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A CHARACTERIZATION OF MIXED — STABLE LAWS
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The aim of this note is lo prove the [ollowing theorem: . .

A probabilily measure on R" is mixed-stable if and only if' it is completely
scll-decomposable.

Throughout this paper the symbol " (n==1. 2,...) will denole the n-dimen-

sional Euclidean space. with the usual norm Jj. | and the inner product <, >. [For
every posilive number a we define a transform T, on the CLISS of Borel ])IOl)d])l-

lity measures. on R® by
Top (D) =w (ja=! 128 € d)) (4 CR").

A probabililty measure w on " iscalled stable if for every positive inlergerk
" there exisls a posilive conslunt a, and a vector by in R" such that

}M“k = Tay p* 8hi

Further, p is called ml\ed-sla])ie if there exisls a triangular array h.tm]\l ol stable
measures wp on R*.(k =1, 2...,, ks m=1, 2,...) such 111(1[ the sequence

. iliny !l-m2 Hooelt Hmk
converges weakly to g as m— oe. :

The concepl of completely self decomposable measures has been introdu-
ced in [3]. Namely, a probabilily measure p on R" is called completely sell-decom-
posable il for every sequence ¢1. Cy,. of mumbers from the interval (0. 1) there
exisls a sequence pey, feyp, cqe 0f probability measures on R" such that

|.L=Tu[d-’k Mot Met= Tea Bor % By c20ee .

Proof of the theorem. It is well-known (see, for example {1]) that if g is
a stable measure on R®, then it is a Gaussian measure or there is a number
0<“a <2, a [inile Borel measure ¢ on the unil sphere S = [1 < R jla | =-.1] and

a vector a &€ R" such that .,‘_/,::)
v () =exp fi<a, y>+JjIx CIRU) 51+= o(dvy} W
h - - . i<<a,y>
rh K (e, ) =cx <7 _]—- =g )
where C (o) = exp (L <2y >>) e @)
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On the other hand, from the general form of characteristic functionals of complete-
ly self-decomposable measures on Banach spaces ([3}, Theorems 6.4 and 7.2), it
follows that if p is completely self-decomposable on R® then g =p &, wherep
is a Gaussian measure and

O

—~ . - ds sin E:11: Iz il

= ex . K (sx, {x 3
i () =expli<a,y>+ J'(J. (s, y) Sﬂu,"*r) STl RCI IO
B

(7 € R"), where 2 is a vector in R, m is a finile Borel measure on the open unit
ball B= [z € R": | 2 || <1} vanishing at 0 and the kernel K is given by the for-
mula (2). Consequently, for a degenerate measure m = 6x, where x, & B the for-
mula (3)is of the form (1) and then p,is a stable measure on R®. Since for every

[F)
linite measure m on Bthere exists a sequence of measures of the form 7. Axdxe
’ ] k=1
~where Ay 0and oy € Bk =1, 2... 1) convergingto m, it follows, by virtue of the
formulas (1) and (3), that every completely sell-decomposable measure is mixed-
. slable. ’

Conversely. let ¢ be a mixed-stable measure on R*. Thenitisa weak limit of
4 SeUENCE WUmy * fmz #...% Umkm Where pmk (K hw; m =1, 2,..) are some stable
measures on R". By virtue of Proposition 1.9 [2] it follows that every stable mea-
_sure on R" is completely self-decomposable, Consequently, every [inite convolution
ol stable measures is completely self-decomposable. Since the class of all comple-
tely self-decomposable probability measures on R" is closed under the weak con-
vergence it lollows that every mixed-stable measure is completely self-decompo-
sable, which completes the proof. of the theorem.
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