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~ The aim of the present _pe‘iper is to find sufficient conditions for the
existence of a periodic solution of the nonlinear equation’

‘x(f) = f(t, (1), =t —h), T(f — ), (D

where & is a constant deviation.

Problems connected with periodic solutions for differential equatlons with
a deviating argument have been considered by a number of authors, as for
example, in [1), [2], [3] and [4]. ;

We will say that conditionis (A) are satisfied if .
(Al) The function f(?, x, y, #) is periodic in the variable ¢ with a period T>0

and it has continnous first derivatives with respect to x, y, z and is continuous
for all (1,x,y, 2) of the four-dimensional space. -

(A2) There exists a constant m > 0 such that the followuxg is fulfllled

U- {f (t "'L(t)s ae{1), 53(" n+rf y (£, o), sx(1), e5(f)) ] dt l > m (2)

for arbitrary T-permdxc functions cl(i)’, ox(f) and as().
(A3) The functions f_(1,z,y, z), fg (L 2,y,2) and (4 2,9, 2) satisfy the
conditions :
e ) <M If (o ) <M @)
ot mg DI 1 f (b2, D+ f oy D < N
where M, N are constanis for which the following imequality holds:

M NT2 £ N } i
MNT + 21”;:—{21.-;—211’1‘(1 @
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THEOREM 1, Let conditions (A) be satisfied. T hen, equation (1) has a T-perio.
dic solution x(f) = limx (1), where

n—>rco -
x () =a, + 9, (5)
while the constant a and the functions ¢ (b are determined as follows :
P =0, — 00 < I < F00 . - ®
T .
[f(t,ap a5 0y dt =0 . : (7)
0

T .
?, () = [0y, + 00, @ 0, + 0, G B by =D O
and
T - ' \
j f(s: a, o, () a, + @, (s=h) ¢, (s—h))ds =0 (9
Proof. From the condition (A1), (6), (8) and (9) it follows that all func-
tions ?, (t; are T - perlodm

To prove that there exists a umque solution a, of the equatlon (9) for

every n =9, 1, 2;.. s con31der the function -
T

Fo@ = [f(s, a4 0,()h at 9, (s—h), ¢, (s— k) ds
0 . :

" Further, let us calculate

T R R
L) =Y [f (2 + o, () a4 0 (s — h) §,( — D)+
0 )

+ £ (50 + 0, (ha+ g, (s —h)y ¢ (s — h))lds

. From condition (2) it follows that | [’(a) | » m > 0. Assume for conven-

ience that I") (@) > 0. Then, for a >0, I' (a) satisfies ‘the inequality T’ (a) >
>» ma + T _(0), while for @ <T0 it satisfies the inequality I' (¢) < ma + T’ (0).

Hence obviously there exists a consfant R >0, such that FH(RR)> 0,
F(—R)<6 for every n=0, 1. ' Since T o(@) is a continuous monotonic
function, then there exists only one a,6 (— R R ) such that I’ (a )=0.Thus,
we have established that a and 9, ( t) {(n = 0 1,...) are determined uniquely
from the relations (6), (7), (8) and (9). '
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Now we will prove that the segquence x L(1) converges umformly on the
. segment [0, T, '
Iniroduce the notations

Yy = (Pn(f) R 1(0’ bn =4d, -,y

(10)
p, =Nl (1) =max |y (Uf*ﬂ‘?\‘lw(f)l
Estimate W ()1 t
t |
V(1) ={[F (5. 06,0507, (50,0, () (0, _ {53+ b, _ )+
HF 50 (DT ()0 (D0, _ (s—h)+b _ )+ -
-(11)

. t
H26:3,(5),7,,(8),0, () %, _ (s —R)lds={[f (5.7, (5w () 8,(5)]q, _ ((s)+
' i - ! . - -
F (o (), ()0, (D, (s~ Dlds+b _ ([7 (50 () ()2 (5))+

f | ~
Ly 00,(5), 7, ()8, ()] s+ {f (5 0, (Dt (508 (), _ 4 (s — B) ds

On the other hand, from (9) we have
T .

bn = 1§ I (5 0, (DT (0 0,050) + F (5,3, (), (),8,(8)ds =
.6 .

}-g

LR O RON N TR e)

£ (5,6, 00T (5D, () b, _ (5 — BY)}ds —

(12)
T

— o o T o, 0 b, e - hyas

hence we can wrile (11) in the form

1= : ’ X
S [fx(s % Ty Bn) 4 fy (s, R BH)] ds

0

.
[ S[fx(s, o T, en)+fy(s, a T ,0))ds
|
|

23



t

X S[fm(s, O Tor 800, 4(8)+ F (50,5 T, .'fn)”’n— (s -~ R+

n*

[fx(s9 ’tn’ 91’1)+ fy(s: Un,Tn,Bn)]dS

+ £, (8,000 Ty 0)%, _ g (s = R)] ds — X

[F 455 03 T o B, (59,5 T,12 8, )]s

D ey by OL."'\H‘

T B
X S [fa:(s’cﬁ’ 1:n’ Gn.) l|"n - 1(3) + fy (s, an’ tn’ Bu) ‘pn - 1(3 —h)+
f

2M N
m

FF (50, Ty 0,08, _ y(5—h )]dslg (T —8) 4+ (T ~ D] v, _ ()]

Since the maximum- of the function (T — 1)t on the segment [0,7] is equal
to I'*/4, we obtain

MNT*

|¥, (D] <
‘Estimate ,u’;n(t)l._ From (8) we get : .
P O0=F oy, 0) %, O+ F, (6o, 0, 8%, (E—h)+
oot 0 b €= B4 b O 0y T 604 6, 0Ty 6,

Note that from (12) one can easily obtain the inequality

B, , O (13)

oot < %r— on-1 | ' (14)
whence : o
- . [b, O] < (214 + 2”::T ) Pr_t : (15)
From (13) and (15) follows the inequality . '_ ' |
b, < (MNTfz i 2Mi\‘T n 211,) o . (18)

From (4), (14) and (16) it follows that the sequenCe a, is convergent.
Set '

a=lim a_, ¢{)=Ilim ¢ (&), x(f)y=I1lm (a + (p )]

fimmdsc] n—roo n—>oa

One can see from (8) that x(t) is a T-perlodlc solution of equatmn (1).
Thus, the theorem is proved.

REMARK 1. The theorem holds if condition'(ﬁ) is replarced by : @ (D) = (),
where €(f) is an arbitrary T-periodic and continnocusly - differentiable for
t € (— o=, -} o) function.
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REMARK 2. If T = h, the conditions (A) can be weakened, "as follows:

Conditions (3) and (4) are replaced by

(f. @y, D+F, 6 xy 2 <N, ]fz_(t, By <N CY
2h + (dy{‘ﬂ) + N ' (;;-)

"REMARK 3. Every T- perlodlo solution of the equation (1) can be considered
as the hmlt of the sequence of the type (5), where
t
@ =(0), 0oty = | s, & ), (-1, i(s-)es

0

while a,and ¢ (I) for n } 1 are determined by the relations (8) and (9)

Indeed, in this case we obtain
P ==0o(t) a = ay (R =1, 2,..,) z (1) = x()
and the assumption is obvious

THEOREM 4. Lel the conditions (A) be srztzsfzea' Then the T- periodic .
solution of equation (1) is unigue.

' s
Proof. Let x(t) be a T - periodic solution of equataon (1), deflned by

Theorem 2, i. e.,
: "2(f) = lim x ()

~>on

where x () are obtained from (5), (6), (7), (8) and (9.
By w(t) denote an arbitrary T — periodic solution of equation (1). Determine
the sequence w (1) == cr;n -+ c?n (t) according to Remark 3.

Consider the difference tp (i)—— (p (t) — @, (t). It is easy to obtain the
estimation

!ﬁ?n ) < AIN 5 o)
7, 0l < (22 +2M) 5, ol
whence
M(%g@””+2m'+mhww 17
En— anj % T Hw (f)” | (18),
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From (i?) and (18) and using condition (4), we get
I, s 0., 0 oo

i. e.

o(D) = o(t), a = a a(t) = w(t)
Thus, the theorem is proved.
~ Received July 13, 1981
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