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MULTIFREQUENCY EXCITATION OF PARAMETRIC OSCILLATIONS
‘ OF DYNAMICAL SYSTEMS ‘

NGUYEN VAN PAO .
ITnstilule o[ Mechanics, Hanoi |

Let us cousider (he parametric oscillalions of nonlinear systems described
by dilferenlial eqiation of form

T +orx e S Py()sindy + e Q (@, 2) =0 BN (15))
kﬁl
here 8y = v, { + 1"}, k = 1, 2,.,r, and vy, Vasews Vr are positive incommensurahble
numbers, Pj; (z) are polynomials of x, Q (x, x) — nonlinear function of z, x.

A lotof physical and technical problems are led to investigation of equa-
tion (0. 1). For instance, oscillalion of a pendulum whose suspension point accom-
plishes the complicated oscillations and the transversal oscillation of beam under
the action of complicated longitudinal force are described by equation (0. I).

It is supposed that there exists a resonant relation of type
n*‘Q—}—cﬂle v1+...+cﬂ:v{=0 ] (0.2)
where Q@ > 0, and n% c*f,..., c* are ihtegers. The number n* is different from Ze-

ro, but some of ¢* may be disappeared. A rather simple problem when ¢ (x, ) =
=0 P, (:c)[= Ay  has been considered by Ischuch V.V. and Iaschuch V. T, [1]

This paper consists of three sections.

In section 1 a general theory of construction of approximate solutions of
equation (0.1) by asymptotic method of nonlinear oscilletions is given.

‘Section 2 is devoted to investigation of monofrequency resonant case when
the relation ' :

H*Q-}-C:VS:O

N

akes place. It has been found that Lhis js the most important case of multifre-
fuency excitalion and thal in the first approximation only the component of ex-
ernal excitation with resonant frequency (v,) has influence on the parametric
'scillation. The influence of other nonreésonant components is found only in the
econd approximation, : :
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In section 3 the multifrequency resonant case when
mQ v+ s c* v, =0

is true with more than one of 1 €250, € IS comsidered. In this case the influence
-of external excitation on paramelric oscillation is found only in the sccond ap-
proximation,

§1.CONSTRUCTION OF APPROXIMATE SOLUTIONS

Folowing to asymptotic method of nonlinear mechanics the solution of
equation (0.1) is found under the asymplotic expansion [2];
v T=acos (€ 4 ) 4 ua, & 4 ¥, 0) + e'ma (a, & - v, 8) + &%... (1.1)
where : -
0= (0, 8;,.., 0, (1.2) "
and the amplitude q and phase y are delermined from (he equalions '

%;L = €4 (a, V) + 82A, (a P) &3 4 ..,

dy

’r =w—Q & eB(a, v) + &8, {ct, P) + 69 4 ... (1.3)

Funclion £ satisfies the condition

E o e = (14)
Suhsliluting‘ lthe expression (1.1) into (0.1) and comparing the coefficients

of & €., we obtain the following equations

w? o 5 T 20 ZI.‘ Yk il + i‘ Yivk — 4wl = .
e+ p)y =1 . o0k (E+y) e 28; a\&;‘ : |
= [(w + £)a O—I;l + 204,] sin (¢ + ¢) — [(m — ) 6;1; — 2w aB,}cos E 4+ v —
2 . .
- > P lacos (£ 4 )] sin 8, — Qfacos (& + P), — wasin (& 4 )], (1.5)
k=1 '
and )
2’u, z 2%, r 57U, 5
w? 2 Vg — —— Vivi + w Hy =
oEtpyE T El *oBa(E 1) k_jz=1 Tr a0; 08 ’
- [2Al Bit+at 224 4p 9B o 0ya 232_] sin € 4gy— )
o 2y ‘ oy
— [AI 24y | p 24 —aB® — %aB, + (0~ ) LA&] 08 (8 + ) + B
da o o s
(1.6)
where

Ay
i



0 x

. al;‘ﬂ
+ [A]COS(E +y) —aBsin (£ +9) -+ w ot v _MLJ HEI

Rn = I + \
: B(E+ +1) = 26

2

2T,

24; v 2 2 4, __au_]_+ 98, - . o’y 1 2B 2w, .
[ kZl afrad a(E+)oa le l‘aeka(’g—)—w) : aE+p)”

+(w—) 2

aBl ally oL 11 13111 o ) .
0 —Q Foz_ Py (x,) sind, — Q(x., &),
2 (E—H) o e 31 m] Z K (@) sinb, — Qx,, z,)

x =.acos (£ + ¢), x, = — o asin (£ 4+ ). (1.7)
Let us expand Py(x,), Oz, x,) in the Fourier serics. We lind

Pk(xo) = PR[QCOS(E-{-IP)] = Z I)I.'m(a) cosm (E+1p)s Q(x‘o: (?:70) =

m=0
= Q [acos(E 4 ), — wasinE + P)]= Z [fm{@)cosmE+P) + gu(@)sinm(E+) |. (L.5)
m=o0 '
here, -
27
Dyo(a) = _..}_, S Py(acos®)d®,
. 2
Q
27T
fofa) = Tjg;-; S Hacos®, — wasin®)d®, (1.9
0

27T

Dym(a) = —i._ S Py(acos®)cosmPdd,
: .
25T

fmla) = S Q(acos®@, — wasin®)cosmPdd,

al=

s}
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Gul(a) = L S Q (acos®?, — wasin®@)sinmPdP.
7 . .

o

We shall find the function u; in expanded form with undefined coefficients

N = Z iulnm...cr sin [n(€ - ) - ¢y + . + 6] 4
n,ci ..,Cr
Pfner.cr €0s [ -+ ) + ¢b + ... + ¢.0,]] ' (1.10)

l'o determine the unknown coefficierts Wine. e Viney...c, 20d funclions .y, By we

‘substitute expressions (1.8) (1.10) into (1.5) and we compare the coclficients af

sin [n(& + ¥) + ¢8; + ... + ¢.8:], cos [n(E + ¥) 4 10 + 05 + .. + ¢,6]. By subs-
tituting (1.8) and (1.10) into (1.5) we get



T : .
2, 1o —(nw 4 PCRONE! Binciee SI[AE + ) + o + ¢, 6,] + YIncy...c

G ...Cp R i=1

¢ds [aE + ) + fy + v 4 0,8,] f = [("‘ - Q)a ﬁf’%‘ + 2 wd ]sin &+ v) —
0.4, , :
— {(ru — Q) i Em(zB]} cos (& -} ) — Z [fm(a}cosm(g-#w)—l—gu.(a)s-mm(‘g+1p)]w
: H>0 |
T . ' .
— —{)1% 4:# Do, [ sin [m(g + V) -+ 8,] — si:1[111(§—l~ 1) - 8,1 (1.11)
. 1—? m o . .

i

3

§az, MONOFREQUENCY RESONANT CASE

In this scetion we consider the resonant case when there exists a resonant
relalion
\

O 4+ clv, =0 : ' 2.1

where n®, c: are intégers, T<Cs<r, nc: < 0. Comparing with (0. 2) we ha‘vo
' Q== = = =0 0
The last terms in (1. 11) will contain sin €+ ¥), cos(E+ ) if |
(m o D€+ ) £ 6 = % (2. 2)
On the other hand from (1. 3) we have
H““(E+1P)—\-¢ b = n*yp. . 2.3)

The comparlson of formulae (2.2) and (2. 3y gives
m = 14 gn* [ = s, il=o’c§, % = -gn*y

or
£ H #: L3
m=Flh—, =gy ~ @4
c. c*
s s .
Since Dyw = 0 if m < 0 and n"*‘cS <0, D, a* =0, then we have the
. ” 'T — .
C
s

following terms conlaining sin (& + ), cos(g 4 ) in (L.11)

[(m—;_Q)a BBI‘; -}.-ZwA]Sin(E—t-lp)—-I-(m‘ Q) H; -QmaBlJ cos(E + 1) —
= f1(@)cos (& + ) + gy(w sin(E +- w)—f-% D n* s [(&+w)+ "—*wk
s %
1 . . ' # 1 . *
—y D0t +.1S”1[(5+”’)* f:¢]+705,_i . S‘“{(H“’H%w}-
* 8

*
[
$ 8 Cs



From ‘here we obtain

2ed) + (0 — D a 2B, -
1 _ ) S nt
=q,(a) + ry (DS' n¥ ]+DS ¥ ]_ —DS i ¥ » )cos o 1P,
“ _('4_6“ ! ‘ - P"-ﬁ - ! (ﬁe g
5 5 8
2(»(131 aA‘ —
ay
1 _ . . .t 5 5
= fl(a) + T D n* +D : n’“F +D n*’l s E] w ( " D)
2 S, [ - -1 - ST [
C: c: (‘: 5

H w — Q= O(e) then we have
1 1 ) u nz’& )
111 = “'é; gl(a) -+ ‘-[I'*-—(D s, n:‘ —}—I)l’ n —-_DS Il# ‘iVI)COS C* "‘L.

w +1 - T T s
¥ . e, eg
1 i *
B, = [ + D n +D un* +D n* SiN 5~ Y
2eam 4 am 5 F t! 5, — 7 1 - 5 1 \ 5
s s 8
(2.06)

By comparison of the higher harmonics in (1. 11) we get
=0 = _gn(a)r H"+ 11

Inei=0,.., cr=

il — M —0 = — fu(@) n=k1

lne; =0,...,cr =
1

c=0= 5 D (@ (i +9)

“ (] — nHu

3 A2 .
[ H (rw + v)) Iu‘llncl =10, .y €im1 =0, i =1, i1 = 0y, ©

=L Do@ (-9

2 N2 . ) —
[” — (nw — vi)’] Uiner =0, ..., cios = 0,¢i=—-lLe=0.,cr=0 9

1
i + v : -
[o nw + V)] ulncx =0,.,c0=0,c5=1,c541 = 0,.., cr =0 " ﬁn(a)(

1
2 2 =D
[o'~(no—v,) ]ulnm =01 =0, c5=—Lest1= 0,00 =0 9 D.x (a) (n

And there['ore we kave )

[g.l (a) sinn (§ 4 ) -+ fu(a) cos n (§ + 1) ]

n>2
.l s 5 Du(@sin(nE+w) 48] |
+ = 2 +
2 E { :éo (Mo 4 v;)* — w”
i=fs



r

‘ + EI S s Din(@) sin [n(& + ) — 6;]

i=1 n>0 [O) —(Hm-—‘J;)“
iw=s
1 D‘;n 5 8
Loy snf@) sin [n(EU—I— w);l- 6.1 +-
2 % (nw -+ vy — v’
n=1+ —
c
n=0 °
1 S Dq.(a) sin [nE + 1) — 8]
—— . : SRR 2.8
+ 2 00 0 — (e — v,)° (@9
nk- = F

¢ . 4
To determine the functions 43, By we compare the coelficients of sin (§-F9)
cos (E+%) in (1.6) . First we write R, in the e.\'pandéd form

R: = Z |R§IHC]_“C£ cos [ n(E 4-) -} i@y + .o - 0,0,] +
= . net...Cr
0

R22nc1...(‘l- sin [.n & + Wy -+ o 4 ... -+ C,-Br] l (2.9)
" where
27
1 -
Rglo...o = Sm J RS d (& + ) df...db,,
0
2T
1 i
I{glnci...cr = g l. R; cos [H(E -+ IIJ) 4 ¢ 8 o] d(& + 1) dby...d8,
! (o]

&

27
) . -
Rnctes = TJ. Ry sin (A ) + aif -+ . c.0] (& + 1)db,..de,

0
_In.(2. 9) the terms conlaining cos (¢ 4 ), sin (¢ + ) correspond lo that n
and ¢;,...c, for which

nE-+9) -+ edit oo+ b = £ (E+P) F o
On the other hand have B

n® (Ey) + c_:fes = n® .
From here it Tollows that

nF1l=pn*c ==C=. = Cog = Cop1 = v = 6 = 0,
Ck
o= you = p ¥ .
Ci
S

Thus we can write Rg (2.9) in the form |
Rg = C(a, ) cos (¢ + P) + S (a, $) sin (E4-v) + - (2.10)
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where dots denote the terms which do not contain sin (z4%), cos (z-+y) and

Ca, ) == [(R‘g';'i' + RUZL;—'") cospn* P + (R"z";'*' + R";;_)sin b Ny,
n .

S = STEYT —RE ysinp a* b (RO — RO )cos pnvp |
- .

+
ROK™ _—_ po
21 R21 s 14+1n®  c1=0,.0,01 = 0,05 = y.c? s €541 = © ¢ =0,

- ]
ROU- — o)
11 Rzl, - i+ ;.tn"',c1=0....,cﬁ_.1:o.c5=LLZ* y Csb1 =

|
°
2
(
o

4
o™ _ Ro
R 22 22,1 +Hn* v €1 = Ohisy Cs=l = 0,05 = [Jed | C541 = Ojeuny cr=0,
ROMT RO
22

: 9
22, =14+ #u®, ¢y = 0uuy €5y = 0,05 = c? e =04, cr =0, (2.10)

Substituling (2.10) into (1.6) and comparing coefficents of cos (& 4+ ),

sin (Z+1Y) we obtain ) -
—~ 2w A? 4+ (R — w) a ajj = 24B; + ad, a:j; + a B Zil + S(a, ),
2w B2. + (R—w) oy = 4 24 + B ‘Lh_ — aB? — Cla,yp) .
2 oa 31

If o~ O = 0¢e) then we have

Ay = — ! [2A181 + aAl-ﬁ 4+ aB, 2By + S(a, uz)] _ (2.12)
. R X oY

2w

[

BQ ; 1 [A] oil] + B[ GA-I - aB? — C (av lp) ] .
_ 2aw - 2a a1

Thus in the first approximation we have

T = acosA(—-—If—; B, + y) : (2.13)

here a and ¢ are determined by equations :

d_a_.ﬁ. (G) + ...,S_ * Y . * g n*
dt —20) gl 4(1) DS- n +1 +D8,— ﬁ_ 1 —Ds__ n +1 co ?'—— w '
* c® c* 5
s 5 . 5
dy E . g
— —_— Q —— e —
a +2aw fo@) + dwa DS, n—%—+1 +Ds,— n* ﬂ1+Ds,— _“:+1
‘ ! C: C: c:
sin r - (2.1hH

]



The refinement of the first approximation is

2w G005 (_ ;? 0. 4 w)+85 lom(a)+ > gu(@)sinn(E +v) +/(ayconn(E+)

I3

. n>° - (Hz—— l)w
1 < Di(@)sin[n(E4+p)40;] o Duf@sin A(E+p)—8;
+—)Z Z ) [!.(2 - +?ZZ ()2 [ W ] 1
2 D an (nw + )2 —ow =1 030 02— (Nw—3;) L
[l%s I L%S‘ o 1
L s De@siniaGiw40) | 1 v Da(@siniaGty)-—0]) G190
2 n* {(nw4v,)2—w? 2 = w? — (nw—n,)?
- n:r"—_l-l- * H:f‘_—_.__ = j:i
c; ) o .
n>0 a0
b= — o W) — Dy
¢t c?
in which a and vy satisfy the equalions (2.14). -

In the second approximatlion [unction z is of form (2.15) but a and yare
determined by the following equations .

da E n® . n*
"E—‘z—gt(a)‘!“_‘“—'(-os,—s--l-l‘i‘l) — r —vl_Ds,—- :f 4+ {)cos . B —
2
- f—[2A, By + ad 2L 4 aB, EB‘ 5@ w].
2w _ da ‘
dlp P g " . O
_ : % D LT
df = Q+ h(a)_i— dam (DS' :eg + 1 +DS'— 21# _,1+ 5, = cn:‘ +1 Jsin Cf b
2 X
-2 a2t g2 B e w)] : (2.16)
2am aa A 1, ) _

A special case

By making use of the general theory developed in this section we now study
the parametric oscillation of nonlincar system of type

$+m2m+ax27\sm6+aQ(m x) = 0 217

i=1
wherc A; are constants.

Lel us consider the subharmonic resonant case, for which

20 — Vs = 0,
w? = Q2% 3 sA
here A — detuning of frequencics.
By substllutmg n* =2, c = —1, P, (m) = Ax, P{acos®) = A, acosd in (1 8)

r

we get ‘
-Dsd = Asas Ds.n == -Ds,n = 0, It > 2,

28
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and therefore the formulae-(Q,G) ‘become

A =L g u - e costi,
2w 4o

1 1
By = {a) — —— A sin 2v¢.
1 . fila) o P
Following formulae (2.13), in (he first approximation we have
T = qcos [‘;— (Ivst + l—‘s) + ii’]- k (218)
here @ and ¢ are determined from equalions (2.14) :
27 .
N i_‘: = 2:;:: ‘f sing - Qacos®, — wasind) dd -+ i A.acosy, (2.1%)
8]
97
d‘P _ Vs g€ . . ‘e .
i w — 2 + m f cosh. Qlacosd, — wabll’l(D‘) dd N A sin2y.
O

. . . . o 1
The refinement of the firg approximation is of form (2.15) witn & =

=—=0,
2

© = acos (% 6, + q;) . E; —TdD 5 fuconn € +) + go sinn(E + v)
. | T

P

H>2 f.02 (ﬂ2 - 1) i
. 1 ’ 1
. i hism(—é—ﬂs—l—ﬁiq-mp) g L hisin(—‘)—ﬂs—ﬁi-l—w)
+ — ! el = , 2.20
2 i=1 vl(vb + v;) + 2 igl Vi (Vs — Vi) ( )
i=ks

' which a andy satisly equations (1.5). -

§ 3. MULTIFREQUENCY RESONANT CASE

In this section it is Supposed that more.than one of c*f c:‘f are different

rom zero, so that we have g resonant relation

n*Q C”l‘vl + ...+ c: v, = (. - (3.1)

n this case il is easy to show that the fast sums in (1.11) do not contain sin &+ ),
05 (S +¥). In fact, these termsg correspond to the number m satisfying relation
M+ ) 0 = T (EF ) + % (3.2)

ut on the other hand following (1.4) we have

nHE - ) - ey 0+ . + c: 8, == n*y,
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Therciore, if the refation (3.2) takes place then we must have
mj:l-an,]{-—afmlp:{:B—_-:o'(ciﬂ+ +c 8,:)
or _
0‘6‘"{ 0, +..+ (o'c’;? Do 4 ..+ dc”: 8, = 0:
From here we obtain
' o'c Vi o (o] F Dvi+ ..+ \ra—U

in which at least two termsare different from zero. This is al variance Wwith assump-
tion about mcommec;urable numbers vy, vz, i Ve

By comparison ol the terms sin (E 4 9), cos (3 + )y in (1.3) we get

2m.1, —|— (w—Na OB qi{at),
ay

_ . } (3.3)
Qan3y — (o — o N :
If w—Q = 0(e) we have -‘,l
' sy =
Aw (3.1
B, =

Comparing the terms dilferent from sin (¢ + ), cos (& + P) in (1. 5) we obtain
= — Lot 5 ga(@ sinn(§ + %) + fu(@cosnE )

w? Il>f) (”.z 1) w?

+_%z 5 Di,,(a)sin[n(g-{—lp)—{—ﬂ-l] Z S Din(e)sin[n(E + ) — 81 \}

i=1 n>0 (f 4 v3)? — i=1n>0 o — (aw — vi)*

(3:5)
To_delermine the functions ds, By we, use the expansion (2.9) of function '
R;’. The terms of Rg containing cos (& + ), sin(E-- ) correspond lo that n and

C1y-eee Cn for which
n + W) o+ tof = +E+P)+
On the other hand following (1.4) we have:

n*E -4 ¥) + ¢} &+ .- B = 0¥y }
- B 4
From here it follows that

nF1l=en* ¢ = ec”'i‘, T w= en*YP

where e is a coefficient of proportionality. Thus we have

Ry = C*(a, pcosE + V) + S*(a, p) sin (€ 4 ¥} + - . (3.6)
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where

Claw =3 [(R“‘”‘” + R1T) cosenty 4 (RIS 4 R sinen%],

@, ) = [(Rgf‘ = Byi ) sineny I (R — RO° —)cqsen’*wJ-

R§f+ = R201, 1+en™ e1= ecal"= yiees €p = ec;f !

Rgle-— = RSI, —1 + en®, ¢y = ecT s, Cp = ecf *

j{§§+ = 1{.(';2, 1+ en® eg= ecT yueey Cr = ecif i | 3.7
R;);* = R202, =14+ en™ ¢ = ecT B ce: ’

Substituting (3.6) into (1.6) and comparing coefficients of Cos(E+p), sin(z41p)
we oblain

—2ud; — (w—0) a 2B — 2418, + @y 22 4 op, ~—+S’*(a ),
21 .8
2waB, - (0 — w) jA_z_ = 0 11 oy — aB'; — C* (a, p). 3.8) -
pp ‘
Il'w — Q= 0 (e) then we have
s = ——»21— [2‘4181 - a;ll L + aB, + 5% (a, IP)}
“ (3.9)
B, = £ [A ﬂh—FB &—B — (% (aq, w)} ‘
, Zam aa a1y
Thus in the first approximation we have :
X = qcos — —y /.
e
here g and y are determined from equations
da = 4 (.
= 1
ddt 2 @11
'q) -~
= = Q -_— a).
o w— -f— f: (a)

" The rehnemenl of the first apprommatlon is

v = aco
A n¥

f@ 1 o1 gy
‘I-E; —-—u;—2—+ n;\2 m[gnslnﬂ (;‘— (Cl 91 Jr e T CP B]) IP)+

F (a)cosn( n’% (6385 + oo+ c*0,) —.w)}+
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Dg,,(ﬂ)SlI’lﬂ F(Cl 91 + ... (T -+ Ci )91 =+ ... —{-—Crgr) “wj

(nw - Vi) — w? +

i
Y

+
1\:le—~
M,_

ViV

1
n*

=

Dinsinn[ (c‘l" B, 4+ .. + (c}"‘— —T:—) 6+ ... - c[, G,.) _— ip}

w? — (Aw — v;)2

+ . (3.19)

l\.’)l'—'«

WM

1l
—_

i 0

in which a and v salisfy the equations (3.11).

It the second approximation we have z in form (3.12) but a and v are
- delermined by equations:

da £ @[ " oB . B

—_ — — | 2A 8 + ady, =L 4 B, 221 #

di o 1 (a) o [ 143 A,y o ab o0 + 5% (a, TP))} ’
d’[p & g? - afll 61'11 2 o

— 0= Q 7 A B — aBb{ — C¥a, .
dt N 2aw i (@ + 20w [ oa " a1 5 @ TP)J

)
Corclusion

From the results received it follows thal

1. The multifrequency excitation has considerable influence on the parame-
tric oscillations only in monolrequency resonant case (§ 2).

2. For monofrequency resonant case (§2) in the first approximation only
the component of exlernal execitation with resopant frequency (v,) has influence
on the parametric oscillation. The influcnce of other nonresonanl components is
only found in the second approximation. '

3. In mullifrequency resonant case (§3) the influence of exte.nal excitation ,
on paramelric oscillation is found only in the sccond approximalion. f‘
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