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§ 1. INTRODUCTION

Let (Q, -4, P) be a probability space and %K the family of all closed
bounded non-empty subsetis of a Polish [space (B, p). Thus (%; h) becomes a
complete metric space with the usual I—Iausdorff’s metrie h, defmed as follows

h(X, Y) = max {sup d(X, y) sup d(Y, @)} (X, Y € X) (L.1y
veY x<=X

A multifunction X : Q +> K is said to be weakly #-measurable (‘{eﬂl(% A))
if fo, X(w)NV£3} €A for every open subset V of B. A function f:Q — B is
called an ~£-measurable selector of X € M (K. A4), (f €Sx(d)) if {(w) & X(w),
for all @ and I-%(V) & A4 for every open subset V of @8

In [2], Kuratowski and Ryll-Nardzewski proved the following general
theorem on selectors o

Theorem 1. For. each. X € MFE, A), the set-Sx(A) is non-cmply.
Castaing [1] generalised this result as follows :
Theorem 2. X € MK, 04) 1f and only if there is a sequence (') =y

Sx(f) such that X(w) = cl [fi{w); 12> 1] for all w, where cl denotes the c]osule
operator.

Using these results we have obtained, recently, the following theorem
in 13].

Theorem 3. Let X, YE MK, A) and ¢:Q—(0, o) an A-measurable
posilive function. Then

Yres, (04) g € Sy(A) p(f(w), g(w)) \ill(X(m), Y(w)) + g(w) v
Main purpose of the note is to prove the following result.

Theorem 4. Let (X,) be a sequence in (K, ). Then .(Xn) is almost
surely convergent to some element X_ € MK, H4)
Le. lim h(X(w), X_(0)) = 0, a.c.

l‘lﬁm

if and only if there is a countable number of sequences:
Dy (Ea) i e (50 such that
D ()7 < S (b Xa@ =l (fi (), i 1o, Tn=1, 2. o
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and
2). hm p(i (m),- (w)y = 0, a.e., uniformiy in i =1, 2.,
11""}00
§ 2 PROOF OF MAIN RESULT
(Necessarily). Fix a positive integer m, Since X,, € M(K =4) then by the

- . . . i oo
Castaing’s representation theorem 2 there is a sequence (gfﬂ).___1 such that

(@) € S M and Kn@) =al(fgh@. i=1h e @
Further, thanks to therem 3 there is a sequence (p_J ’.) ;

1 such Iiﬂ't

P 2y €S (h and

1
(gm(w), P20 @ ) SHKa@), XD + 5 2 (2.2)

Analogously, for each n there is a sequence

{p m’j ).O: such that '(pm’J );QIC Sm and A
o(p" J(m) P )] < BN, X)) + 5o ae ey
But in view of (2.2) one can suppose th'lt for each m
L Jw) = ) Y Vj =1,2. - ' | (2.4).
Now, since X_ € M (K, o4 then again by lheorem 2 therc is a’ sequence
(q];- );o:'l such that -
el - - |z A4 v
(ql; Y=g € Sxo(eh) and X_(w) = Cl({q]m(m)’ k> 1] o (2.5) - N
Further, again by theorem 3, for each n there is a sequence (ql; )f__’l such that -
( qﬂ )1{—1 < E’\k () and | - ‘ x
1 .
(qy S, q () < h(Xy(@), X, (0)) tos A ' - (2.6)
i
Finally, for each n'=1, 2, ..., we put '
(fhy :ci;“'J)“’"- u(q) o 1
i=1 m,j=1 =1
then it is easy to check that by (2,1), (2 4) and (2.5) we get first assertion |, .
Further bx (2.2), (2 3), (2.6) we obtain that for alli= 1,2
A

o(th (@), ol (©) < h(Xa(), X)) + —21— ae.

Thus by the almost sure convergence of the sequence (X,), the second assertion
2 is satistied. It completes the proof of necessarity. Since sufficiency can be
established easily from conditions (1) (2) and definition (1. 1) then our main .

. resuli is obtalned
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In particular, il B is a separable Banach space then according to [3] we
an also consider a sequence (X;) of integrably bounded mulli- flmchons 1. c-
or each n

f sup Jlxll, v cXn(w)} dP < o
Q N .
Therefore our main result implies the following corollary 5 which gives

s a representation for Li-convergen{ sequences of IHLGOF‘Eble bounded multl-
inctions.

Corellary 5. Let (X,) be a sequence of integrably bounded mullifuncti-
ns contained in A (K, o). Then (X,) is Li-convergent to some integrably
ounded multifunction X_, € MAK; A '

e. o lim o [ h(Xo(w), X (0) dP =

—co
n Q

"and only if there is a countable number of sequences
| D e e (T ), such that ..
1) 7 c S, (A, Xy(w) = el(ff ), i > 1% n=1,2.., = and

2) lim Jh(flil(m), fLﬁ(m))dR =0, unilormly ini=1, Z,...
Q

-~

§ 3. QUESTION

Given an increasing sequence (-4,) of sub o-fields of o4 and a sequence
Xay of MK, A) adapted to (Aq)fi-e. each X, € M(HK, A4). Supposc that (X,)
s almost surely convergent to some X_ € A (K. o). Our quGStIO]l is, whether

here is countable mumher of sequences
oo

(f1> —1 (f )_1, ,(f }.21 s.uch that

1) (fhy7 € Sy (o), Xn(m)zcl(lf;(@), i1 Yo Yn=1, 2., o and

- 2) lim p(f(w), I (9)) =0, ace. for each i=1, 2,..
n
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