ACTA MATHEMATICA VIETNAMICA
fom 5 , ' N2 4

CONTROLLABILITY OF NONLINEAR DISCRETE DELAY SYSTEMS

VU NGOC PHAT
Institule of Malhemalics, Hanoi

As is well known, the controllability of conlinuous nonlinear syslems
is considered compietely by a number of authors ([L], [2], [3] and others).
But for the discrete systems, it is studied only in linear case (see [11, [3)).
In this paper we present sone results [or controllabilily of nonlinear discrete
delay systems. '

1. CONTROLLABILITY

In this section we consider the controllability of nonlincar discrele
delay systems represented by the form ;
LB = M@, gt 2t =y, 2(1=hy), w(l—ky),..., ut—K,)), (1)
() = Ale. w) (2)
where the linear operalor A is defined as :

13 1§
A, u) = E Ai(l) z (L — 1) -{Qi Bi1) u(t - kj),
i=1 _ i=1 ,
l=1,2,..,N;: L, k;j are nounegalive integers satiSl’ying the following condilions:
L=<l Iy,
v 0=k .. g k. ;

x(t) ig a (n X1 state veclor, w(t) is a (i X 1) inpul veclor; A b, Biv
are (n X n) and (n X m) maltrices g(i,.) — veelor-function in Re,

We shall show that if the linear system (2) is globally controllable then
the nonlinear system (1) is also globally conlrollable provided the funclion
g(t,.) satisfies appropriate conditions. The class of admissible conirol funclions
for the system (1) will be all the veelors u(t) € R™ (I= —Kkqoery Ny with ud) =0
fort=10, —1,..., —kq. Lela be n-veetor, then there exisls a solution of the
system (1) satisfying x(1) =7 for t = (, —L.s =Dy, For every admissible con-
trol .fuuclion (), defline a solulinp ) of the system (2): -+

. P hi-—1 t q
" - -\ .
2 (1) = [G§+ Y Y G, Ai(s)J 2 Y Y GaBious—ky  (3)
* i=2 s=1 .

s=1" j=1
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where Gi is a (n X n) matrix function satisfying the following conditions

CGl= LA(I) GUM s =19, N,
i=1: ‘

' G‘ =0, for t41<s,
Gt = —E— ‘the idenlity matrix.

Lemma 1.1, (3) is-a solution of the system (2).

Proof, We shall prove the lemma by the mathem

atical induction. Letling
t=1, we have

p hi—1 i q .
XA (1) = [Gl + E E G Ai(s)]a + E E G;_H By(s) u(s — ky).
1=2 s=1 s=1 j=1 "

Since G'"% = 0 for i > 2 and u( — kj) = 0 for ] > 2 then

P
a-A (1) = Y Ai(Da -+ By(Du(l).
i=l1
The last expression is a solution of the system (2) for t = 1. Now assu-
me that (3) 1s a solution of the system (2) for t = k. Letting t == k41, we have:

¥ :
P p hi—1
rak+1)= { E A (l\ + t)(_rl‘"H hi +. » (A (k + I)Gk+1 h’) Ai(s) } a4

i=1 i=2 s=1

4 ‘
¥ E (L Ak + DG “‘)EBj(s)u(s—kj) + VB4 uk £ 1~k =
s=1'i=1 i=1 j=1

[ ti- bl
i LA(k"l'l){l I\+] h1+ 2 EG;{:II h'A;(S)}a—I— .

i=1 i=2 s=1

Ik
Yyl L By(s) u(s — k; )} + E BJ(L + D uk + 1 — k).
s=1 j=1 j=1

Since

k™ e+1-1j
1 ' +1—h;
E G:_:ll i E Bj(s) u(s —l\]) = Y GI‘ t=h LB (s) u(s — kj),
=1 =1 5=1 j=1
then _ '
P
:UA (k + 1) = E A (k + 1).,1,(1{ -+ 1 — ]_l,) + 2 Bl(lx + 1) ll(l\ + 1 — 1\_])
ES j=1 -
The last expression is a solutlon of the system (2) for t =k + 1 Q.E.D.
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Definition 1.1. The syslem (1) is globally controllable if for every initial
slate ;E R"™ and cvery z; € R, there exisls an admissible control u = fu(t)}
such that the trajectory of lhe syslem (1) salisfies the following conditions
al)y =2, L= —ky, o, 0, 2(N) = 2.

We shall need the following nolations:

§;+1:i82'ﬂ1, 5, 1 =1, 2, ..., N, | 1)
j=2
where
. Géﬂ Bu(s) + Géﬂﬂj Bj(s — k),
a1 = | . 1<si=k;
Gy B t—kj<s<gt
We notice Lhal

Lo L |
b Sl+1 u(s) = E Z‘ G‘LH B(s) u(s — kj), “

=1 s=1 j=1

then we can rewrile (3) in the lollowing form

4ia (O = X(UGa -+ S U, (5)
' p Iyt
where Xi) = GI + E Z Gé+1 Ai(s)
. : i=2 s=1 :
u(l) =
U = 11(:2) = [u(l), ..., u(D)]*,
L a(h

S =[S, 85 e 814, ]

Let T(Ny = S(N) S*¥(N)

Lemma 1.2. The syslem (2) is globally conlrollable if and only il rang

Proof, Assume that the system (2)is globally conlrollable but rang T(N)<n
Then there is a nonzero vector b & RR" such that -I)H.S(N) = (. Lel E}, be chosen

$o thal b X(N)E = 0. Furthermore, there exists an admissible control u = fu(i)}
such that the Lrajectory of the sysiem (2) salislies:

T B = XOUO T+ S(N) UV, | (6)
Multiplying (5) by b, we oblain :
B =D XN) By + T SON) UN) = 0
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The last identity is impossible. To prove the converse pari, assume thaf
~ rang T(N) = n. Then for every pair (E:xo € R" X R" we define the admissible
control funection u = fu(t)} of the system ) byut)=0,t=1— kg v 0,
u = G TN @ - X0D (=12 N
Iﬁserting the lasl expression into (5) we obiain thal Tp (N) =2 It im-

plies thal the system (2) is globally controllable Q.E.D.

- Theorem LL Lel the continuous functiou‘g(t,.) be bounded on R*x...x R

B

R™X...XR™for every {=1,2,..., N. Assitme that the linear system (2) is glob;dly
q

controllable. Then the system (1) is gfobally controllable.

Proof. Itis easv lo see Lhata solition of the system (1) is defined as:

’ f
o(l) = 2y () + = GL, . 066, v(s—hy),... (s = Ip)u(s — ki), u(s—ky))
5=1] .
Let us set a = fa(t =hy),..., z(O),..., x(N)} & Ru(N+hy) {
= fu(l =kg),..., u(0),..., u(N)] & RMN+kq),
R = RuN+h,) % Rm{(N—}-kq)’

Tz -+ 1wl = max || a) | Rr+ maz || ut) Rm
t ' t
For every pair (Z:c;) < R*"xR" and every element z = (r, u) € R we
define the function ®(z) = D2y} ®2(2) where :

”Z“R

T =2, t=1—ly. 0
£
Piz) = | T RN+h) | Ty = (D) + > G; IECEA VA
. _ s=1 |

t=1, 2,.., N,
. ’ﬁ(t);—,o,tzl_kq,...;o
e BRPNFke) | Trry — (AN et . X —
o, = | UER 1 IU(t)-—(SH_IJ"{ (N) (z — X(ta

I: *
‘ -= Gts+1g(s, a,u), t=1,2,.. N.
I s=1

From the boundedness and continuity of the function g(t..), there’ exists a
positive number k, such that the conlinuous function ®(z): Dy — Dy, where
Di=jz€R | [z < k{. Since Dy is a convex and compacl subset of R, by the
Schauder’s fixed-point theorem, the function ®(z) has at least one fixed point
in Dy. It implics that the system:

. t :
) = x (0 + = Gs+lg(s, @, uj,

§=1
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: - L
u(t) = (S ;\45—1 WIT=IN) (@ — Xbya — = Gst_H a(s, @, u),
§=1{

with the initial conditions W) = 0(t = 1—Kkq,ony 0), 2(l) = 0 (t = 1~hy,...,0) has
a solution [.1c:(t), 110(1)

} salisfying g:(N) =y Thereflore, system (1) is globally
controllable. Q. E. D. ‘ A

By the similar way as in the proof of theorem L1, we ¢an now extend

the previous resulls cven in the general case, when mairices A1) and B
depend on control and state i.e:

Ai(ten) = Al a(t—hy), ..., u(t—k,)), (Th

. Bit,...) = Bytt, x(t~1y), ..., u(t—kq). (7

Let us assume in this case thal inf det T(N, z)> 0. @A)
: ZER

Theorem 1.2. Given (he system (1), where matrices Ayt,.), Bit,.) are de-
fined by (7)1, (7),. Assume that ihe functions g(t,.), Ai(L,.), Bi(L,.) dre continuous
and bounded for every t, i, JHf the condilioni(8),is satisfied, then the system (1)
is globally controllable.

-

2. THE MAXIMUM PRINCIPLE AND CONTROLLABILITY.
Now, consider the following nonlinear discrele delay-time system :
; &(t) = [(L, x(l—=1), a(l—h), u) t=1,2.,N,
() =0, t=1-h,..,0, (h> 2). ' 't))
Let Uga(t—1), a(t—h)) be a nonempty subset of R™ depending on {x(t—1),
t(t—h)) for every t =1, 2,...N. The class of admissible control functions fo
the system (9) will be all the u(), t=1, 2,..., N satisfying u(l) € Ule(t—1),
x(t—h)). Let K be a conirollable set of the system (8), i.e, '

H = { a€ R |gut) € Uda(t—1), x(t—h)), x(t) = f(t, x(l—1), a(t—h), u(ty z
aN)y=a,x() =0 for L = 1—h,..., 0.

Let us set .
Ht p(0, @, 3, w) = (p(t), £, 2, , u)), -~
8. 110 p(L, x, y, u) = ("Ha’ p(:): LB 0 611) = (p(L), <°“—[M:i su),
U

where the vectors p(t) are defined by

al(t, x, vy, u)* af (L, x. y, U)J‘g _
=) = |2 2 [ ez {+h—1),
M ) [ ax(t—1) J p(h) +[ ax(t-—1) p(t+h—1) }

(L0
pN) =0, p(N+1} = ... = P(N-+h—1) = 0, t=1, 2,..., N,

' Definition 2.1. We shall say thal the sysiem (9) is globally controllable
it X = R s ' ' )
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Now as in [6] we inlroduce a nofion of tie tangential coneg (TC(.)) and
coney” of admissible varialions (AC(.)) which are defined by the following
formulas : '

CACM, @) = {82 38> 0, ye (0, 5), @ + ebr & M},

dxlde2 > 0.0 ge €(0,83) Jo(e): [l oe)ll), — 0 i
CMyx) = .
T (/1’) ? : \. ; bam o E‘“’Ux+eox+0(s)eM

With the system (10); we consider the auxiliary matrix-system of the form:

Ost—1) = Os,) 2L TV W gy gy Lby) } (103,

ox (L—1) dx(t— 1)

QL) =E, ®s,0) =0 (> s), st =1,2,..., N.

) Lemma 2.1. Il p(t) and @ (s.t) satisfy the conditions (10); and (10); then

for every t = 1,2, ..., N we have
' P*(N) @ (N, t) = p* (D).
Lemma 2.2. Let @ (s,t) be the matrices satisfying the conditions (10),, Then:
howi—n=2hrl-D xt=h u®]
' ar(l — 1)

i) For h > s:
Ot 4 s — al [t4-s, @ (l4+s—1), x (t+s—h), u(l4s)] b(t+s—1, b,
dx(t+s—1)

For h <s: :
¢(L+S,t)= af‘([+5s$(t+s— 1), z(l + s — hyud + s)] O + 5~ 1,04
dr(l+s—1) : .
+ (L +'s, w(t + 5 —1), a(t + 5 —h), u(t + 8)) O+ 5 — D).
ax(t + s — h) : .
. The proof of these lemmas follows from the definition of p(t) and @(s ,t)
by (10) and (10), ‘

Theorem 2.1. Let the function f(t,.) be continuously differentiable (1<t<<N)
and Uy (x(t — 1), a(t'—h)) = U,. Assume that int U, .6, TC(HK, x°(N))== R*;
Cone AC {Uy, u(t)} is convezx, where x° = fx° (1)} is atrajectory of the system (9)
corresponding to the admissible control fl'l‘ﬂQLiOEll u® = {u“(t)]. Then th?re isa

nonzero vector 1 < R", such that:
éuH(Pp“(t))a:"(i— D,a®(t—-hy w0, t=1,2.,N,
for all su® (t) & AC (U, u® (1)), where the vectors p°(t) are defined by (10),
provided w(t) = x°(), u(l) = u°(t), poN) =1 Furthermore, if u*t) €int [_I[ then
for every t=1,%,..., N, we have:
aH(Lpot), wo(t — 1), °¢t — h), u’(t)) — 0.
au’ct)

Proof. Fixing the process [x° (1), u°(t}} satisfying the conditions of the
theorem, consider the variation equation of the form:
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af(l, =°, y°, u®) af(t. e, vo, u%)

sa°(1) = sxo(l — 1) + 28 s1°(t — h) +
M aryL—1) ¢ ) ax’(l — h)
w spuc(l), t=1, 2,..., N.
aue(t)
where auo()& AC(U,. ue(h)), éa°(t~h) = .... = sx°(0) = 0.

From the lemma 2.2 it is easy to verily Lhal

of (t, x°, ¥°, u®)

!
sxo(ly = Y D(L s du°(s) (11
# = Yoy SO s
=1
Now we set N
Q(N, z9, v°) =
o A0 [ ‘ (T o — ot — 1§ , u® L
==[<D(t, 1)af(l,:r (0), z%(1—=h), u (D),...,Cb(t,t) af(t, xo(t — 1), z°(t — h), u°(Ly) _
au°(l) : au°(l)

an = [6u°(1), 6u°(2), ..., bu(t))¥,
then we can rewrite (11) as:
ax®(t) = Q(N, x°, u°) 6UL0.
Let

H(x°, uv) = fa € R™, a = sx3°(N) = Q(N, z°, *ws Up e (€ AC(Uy, uo(t)}.

_ From convexify of AC (Ui, ue(t)) it follows that EJ’Z(a:", u?)is a convex set,
Now we shall prove that : '

K(ze, u*) S TC(K, x°(N).

Indeed, consider an arbitrary element?é‘?i(x“, u®). There exists variations
su°(t), t = 1, 2,..., N such that

sue(t) € AC(U,, u®(t)) and A= Q(N, ..1:°,11°)6U‘t).
Furthermore, there is a positive number g; > 0, such that for every & & (0, g):
u°(t) 4 sdue(t)el,. Leﬁ?(t) = u°(t) 4 edu®(l) using lenuna 2.2 we can prove that

the trajectory [:"E(t)} corresponding to the admissible control ]E(L)} of the system
(9) is given by the form:

. ! e o o
x(t) = a°(l) +8 ) O, s) of(s, 2 ¥, u
s=1 auo(S)

Pulling t = N, we obtain:

") du’(s) + o(e). |

TN) = 2°(N) + ea ++ Ox(e) € %



F

FFrom this last inclusion it follows that 1€T(‘(9’£, 2°(N). On the oihel hand,
since TC(K, 2 (N) == R" there is a nonzero vector neR“ such that < n, a> <0

for all ae%(l" u®). Lel p°(t) be a solution of the system (10) provided po(N) =0,
We have

N af (t, a° v° u°)
(p°(N), s°(N))y = Y (po(L), 2

su°(t 0.
f=1 ale(t) ! ())-< !

In the last identity, define

sus(j) = ? o for j+t,

éu’(t) for j =
'I'h_eﬁ we have that for all su°(t) € AC (U, a®()):
8 H(t, po(t), w°(t—1), &° (t—h), uo)) < 0 (t = 1, 2,.., N).

If u°(t) € int U, then AC (U, u° () = R™. Hence + &6 n°(t) € AC (U, u°(t)) It
follows that :
aH(t, po(t), x°, y°, u®
S au(t)

=0, ¢t=142.,N) QED

To obtain the necessary conditions in tliec form of the maximum principle
we shall consider the following discrete delay conclusion:
z(t) & F(t, @ (t—1), x(t — hy), t=1,2.., N,
xt) =a =0 t =1—h,..,0.

b

(12)
where F(t,.) —multivalued function,

Definition 2.2. We shall say that the trajectory z = jx (1) | of the conclu-
sion (12) possesses a local section if for every t, there is a smooth function
o(t, x, y) defined in the neighbourhood of points (x (t—1), x (t—h})) ‘such that

) = o, x(t — 1), x(l ~h)) and o (t, =, y) < F(t, z, y). |
Lemma 2. 3. Let F(t, x, y) be a convex subset of R® (t = 1, 2,..., N), Let

z° = [ 2°(1) } be a trajectory of the system (12) possessing the local section
o (t, , y) such that conv TC (¥, z°(N) 7= R"where Hr is the controllable —set

of the system (12). Then there exists a nonzero vector -ﬁ)e R™ such that:
mazx (p°(t), x) = (p°(t), 2°(t)), t = 1, 2,..., Nz € F 1, 2°(1—1), x°(t~h))

where the veectors po(l) are defined by the’ system ;

s (L, x°(t—1), x°(t—h)) 1*
° t'—*l = Oryt
Pt=1) [ 2% (1) ]p M -+
[ ao (fxo(t—h-+2),2%t—1)) 1% (13)
+ [ on(t—l)- po([—l- I]—;I) |
P'(N) = .;la: PPN+1) = .. = p°(N+h1) =0, t=1,2,., N.
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Proef. Consider the following system:

(D(S, [-—-ul) = (I)(S, 1) Bd([,x"([_[), :Un([-—h)) . 2

az® (t—1) .
(] _ < ver_ ( )
+ B (s, (Lh—1y 20 L2 (=h+3), 2(—1)) S
axe{t—1)
O(.t)y="L, &) =0 lort>s ls=1 2..N

Let
= faERa=®O(N, O (z—2x (t))ixeF(t x°(t=1), :n"(L—h));

It is no hard to prove that U g{ < TC (K, :I?"(N))
i )

N

. ‘ . - & .. There is a. number

Indeed, consider an arbitrary element a € U#r- =

. 1
tT€f1,2.,N, @ € F(1 2 (T — 1), 22 (T ~ h)) such that a = ON, (T — 2° (D).
We defme

_ xo(t) 1—hgt<t

) = § 2°(0 + o(x —2(T) 1=T1,
' o(t, Tt — 1), T(t—h) N>(>T

where ¢ is an arbilrary positive enough small number. It is casy to see that

{E(t)} is the trajectory of the system (12) FFurthermore, from lemma 2. 2.
there is a function 0 (¢) such that (| 0(s) 1} /¢—>0 and

e—0
a,(t-}—k)—a:“(t -I-—k)efD(t—l-k t)(:L —:L"(t))—l—O(a)
In particular, we have for k = N — t

TN) = x%N) + e Jr 0(e) € Ky
The last conclusion implies that a & TC (Kg, ° (N)) On the other lnnd

since conv TG (X, z°(N)) = R" thIl we again define a nonzero vectm n G R®
such that ’

- —> — N~
(n, a) <0 for all a EU%;
’ ' 1=1
In the system (13), putling p (N) = 1, we can obtain that
(P°(N), @ (N, By (x — x°(1))) = (P°(), x — x°(t)) < 0.
forall z€F(t, x°(t—1), %t —h)), t=1,2,. .. N. Q.E.D. .

Remark 2.1. The condition conv TC (gir, a°(N)) == R™ can be 1:eplaced.
by the following condition :

F(t AY|+(1 —l)\g, 7‘.J1"f—(1 — l)yj)) lF(t X1, }72)-{-(1 ""'?L)F(t Xa, \72)
Where (i, y) € R" X R% Ag [0, 1], i =12 t=12.., N.



Remark 2.2. Let U (2 (L — 1), x(t —It)) be given by the svsiem of jden-
tities and inequalities of the form :
é“ Lx{t—=1,u{t)y=0, a=1,2,.,k,
gt x(t—1, u)<0, p=1, 2,... k.
Then problem of existence of local seclions in this case czin be found in {7].

1l

Definition 2.3. We shall say that the [rajectory a° = fwo ()] correspon-
ding (o the admissible control u°® = [u“(t)} of the system (9) possesses a local
section if there exisis a smooth?‘unclion B (t, 2, y) delined in the neighbourhood
of points {wo (£ — 1), a° (I — 1)) such that:

1) the function @'(t, @, v) = f(L, =, v, Bt @, y)) is conlinuously differen-
tialabe, -

i) Bt 2 (t— 1), 2o (t —h)) = ue (b,
iif) B (t, z, y) e Ui (x,y) for afl (x, ¥) in the domain of the funqtion B(L, x, ¥).
Theorem 2.2, Assume that for every (t, x, y), {(t, x, v, Uy is a convex

subset of R*. Let p(t, , ¥) be a local section of [.1“’ (D, u (t)}. Furthermore,
assume that' conv TC (%, z° (N)) = R, Then there exists a nonzero vector

1?6 R“—such.‘th_at: .

’ ~max H(t, p° (b, 2°, uy = H, p° (1), ao, u®),
ug U z*(t—1), (t—h)) t=1,2,..., N

where the veciors pe (t) are defined by the following relation

ap (L, x° (t—1), x“(t—Hh))ri)o([) +rtp(t,m°(t—h+2),x (t—l))J ;)"(t—hhl)
axo(t — 1) <, x(t — 1)

p°(t,—1>='[

°(N = 7. 1 (N — o (N =0
PN =n,pPPN+D)=..=p (N+h—1)=0.
~ Theorem 2.2 immediately follows from the lemma 2.3,

Theorem 2.3. Let us consider the system (9), where U, (.) = R™, Assume
that the function f(t,.) is continuously differenitiable for l=1,2,...,N. Assume
that rang Q (N, z, u) = n for all admissible control functions 1 == ]u(t)] and
Irajectories x={a: (1)] of the system (9) If the controllable set ol the system (9) is
closed, then the system (9) is globally conirolable.

Proof. Propose that %X ==R". We shall prove that in this case there is a
point z° € ¥ sach thalt TC (XK, x®)=£ R". Indecd, since % is nonemply and
closed, there cxists a point YER"N\K and 2° €K such thal:

plx, K) = inf p(x,0) = plx. 29 =5 > 0.
ane X '

Let S{, () be a open sphere, center and vadius of which accordingly are a2

and o, we have
’ ' Sé @ NEK=¢.
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Therefore, there is a positive number B> ), such thal for every A& (o, B)

we have T = 0 + A —"':c") +0(A) € %, where ”'U(l) 1/A—=0 On the other
A—> 0
hand:

o(, ) = I —A)x—a®) — 0(r) NS —2)s +P»ﬂ—0§f‘i.

Hence, we ean find a suitable posilive A, such thal plx, ’Ev) <8, 1. e, ?E Sé(&:)

It is impossible. Thus, there exists a trajeclory x° = ,a:"(t)} corresponding to the
admissible control u® = !u"(l)} of the system (9) such that 2%N) = x° and TC
(K, a° (N)) == R™ Now, using the lheorem 2.1 there is a nonzero veetor
1 € R" such (hat 5 '

aH (t.p° (1), x°(t — 1), a°(t —h), u°(2)_ 0 t=19 ' N
- al-lo(t) . » Stiny L]

where p°(N) = n.
Notice that:
RN,z uy= p° (N) (N, x°, u®)
__ foH(, po(1), (), x°(1 —h), u’(1) oH(N, p°(N),z° (N — 1), 2°(N — h), uo(N))
N [ due(l) au® (N) }

=0, = ' (13)

From this, we see that there exists the pair {x", u°], such that rang
SN, x° u®) << n. This contradicts the assumption of the theorem 2.3, Q.E.D.

Received April 15", 1973
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