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I — INYRODUCTION

Let X be a separable Banach space with dua! X9 Let? € £ (XF, L*)

0<Za<{2ie!T isa lincar continuous operator itom Y* inlo L*. Consider the fun-
clmnal Li X% oo I delined by
Aty =exp | — |7 x )]
»

ILis easy lo see tha A (z%) is a charaeteristic mrlcll(mal (ch. 1.y of a cylindriea
measave \1 on Y. The setof all operators 7' & ﬁ( s L“) such that A7 can bc
extended into a Radon measure will be denoted by %_ (X%, L¥). The problem con-
sidered here is that of deter mining condltlons on T w iuch are necessary and su-
flicient for T to belong to the clm,s G, (NF, L5 T s nown that for the ease ¢ = 2
this problem has heen solved by 5. A (’hnbanjan anh V. 1. Taricladeze [3]: It
is of type 2 then 1" € Gy (\ L%) il and only if 7 is ‘)-summnw

In this paper we shail try o solve the above mentioned problem lor the
case 1 < o <7 2. Theorem 3.1 gives the necessary condition lor I & @, (N= L%).
This condluon is also sufficicnt when Nis a closed subspace of L' (1 < P << 2) and
not sullicient when X = L' (p > 2). Next, we shall show that the assertion (hat
e %, (X% L*) il and only if 7 is a- summing holds if and only if’ X' can be im-
mersed in some L and is of stable-type . In this way wo obtain a probabilis-
tic descr 1}’)110}1 of these spaces, It is interesting to note that here lor the case x << 2
there are no analogues of the resulls in the case a = 2 ' .

il - PRELIMINARIES

2.1. Spaces of siable~type . Let \ be a separable Banach spacee. X is said

T

to be of stable-type & (0 < 2 < 2) i Tor cach sequenca (x,).%. < X wilth the pro-
YI R Wlaly g
el ) () {or)
[+ 3 BN -] .
perty i x,]|® es, the scrics $ 7 X, @ , 18 convergent as. where {0 1 Jowg @TC in-
n=—l - n=1
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dependent 1dcni1cally distributed real-valued random variables with the ch. f.
exp [ — 1= | .

' A theorem by Maurey, Pisier (1976) [7] gives the following purely geome-
trical charaecterization ol spaces ol stable-type a: X is of stable-type « il and
only if I* is not [linitely representable in X. Example: Each Banach space in of
stable-lype a with 0 <« <C1. L' is of slable-type a{l < a << 2) if andonly il p > a.

X is'said to be stable-cotype « il foreach sequence (®,) 2, C Xsuch that the

series X, G(i) is convergent a.s. in X it [ollows = lan f* < oo. It is known that

each Banach space is of stable-cdtypc a with 0 <7 = <2 (see [7] )

2.2. p- snmming operators Let X, )7 be B(Ina(lh spaces. An operator 7' &
£(X,Y) is said to be p-summing (p > 0) if [or cach sequence (:L‘n) C X, such that

Z | << ns , >{" < o for each x* € X we have Z [Tz, |° < oo, [n othe1 words,
a1 l=n

T is p-summmg il T carries cach weakly p-absolutely summable sequence [rom
X into the strongly p-absolulely summable sequence in Y. This definition is
equivalent to the following ome, There exists a constant € > 0 such that for every
finite collection (x,) C X.

(2 ”] a:““P)IIP < ¢ sup (2 << Lng $m>|P)]IP- '
e

An operator T € £ (X, V) is'said to be completely summing if 7 is p-summing
for each p>0. We denote the classol all p-summing operaters from X into Y by
(X, ¥') and denote the elass of all completely summing operators from X into
Y by o (X, V) I 0<Tp <Zqgthen w(X, V) C 7 (X, ¥). For more information
about p-summing operators see [9], [10]. The connection belween spaces of
stable-type « and a-summing operators is established by the following theorem.

2.2.1. Maurey — Pisier’s Theorem [7] X is of stable-type.« if and only if for
every quotient space G of the dual space X* and for any Banach space Y we have
n (G, Y) = m,(G, Y), .

In particular, iff X* is of stable~-type o then w (X, Y) = 7 (X, ¥).
2.3. p- -Ra(llonnifylng operators. Let A be a cylindrical (pr obébihty) measure

on X. The characteristic functlonal (ch. £.) of a cylindrical measure is defined
as follows

Az o= .fe“‘ Ays (410,
X .
where Ay is the measure on R given by

Age B) = plzi<®, o> € B},
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A is said to be of type p if

1
sup’ ( ’.fuil’Aﬁ,(du)} “,.< o,
(33 B RN "
R

We say that A is a Radon measure if A ean be extended into a Radon measure
on X. Then ils exlension is also denoted by A.
A BRadon measura w is said lo be of order p if

[isteuciar < =
X’ ) 3
Let X, Y bé Banach spaces. An operator T &€ £(X, Y) is said to be }J—Radonnify-
ing (p >0) il for each cylindrical measure p of type p on X, T(A) is a Radon
measure of order p on Y. The following theorem which will be repealedly used

in this paper establishes the relationship between p-summing and p-Radonnifying
operalors : . .

2.3.1. Chwariz’s Theorem [10], [11]
i) If the operator 7" is p-Radonnifying then it is also p-summing.
if) Conversely, if T is p-summing and 1 < p < o thenT is p-Radonnilying.
2.4. Stable measures. A measure w on X is called (symmelric) stable if for
any a,' b =0 there exists ¢ >0 such that the ch. {. /p.\of u satisfies the equality
‘ ?(am*) ﬁ\(bx*)‘ = E(cx*') for all x» & X'*,
Below we shall list some properties of stable measures which will be used in

this paper.

2.4.1. T heorem [12] (The representation of the ch.f.of stable measures)
If w is a symmetric. stable measure on X then Lthere exist a constant
a(0 <<« <{2) and a finile measure 7 on the unit sphere S of X such that

E(ﬂi*“)=exp {—f [<x,;1:*>ﬂ“T(d:c)}.
S

The constant o will be called the index ol p. The measure T will be called
lhe speetral measure of u.

2.4.2. Theorem [1] Every stable measure of index o (0 << a < 2)is of order
p for each p < « and not of order a.

2.4.3. Lemma {4} For each p < a there exists a universal.constant C, such

—{btf*

that for each stable measure u of index « on R with thech. [. e we have

([1trw@n)ie=bc,.
R .
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1Y — ‘E‘HE PROBLEM OF EXTENDING STABLE CYLINDRICAL MEASURES

Let X be a Banach space andlet T € £ {.\ # L*) (0 <Ta<{2). Consider the
fanectional A : X* —» R defined by
h(@®) = cap {— NTa%{ >}, (3-1)

It is essy to check thal A (x¥) is positive delinile, continuous with A (U) == 1, The.
refore A{x*) is a ch. f. of some Cvlmduml mceasure on X, say AT. Let G _(X#L%)
denote the class ol all operators 7 & £ (V¥ L) such that AT is a Radon mea-
surc. It is easily seen that if I’ < %, (X*L®) then (3-1)-is the ch. .ol a symme-
irie stable measurc of index o Conversely, the ch. I ol cvery symmelric stable
ineasurc of index o may be represented in this way, Indced, by Theorem 2.4.1
thech. I. of & symmetrie stable measure of index « has the form

E(sc’*) = C¢Xp {~ r§<:c,a:‘*">}°° T (dx) }
Y
= cxp | — | Ta®| * |,
where the operator 7 : N#sL® (8, 7) is defined by
’ Ta% = <., 2%,

Our aim is Lo give a descriplion of the elass' @, (X#, L*), where the space L®
is infinitely dimensional. In whal follows we shall only consider the case 1 < o< 2,
We begin by .proving the assertion which gives a necessary condition lor T to
belong lo the class @ (N*, L*)

3. L. Theorem Lel T € @ (V¥#, L*). Then

i) T is a compact operator

ii) I is completely Summ.in'g _
Proof. 1) Suppose that /7*is the unit ballof X*and (Txj )is anarbitrary sequ-

ence in TB% We have to show thal (Taf ) contains a subsequence which conve-
rges in L*. Since B¥ is s(‘\ X)-compucl (xa) bas a subsequence (x},) such that

(x%,) is convergent in o(\N¥, X)-topelogy to some x® in B*, So
Hm  exp [— 1 Ta% o — Tty | = lim exp | — ||’I‘(:;”';K —~ %) jj*] =
A—)-Da K - . k—s>cec
f ia T . , .
= lim ng A (dx)=1 by virtue ol Lebesguesdominated convergenee
k—%-oo\ . ) *

. theorem.

This implies | Taj, — T2 || ~»0i.c.7xh S Tx* in L. ’

11) It is sulficicnt to show that " is p-sunming for cach 0 < p<Za. Since
x* eonsidered as a random variable on (X, B(X), AT) presenls itsell as a stable
random variable ol index « with the ch i () = cxp {-—- f Ta*||* | #{*{, by Lemma
2.4.3 we have
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T ='Cij | <2 AT (o
h§ -

For each finite collection (rn) C X*wehave

Zirey 1= [ 5] <may > A @ <
X '

[l Ay § s 5 1<nm 17

=1
X
=C sap P O i -> r
.l!:&?|i<lz'<1a“’J
P _ f.,..r. 1
where we put C= CP I Iﬁ /\ (d). C < = hecause ‘E I} (dx) <7 o=,

. X ' : AY
by Theorem 2. .4, 2,

This proves that 7" is p -summiing.
3.2. Theorem. Supposc that T € £ {\=, L%} such that the adjoint eperator T#

operates from L* (B +o'=1) inlo X. Il T% is p-summing for sonte 0T p<la
then T'€ @, (X, L.

Proof. Let m{®) be a eylindrical measure on LP with the eh. 1. exp [— || x#]* |
. (@*e L®). m® is the cylindrical measure of t\po p for cach p<Za. Indeed, by
¥ Lemma 2. 4. F we have :

. : 1,0,
(j | u ]P mii:) (du)) I Cpll . |

(a) Lhe .
Thus sup [ u ] i (u’u) ) == (,p oo
M .

Consequently, [rom the abovv assumption and [rom Schwartz’s theorem it Tollows
P - 2 T .
that f*(m( } is a Radon measure on \. Evidently, T (m( ) yis the Radon exten-
ia . . . T
5 sion of the cyimdrxcal measure A

3.3. Theorem. i) Supposd that X can be immersed in some LV (I<<p<<2)
(X' = L" in short). Then, the class @ (Y%, L) coincides with the class 3\:0(‘( L“
of all completely summing ()pemtors from N*into L=,

i) In the case N=L" (p> 2), however, the class @, (V¥ L*) is strictly inc-
! ludud in the elass =, (N#, 1*), ' ' '
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" Proof. i) In view of Theorem 3-1 it remains for us to prove the inclusiosi
wN*, L*) C %, (N*, L*). The assumplion that X < L’(1<C p<{2) implies thal the

function exp { — ||:1:H§ J(x € X) Ais positive definite. Let m'P) denote a cylindrical

neasure on X""" with the ch. f. exp | — ix{l; | (& € X). Suppose that T'€a (\*, L*).

Since m'P is of type ¢ for each q<p then by Schiarlz’s theorem F(m(P)) is a

Radon measure on L*, I(m(P)) has the ch, f. e\{p{ —IT*x )" | (x € L*). According
to theorem 3.1 1'% is completely summing (i.e 7* is p-summing for each p > 0).
From this, by Theorem 3.2 it follows that 7 € @ OGN AR

ii) We shall show that there exists an operator 7 such that 7" € «w (X*, L*%)
but T ¢ @, (X*, L*). Indeed, because LP(p>>2) cannot be immersed in any L%,
by Lmdenstraus——Pel(Lynskl s theorem [6] there exist two sequences faaCX and

{yn | € X salisfying
2 <y > Z | << @y 2% 2> (3-2)
n=1 n=1
tor all z¥ € X* and such that Z|jx,|* << ce Z|ya|* =
Consider the operator T : X* — [* defined by
= (<Yn, ¥ >)n_I

T can be considered as an operator from X* into L* because [*<, L*. Wo shall
show that T & s (\*, L*) but T € @ _(X*, L*).

a) T € o, (X*, L*)y: Since X is of stable-type 2, by Maurey—Pisier’s Theorém
it is sufficient to show that "< = (V*, L®). Consider an arbilrary sequence
(a:*) < X such that 2| <7z, su:13 1“ < o far each z € X. Then, by the principle
of uniform boundedness %| <<z, >[°‘ Cjlx)* for some €>0 and all 2. Thus,
we have ,

oot . o 3 " o
2oATagl* = 20 20 <. an >0 =2 o <y 2> <
n=1 n=1 k=1 k=1 n=1 .
<z l<9:|,x >i°‘<CZ|!:r1'*°‘<o=
: k=1 n=1 k=1
That is T &€ m, (X* L*)

[+

b) I' & @, (X* L*): Consider the series > y, Bi"‘} where (Bi‘i)’)are i. 1. d.

n—1

realvalued random variables with the ch. I, exp { — I'£]* |. Let ¢, (x*) be the ch.f,

n
of the partial sum 2 yi 8{+). We have
, =
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: 5 ‘ 5
Hm ¢, (a*)= lim exp | — Z | <fw 2 >|* | =cxp | — Z P <, ¥ 2> % =
n—co n—oo k=t k=1

= exp | — | Ta*|* | _
Assume I' € @, (X% L*). This means thal exp { — |7 x*|*} is a ch, I. of some

Radon mecasure. Therefore, by Ito — Nisio's theorem T [+ 9(“) converges a. s.
' n=1
Since X is of stable-cotype « (Every Banach space being of stable-cotype e with

0 << a <C 2) the convergence of Z Un 951“) implies 2 | g. [¥ < e. This contra-
n=1
diets (3-2).

Theorem 3.3 allows us to obtain the gencral form of characteristic fune-
tionals of symmetric stable measures of index « in spacce which ean be immer-
sed in some LF with 1 << p < 2.

3.4. Corollary. Let X be immersed in some L (1< p<C2).
A [unctional A: X* — Ris a ch, I, of a symmetric stable measure of index a
(1 <Ta < 2) il and only if it may be represcented in the form
Ma®) =exp { —T2*|" La],

where 7: X* - L% is a completelv summing operator. ,

IL is known that [3], in the case a = 2 the equality @, (V#, Lz) = 7y (X%, L2)
holds if and only if X is of type 2. The [ollowing theorem characterizes those
spaces for which the equality @ _(X*, L*) = = (X%, L*) holds.

, 3.5. Theorem. Let X be 2 Banach space. Then the following assertions are
equivalent: '

i) X can be immersed in some L* and is of stable-type a.
ii) G (X% L%) = m (X% L*).
Proof. i} —ii) Since X = L*, by theorem 3.3 we have @_(XN* L%) =zt (X*, L),

On the other hand, since X is of stable-type a it-follows from Maurey-Pisier’s
theorem that ww (X*, L%) = =t (X%, L*) Therelore @ (V¥ L*) ="x (X* L%).

ii) — i) As we have shown in the proofl of the part ii) of theorem 3.3 if X
cannot be immersed in any L% then therc exists an operator T such that T’ &
w20 (X%, L%) but I' &G _(X*, L*). Consequenily, X can be immersed in some Le,

Next, we show that X is ef stable-type «. Let (z,) < X, Z{a,[* < 0o,

We have to prove that the series 2 :x:ne("” converges a.s. Consider the operator

n=}

T:X* [« delined by Tw* = {(x,. a:*)};o:l. T can be considered as an opera-
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o (rom N9 inio L heesuse (¥ es L7 Prom Jo-—-Nisie's ibeorem it casiy lollows

vVl
‘hat the series E:.v,,ﬂ(“) will converge aws i we show that 7" &€ @ _(X*, L%) e
. 1 .

“ . . 4 - -’ [e -
e o, (X% L¥) by our assumption. Consider an arbitrary sequence (%) C X¥
n

such that X | {a. V| ® < e lor cach o € X, By the uniform boandeduness prin-

ciple Z I {x, tn yl e g al” for some >0 and all v € Y. Thus we have

_2 [l ‘? Sme g o= "?}j | ®) 0 1700 i T < e
K n n < n

'Ihat is T e 7 (X
Eemark. Taking into account theorems 3.4 and 3.5 the following problem
arises quite naturally : Characterize those Banach spaces in which the class @ (X7,

1%y coincides with the elass 5t (X%, £.7) of all complelely summing operators from
N* into L*,

Let ' (X) denote the class of all speciral measures cor responding 1o sym-
metric stablo measures on V with index o It is known that il X is of stable-type
e then [ (X} consists of all linite mceusures on the unit sphere § (see [B1) In
particular, we gol the deseription of T (X} for the case N o= p > ow) fere, as
an application of above—oblained ves k."s we shall prove the folowing tacorem
which gives a description of the classl (XY for the case X = POl < p <7 a) (Note
that {or arbitrary X the problem of (ulclm]nmﬁ [", (X) still remains n!}cn}.

2.7. Theoresm. Let.N = I["(1 <7 » <Ta). Then the elass I7_(N) consists ol {i-

nite measures ¥ on S satisiying the condition '
. by '
=e T =)
S e o] <
Nea]
) S

where (e,) is the sequence ol unit veelors in N =",
Proaof, Wo lot 1.7 = L*(S, ¥). Consider the operator T': X% — 1% delined
by Ta? = (., %y, Then the fact that 7 & P (X) is cquivalenl {o the Tact that
T € @ (X* L“) Therefore the th(»nrom ~ill be proved as scon as we show that
T« % (X% L*) il and ()nly 2o < oo, ‘mpposv 'h's! ;< % (X<, L*)y. By
theorem 3.1 T (A7, L), From lms it follows that = § fe, | < o since {e,)
is o weakly p- ahsnlulelv .surnnml)lv sequence in N7 = I1. Conversely, suppose

that 2| Teu il ¥ < eo. Consider the series ((J“)B‘ Y where (9( ))‘nc i.i.d, real-

valued random variables with the ch, . exp [— EERSP Because L% is of stable-

type p (p<Za), ZTe, WV oo implies that the series T (e, }B(P) CONVOTZeS .S
in L*. This lact implics that v‘p [— Y A IP} is the eh. 1. of a Rudon measure

on L= According to theorem 3 i, & (L8, X)) and, consequently, 77 & @ (N5
L#) by theorem 3.2

) Received Muy 13" 1978
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