () z=U()and A (a, z%) =ua, . l v

n==1

(2) There is b €K withb > a, U(b): = U(D), and xb S a.
Suppose further that U(a) = a for all maximal a € K. Then U(a) =a for all
a € K, and therefore K is a principal system of ideals, :

Proof. The proof-is similar to the one of Proposition 1.
F01 regular sequences we have:

COROLLARY 4. (cf. {1, Theorem 1 and Cor olla1y 1}) Let x,...,x, be elements
in R such that they form a regular sequence in R ap Where M -denofes the set of

nonvgrodwzsors on (xl, ,xr) in R, and ~ (5 o x:—l—i) = (%15 s ) i=0,...,
: n=—=1

r— 1L Then Liser sl also form a reqular sequence in R.

Proof. Let U be the map a — ¢! (aRM), where ¢ denotes the natural
homomorphism from R 'to R, Note that =% ((xy..,2;) Ry ): Ty q==
¢ (Tgpesd; YR )y 1=0,.0 1 — 1. Then it is easy to see that- Op, o= (x¢R ).
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R G xi)R-M) satisfies the hypothesis of-Proposition 3. Therefore we
have ¢— ((®ps ®; ) ) = (@3-, &; ), and hence (@ ;) Tipy = EpenT; )
fori =0, r — 1.

3. TRANSITIVITY

In this section we shall exhibit some conditions for the tramsitivity of
principal systems of ideals by a homomorphism R — S of rings. Given an
element x € R, we shall denote by x the image of x in S. '

PROPOSITION 5. Lef R — S be a [lal homomorphism. Let K be a principal

system of ideals in R. Then K = {aS; a € K} isalso a principal system of
ideals in §.

., Proof. Let a be an ideal and x an element in R. Then, if a: =g, aS P =

= aS [9, (3. H) (1)), and, if A (a,z") = aq, ~ (aS ) = aS (see the proof of
n=1 n=1

[9, 3.H) (2)])-With these facts we can easily check that K is a principal system
of ideals in §.

The flatness of R -~ »S in Proposition 5 may be simplified in certain
gituations : '

PROPOSITION 6. Let K be a principal system of ideals in R with only a |

maximal ideal m such thai L.

) r\ (a$, m?S) a8 for all a € K,
n=1

(i) Tor (R/m’SM) =0, where M denotes the set of the nonzeredivisors on

mS in S
Add to the condition (2} of the definiticn of a prmczpalsysfem of idealsthe demand

that (b, x) € K. ThenK = {aS; a € K} is also a principal sysiem of ideals in§.
Proof. Let U be the map 4 — ¢~! (45, ), where A denotes an arbitrary

ideal in S.and ¢ the natural homomorphism from S to S_M. Then it is not hard ‘

to see from Proposition 3 that it suffices to show the following facts:

(iii) A (aS ) = aS for all @ € K,zem,

n=

(w) aSW.x_aS forae€ K, r€ Rwith(a, x) € K, a: x = a.
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For (iii), using {i) we have N

as < A @S,z A (aS, m"S) = a3,
n=t n=1

For (iv) we shall first assume that Tor‘zf (Ri(a,x)S,;) = 0. Then, from the

exact sequence ‘
' () 0 — Rja X, Rla - R/(a,x) — 0
we get the exact sequence
0— S,/aS, TS jaS, ->SM/(a\, 2)S, — 0, ,

which implies that aS ;: z = aSM. Therefore, Lthe proof will be complete if we can
show belol\v that Torlf (Rfa, SM) = Oforall ae K. Suppose the contrary. Choose a
maximal from the ideals ¢ € K with Tor ff(R/c, Say=0. Then a‘ ismonmaximal in K

because (ii). Therefore there exists x & R such that (a, x) € K and ecither (1) or
~ (2) of the delinition ol a principal system of ideals is satisfied. In case (1) we

have the exact séquence(*). Note that Torlf (R/(a, ':c}, S,p) =0 because (¢, ) D a.

Then, from this sequence we get the exact sequence

-

R v ok "
Torl(R/a, S0 S Torl(R/a,SM) -0,

1)
or, equivalently, the relatio_nEE Torf (Rfa, SM) = Torf(.R,,/a’,SM). But z is con-
tained in the Jacobson radical of S, ; hence, by Nakayama’s lemma |9, (1. M)},
Tor f"(R/a, SM) = 0, and we get a contradiction. In Case (2) we have a: x = b
- and therefore the exact sequence
0— RibE fja = Ri(a,x) — 0. ' .

Note that Tor (%(a,2), ) = 0. and Torl (Rb, ;) =0. So from the above
sequence we eas;ly get Tor Jf'(R/ a,8,)=0,2a conf;'adiétion.

REMARK. Proposition 5 can be considered‘as a generalization of [10, Coro-
llary 1. 2 and Corollary 1. 4].

In Proposition 6, if m is perfect, i. e. the homological dimension of R/im as
R-module is equal to the grade of m (the lenght of a2 maximal regular sequence
of R in m), and grade mS;;) = grade m, then the condition (ii) is satisfied. Espe-

cially, if m is generated by a regular sequence x, ..., xr , then m is perfect; and
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grade mS = grade m = r mecans that Ty, o - is also a regular sequence of
S :
W [3, lheor(,m 29] or, equivalenlly, of S by Corollary 4,

Until now a lot of pr1nc1pal systems K of (radical) ideals in polynomial
rmgs Z1X] = Z[X, s Xr] over the ring Z of integers, where r is large enough
are known in {3, §9], [4, (3.9)], (5, (2.2)], [11, §3], [12, §3], where K may be
always chosen to have only a maximal ideal which is just (Xy vy X ). From
these « generic» cases one can easily construct new classes of radlcal ideals.
For, one only need to send X, ..., X_ toaregular sequence i, ..., :x: of a given
ring S (that induces a homomorphlsm irom Z {X] to S) such that (a:l, s ) S

a radmal 1dea1 and A (aS-+(zy, .. » ) =aS for all eK; and K={aS; ae K}
‘n=1 .

is then a principal system of (radical) ideals in S.

Notice that the prime members of the known principal systems of ideals in
the above mentioned papers are always homogeneocus and that they generate
prime ideals in 4[X] for every field k. Then we shall show below as an appen-
dix that the image of a such prime ideal by a such homomorphism Z[X] —~ 8 is
also a prime ideal if (xy, ..., = ) is prime,

APPENDIX. (cf. [4, Lemme (3.14)] and Corollary 2) Lef ZXj=2[X} .., X -]
be a polynomial ring over the integers and I a homogeneous prime ideal which
gererales a prime ideal in k[X] for every ftela’ k. Lei Z[X]—S be a homomorphzsm_
of rings such that

(i) The images x, ..., x_ of Xy s X z'n S form a regular sequence in S,

(i) P = (@1, .o T, ) is a prime ideal and s, P") == IS, Then IS is als¢ a
=1
prime ideal.

Proof. By [9, (17.D)} it suffices to show that 8Tp/1s ($/1S) is a domain. .
. First, we have: gr (S)NR[X] where R denotes the factor ring S/P (see [9, (16.6)

Theorem 32 (2) = (3))). Let I* denote the ideals of the leading forms of
the elements of IS in grp(S). Then, by [9, (17.C)], grP/IS(S/IS) RIX|/I,
Therefore, we must show that I* is a prlme ideal in R[X]. Since I is
homogeneous, IR[X]C I*. Further, IR[X] is a prime ideal by {4, Lemma
(3.14) (1)]. Thus, we only need to show that ht [* < At IR[X] because this
will imply I*= IR[X]. Let K denote the quotient ficld of R. Then hf I

ht I'K[X] because K[X] is a localization of R[X). But, since P" is primary for
all n by [5, (2.1)], /*K[X] is the ideal of the Ieadmg forms of the elements of IS,
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in K[X]= #ps, (Sp)- Hence, it I"E[X] = ht IS, by [2, Kap. 11§ 3]. On the other

hand by the superheight theorem {7, (7. 1)], At IS, < At IR[X]. Thus, summing
up all these facts we get hi I" < AtIR X as required.
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