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ABSTRACT : Sufficient conditions are given for pf (2) -+ gg(z) to have (in a region) RS

‘thé same number of zeros for every nonnegative resl mumber p and q‘ not both zero,

where f(z) as well as gz} is an analytic funetion.

in what follows every fv.inction‘is complex valued and is defined om a

subsét of complex numbers,

THEORE’\I Let f (z) and g( z) be functions coniinuous oh a compact set F
and analghc in the inferiar of F such that for every nommegative real number p
and g not both zero,

@ pf(z)+ qa(z) = 0 for every z on the boundary of F

Then, for évery nonnegative real number p and g not both zero pf( z)+qg( z)
has the same number of zeros (counting multzplzcz!zes) in the interior of F.

Proof. First, let us observe that (1) implies
2 f(z) &= 0 & g(z)  for every z or the boundary of F
Next we show that
' _’ @ ifp>0andq >0 theﬁ in the interior of F,
pf( z) —|— qg(z) and f(z) and g(z) have the same number of zeros.

To thxs end, starting with pf(z) + qg(z), let us consider the sequence '

gg(z) of functions, where n == 0, 1,2, 3,.... From (1), in view of

pf(2) + 1

Hurwitz’s theorem [1], it fellows that for some n, > 1
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P+ agte) and pF () + = ga(z)

‘have the same number of zeros in the interior of F.

) . n
Again, let us co?aider the sequence pf( z) - T _‘: n.__1+rt:0 .qg(z ) of fune-
tions, where n =0, 1, 2, 3,.... Again, from (1), in view of Hurwitz's theorem,
it follows that for some n, >0 :

1,
1—{—119

have the same number of zeros in the interior of F.

n

n
0
! 29 (2)

P& + ag(z) and pf(z) + T

49(2) and pf(z) +

Continuing in the above manner, we see that for k =0, 1, 2,’3,...

. Ilk Il2 1'!1 HO
(4) pf(z) + q9(z) and pf(z) + TFa ey Ty qg(z).

have the same number of zeros in the interior of F. Clearly, for k=@, 1,2,3,...
the products of real numbers appearing in (4) form a strictly decreasing
- sequence of ﬁosi_tive terms which converges to a real number, say, r, > O,
Let us consider the corresponding limit function:

®) pf(2) + 1, g(2) |

Since ry, >0, from (1), (2), @), (5), in view of Hurwitz’s theorem, it
-follows that: '

(6) pf (2)+qg(z) and pf(z)+r, ¢(z) with p>0
have the same number of zeros in the interior of F.

* Now, if in (6) it is the case that r, =0 then pf(z)+ qg(z) and f(z) have

the same number of zeros in the interior of F. If however, rm‘ + 0, then we
' continue the process starting -with pf(z) - r, g(z) instead of pf(z) +. qg9(2).

- Since there is no nondenumerable strictly decreasing (or increasing) sequence '

of real numbers (because otherwise there would he nondenumerably many
rational numbers) we see that the above process must terminate at a denume-
rable limit ordinal u with corresponding r, = 0. But then pf(z)+- r, 9z =
= pf(z) which implies that Pf(2) + qg(z) and f(z) have the same number of
zeros in the interior of F (with p > 0). |

To complete the proof of (3), it is en‘ou'gh to show that if p>.0 then in the
‘interior of F it is the case that Pf(©)+qg(z) and g(2) have the same number
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of zeros. To this end we aglain start with pf(z) + gg(z) but this time we conside.

the sequence pf (2) + qg(2) of functions (instead of the sequence

+n

pi(z)y + I—-_E—— qg(z) and proceed as in the above.
+n

Hence, (3) is proved.

But then tite conclusion of the Theorem follows readily from.(3). Indeed,
from (3) it follows (choosing p=g= 1) that in the interior of F it is the case
that f(z)-+g(¥) and f(z) and g(zy and pf(z)4-qg(z) have the same number of
zeros for every real number p >0 and p > 0. Thus, pf(2) + gg(z) has the same
number of zeros even if one of p and ¢ (but not both) is equal'to' zero, Hence,
pf(z)+ qg&), in the interior of F, has the same number of zeros for every
nonnegative real number p and q.
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