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" Let & be a solvable p-dimensional complex Lie algebra, U(EL) its enve-
topping algebra and K (&) its envelopping field. In the present work, we cons-
truct some prime ideals Z of % (%) and commutative subalgebras of UL F

(such an algebraic tool was used in [1, 2] for the harmonic analysis on the Inho-

mogeneous Lorentz group).

Two previous papers [3.,4] are helpful for the present purpose. In [3]
are constructed commutative subfields K of K (%) and in [4], the subalgebras
a = K 0 U(SF) and their characters are used to produce irreducible representa-
tions of 2 (F). The results and the proofs given there give a good account of
what will be done here.

1. SPECIAL SUBALGEBRAS.

(1) Let B be a ring. A non commutative polynomial P(X,,... Xs) over.

‘B should be a polynomial in the sense of [3] I 1 with coefficieats in B (not
necessary commutative) : the indeterminates X, ..., Xq are not allowed to com-
mute one to another, nor to the coefficients. One says that P(X,,... Xg) is

right-ordered if

P(Xy o Xg) =5 X0 oo Xg e

(*) Presented to the Vietnam Second Mathematical Congress, Hanoi August 1977.-
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Let 7 be a given ideal in B. To each P(X,,.., Xg), one associates its
dominant commutative modulo F part P*{(z,, ..., z5) by keepmg in P(X;, .., Xg)
only the monomials of highest degree, replacing there each coefficient € B by
its image in B/7, each X; by z; and by allowing the z;s to commute to
everything.

(2) Let B < &be rings and 7 an (two- 51ded) ideal in ‘B. One says that
Ay, g € & are algebraically (resp.right- -algebraically) independent over B mo-
dulo F 1f P(a,, ..., ag) & # for every non commutative polynomial P(Xy, ..., Xg)

over ‘B such that P* (xl, . Zg) 7 0 (resp.which is right-ordered and possesses a
coefficient not in £).

These definitions generahze [3] IIS and the folIowmg generalizes [3]
i1 - ‘

(3) DEFINITION.

Let F be a two: s:ded ideal in U(F) and B c U(F) a subalgebm con-
taining F. Consider the following assertions :

Ay. There exist By, ... By B, Ee BN, Ty, .., Ty€F suchthat

(1) @/Z is comutative, generated over @ by B, + ;Z B N+ and
contams no zero dmzsors of Gll(g)/;f (e;ccept 0) S

@)% BB SR |
(iii) Tl, T, are algebmzcally tndependent over’ ’.B modulo Z.

(w)gE—- z TfB '(wuh Toule Ga(g))
Ay In the ‘notations of 041, one has for j=1, N .

B; = 2 T; b
=

i Vi

where (Tys .., Tp) isa baszs of 9 which completes (Tl, , T'y) and each b;: is

a rzght order ed polynomial in By ..;, Bj -y over QC.

043 In the notatmns of A, the rank of the matriz

— ([T, B]+Z)

. £=1,...,a; j=1L., N
‘s equal to 3.

- If Ay is (resp. and o42 are) true, ‘B is said to be of S-type (resp. S-type)

'_on #.and if furthzrmore Ay is trie, B is said to be guasimazximal,



Remark : When B is of S™type, in fact the elements

o X
® ; :
BJ_ =3 ‘Z'I.®bj e 3B for j=1,., N

i=1
are given by definition.
In the following, we shall construct these algebras.

The definition (o4;) follows [3] IIL. 1 very closely. In (=4,) we collected
the special features of the explicit construction we give and these properties will
prove to be useful in the study of representations. The definition (c#;) can be
understood from [4] IL 2.

The algebraic structure underlying in (o)) is interesting. To make it
clear, let us introduce the following

(4) DEFINITION. (Two-sided Lie Algebras)

Let b be a commutative field and T a commutative b-algebra with unir.
A two-sided Lie algebra (b, 3, Ty) over (&, T) is defined to have the Sollowing
properties : :

(i) & is a T-bimodule of finite type.
(ii) & is a Lie-algebra over A.
(iiiYs:46 — Dery, (™ is two-sided T-linear and is a Lie-algebra homomor-
phism such that .
X e Y) = [X Y]+ 2 (60X p)}Y — (6(1) - 2)eX,
[Xn 0 Y] = [X, Y]ak + Yo (3(X)- 1) — X{a(¥) .2},
Toe b0}, [4, T =0, 3(Ty) =0,
[Xr —2X] = Tg8(X)
forall v, L eT and X, Yeb.

As'for the classical Lie;algebras, letG=T®5L® 4B 4 ...bethe
tensor-algebra of the T-bimodule 4 and 7 the ideal in ¢ generated by T, — 1

and the elements X'@'Y-— Y ® X—[X, Y] (where X, Y & 4). Define 6(4)=
= /7. Then one has a generalization of the envelopping algebra and the enve-
lopping field. Asin G(8) Ty =1, we call G(4) the reduced envelopping al-

- gebra of 4 and we denote by F(4) its quotient field. In & (4), one has a filtra-
tion and the Poincaré-Birkhoff-Witt theorem generalizes to this case.

(*) Der é T = f&-derivltiom of T$

63



To have an example of such a situation, ofie may take for b a closed
family of vector-fields over €Y with polynomial coefficients, h=0C"T1T=
— © [z, ..., 2y] with the natural action 8 of the vector fields on T and T, as

the identity operator : G{4) can be Viewed as the algebra of differential operators
generated by £ and the filtration is equal to the degree of the differential
operator. o

The verification of the following proposi;ion is _1eft to the reader
(5) PROPOSITION {notations of 1.4 4;).
Let ‘B be of S-typeon 7 and set T = B/F, & = Fract T. Then:
. {i) T is a noetherian iniegral ring. ' o
(it) UL F is integral. _ :
(iii) On %Z;. = (FB + B)7 there is 4 natural struclz;fé- of two-sided”
Livalgebra over (€, 1) (with the Lie bracket in U(F)7).

'(iv) GFr=Fr®ra is a twosided Lie algebra over (B, A) whose a
basisis (Y + Z Ty + & Ty + D ad Ir o 9; )

(v) UG/ T (F7) (as ©ealgebras and T-bimodules).
UPF  G(F) (and Fract U (PHF = F(F2)
(vi) Let us denote by the subscrif:t. E the localization at E ; then =
(P < (UPI)z 2 6(Fr).
Here, 1y = Fr®rTpis a two-sided Lie-algebra over (G, Tg) with
A+ 4T+ % Ty + F)asa basis.

This proposition gives the isomorphism between (2UD)F) and &(F ).

~ This last algebra, when 37',..., 875 € DergsTp are Tg-linearly independent, can

be identified with the differential operator over Ty generated by: the ¢first de-
gree differential operators» T, ver Ty L. ' . '

" 1L CONSTRUCTION OF THE SPECIAL ALGEBRAS. .

(1) Let B be a éuba}gebra of U(F) such that [¥, B] c B. Denote
by B the ~et of characters of ‘B. Define @ (resp. f® "f“or'aihuy fe‘@/\) to be
the B-linear (resp. C-linear) map: ¥ @ CCB -~ YU(FL) such that o (T @b)= Tb
(resp. fg.(T XB)=< [, 6> T)forall TeZ andbe 8. Set B ®#¢_1(@)
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and 4, =/ (B®) c G Ifflaa(GB® 0 ker f®)
then f is said to be compatible. In this case, foa| ’B® ®
is zero on ker (f ®13®) and defmes a linear form l
X, on b8 B ®ker(f &1 B®); -

Let A, be the stabilizator of f in &, ie. & ={Xe G, fI[X, B] = 0}.
The character f/ of ‘B defines an 1-dimensional “B-module V, where one takes
3 non zero vector f The induced &- module Wf‘a A(F) ® 5 Vis then gené-_

rated by 1 ®/ The character f is compatsble whenever W, % 0 and for any
H € f, one has then :

HA®f) = <%n H> 19f,

‘that is, 1 & f is an eigenvector for the action of 4, and %, is the eigenvalue.
Furthermore, if f is compatible, then 4/ is an ideal of 4, such that %[/ 6,]==0
and X is a character of 4, (see [4] V.2 and V.3.1). Set of; = Ann Wp.

(2) DEFINITION.

Let B be a subalgebra of S-type (resp. S'-type) on ? in the notations of
1.4. A character f of B|F is said to be of S-type (resp. S’ -type) if for any bas:s
(Y, Yg) of any vector space supplementary to b

(resp to bf—- 210 21<f b’) T)
=1 i=

Yoo Ygareright algebraically independent over B modulo ker f. .

When f is of S-type, f is of S-type. Suppose that f is of S-type, then
o IS . i
W, admits Y, ... Yo' ®f, m=(2,..., 25) € N°{ as a Gobasis if (Y, ... Y)
is a basis of any vector space supplementary to 4, Itis clear that W, is then
isomorphic to the % (&) module induced by %;€ Gll(bf)A.

The module W, is simple if and only if 4 = 4, Asoneis interefted
only in simple module, special care must be taken for the characters of Bl F
which are compatible and such that 4, 5= 4; (remember that 4, c 4).

Let B be of S-type on F; when f runsin 317, p — 3 is the supre-
mun of the dimension of 4, (3 is given in o). Whendim 4, =p — 3, fisof
S-type and for any basis (Yy,.., Y,) of any vector space supplementary to &,
Yo Yg are right algebraically independent over B modulo 7

It may happen that dim 4, <p —3 or dim 4> p — 3. To handle these .
characters we
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(3) Blow up the ideal 7. ;
Let g be the adjoint group of g Then € acts in B, in g. in @/;

and in (fB/;’) Furthermore, an inner automorphism preserves the numbers dim
bs, dim 4, and the quality of being compatible or of S-type.

Set X(B, N=\fe (@/3) s b = hel; clearly X(73, ?).is an open

. g-stable subset of (B/ ;’)A

, If 0 is a constructible G-stable subset of (@/7) Q= a\NX (B, 7) is
also gstable and we may decompose it into a set U of C-stable « irreducible
components» by the following rules:”

(i) Include all irreducible components of (a*)~ (== elosure of o).
(i) If V e D, include all the irreducible components of ((V\Q‘)“w n o).
(i) If V and V' € 2, include all the irreducible componénts of -
| (VaVne)
(v)If Ve Y set V,= gfe V; dim 4, <sup {dim 4,; geaVig and
include all the irreducible components of (V, n o°)~. :

Obviously “ is a finite set of subvarieties of (@/3) \3{(@ 7) and

for each V& <, o° is dense in V. The null ideal Z of V in B contains -

strictly 7. Aseach Ve < is Gstable, [¥, L] « &

In the application, @ will be a set of characters of B/Z of S-type. If
S € 0, there exists a minimal V & “% which contains f. This character can_then

be viewed as a character of a bigger algebra € which is defined below with & =
= null ideal of V

(4) PROPOSI TION (to change the ideal). ‘

Let 7 be a. two-sided ideal in U(F), B a subalgebra of U( 9) af
S-type (resp Stype) on F and Z a przme ideal in B such that

7cZ [% L] « Z and (@/QZ) contains & dense open set Vo of
S-type characters of ‘B 7. '

Set K =tae U(F), a(B\Dn UL+ o} and '6::@ + L,
Then. o

(i) L isa frime ideal in U(F) such-that K 0 B = Z.

(i) If £ is a prime ideal in U(F) suck that £ 0 B = EZ then % 2.
(ii)) € is a subalgebra of S-type (resp. S™type) on K: :

In the notations of 14, there exists an integer 6 > 3, a basis (Y, ..., Yp)



of F and Eye BN such that the assertion (A,) is (resp- and A, are) true
if one replaces each T by Y, each & by o, B by e, 7 by %, E by Ey (resp.

- . o .
and the bj,-ss by the a},s defined by i_-}il T, Qb = % Y, ®a:;-).

i=1
(iv) The canonical map fro/n\z BIZ into CIK is an isomorphism and de-
fines an isomorphism from (BIZ) into (E/K) denoted by =.

{v) One has p — o = Sup 3 dim 4,; fe (Q?/Q)A %z

; Sup S) dim 4,; g€ (8/%)/\ g

If fe (@/Q)A and dim by =p — o, then [ is an S-type character of Bf#,
of isan S-type character of C/X, by = by s and Ay == Ugf.

(i) Set @@ =3 lf € (@/Q)A; dim b, =p — 6}. Then o is a G-stable

open dense subset of (@/%)A built up by S-type characters. If B is'of S-type on

7 fe (B and v F* fulfildims by =p— o0 and |y = %y then there
 ezists a unique f° € Q' .such that 2|8y = %p. One has furthermore f’ = of,

3

- whose images

_ (vii) Let £ be a prime ideal in U(F) such that FeclnB V,is
dense in (@/ﬁn@)A and Sup 3 dim 6;5f € (BIZ) g= Sup 3 dim ¢, g€

E (@/‘gn%)’ﬁg then K L.

(viii) Suppose furthermore that B is quasimaximal and Vo = A(B, AN
0 (BIZ) . Then € is also quasimazimal and with the hypothesis of (ii), one

| has Fo= L. : \

One chooses an f € V, with maximal 45 dimension. Let (Y, ..., Yp) be

. a basis of & such that (Y, .., Y¢) is a basis for a vector space supplementary to
~ b;in F and take s=p — o elements

i=]

P :
AR = 3 v,8d e B® (=19

p : -
fOUB) = 2 < fd> ¥, =1 )

F spg_n bf.
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| Using the‘Cr'am.er's rules and the equations
p ' ‘
. z Ya—A €B (j=1,..5)
CT =1 :
one can expand Yo+1Eov s YpEyinto B-linear combinations of 1, Yy,..., Yy if
E, = det(a;) .One has < f, E, > 70 and therefore E, € B\ <Z,

=6+, . 0=,

The proof of the proposition is now purely computational and relies on
combinatorics generalizing [3] 1IL.2.

Whenever the new algebra is not quasxmaxxmal ie if forall fe Vb, 4,
“one can use the following f

(5) PROPOSITION (to enlarge the algebra).

~ Let "B be a subalgebra of S’ type on L. In the notat:ons of L4 set B,="8
and Ny= N. Then there exists an integer p >0 and subalgebras BycB, .. .c'8,
in ‘?((g) with the following properties. Let kell,2,.., pl, then: .

(i) By, is of S™-type on F and is quasimazimal if b= p:.
There exist integers N, > ..> N;> N, b;:.s belonging to U(F) and E, € B, \7
such that 1.4 is true when one replaces/B by B,, Nby N, £ by Ey and 3 by a-k.

(u) Let f € (’Bklg) . Suppose that f I By 7 is of §- type and

< fy B >= Z , < f, b’ (G =1,.., Nk) Jor some't’s in G Then f is an
S- type character of @k/Z | | _

B (1)) Let ge(@k_d/?) and ¢ € F*. Suppose that g is of S type and
‘P[b = X,. Then there exists a unique compatible character f of "Byl F- such that
' 9[ﬁf = Xf Furthermore f is of S™type and f|B,_, = g.

(iv) Let @ be a constructible set of S-type characters of @l_l/? and

n,, ={fe (@klg) ; fis compatibleand f| B, /7€ o). Then q, is a construc
nble set of S’-type characters.

Let L be a prime ideal ‘in ’B Suppose F < ﬁ and @, , dense in
(@k—'l/g‘“‘l n ﬁ) Then 4] is dense mn (,Bk/@k n ﬁ)

" (v) Let Q' bea constructzble set of S-type characters of Bl7, L be a prime

ideal in %(g) Set B = @ and Q" = | fe (P /3) f is compatible and
flBiZe a’}. Then (‘B is quaszmaa:zmal of S'- type on Zand) Q" is a constructible
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set of S’-type characters of B /3 whtch is dense in (BB N ﬁ) whenever @ is
dense in (’B/ BN £)

~ Let gbe an S-type chariicter of BT and ¢ € 9* be. such that ¢|by= %,
Then there exists a unique compatible character f of ‘3‘/3 such that qalbf—— Lg-
Furthermore, f is of S-type and f1B = ¢.

This proposition is proved in two steps : One constructs first the growing

sequence B < B, c...c’B, of subalgebras of U(F) and then proves the required
properties. We shall omit the second part as it is very long and computational.

The main scheme of the construction is given by [3] 1I1.4.

With some care, this construction generalizes to the case of the envelopping
field of £ = (FB + B)/# and :one can exhibit an increasing sequence of sub-
fields K, with analogous properties as in [3] III.4 and IIL9.

We know that the reduced envelopping algebra G(£) is isomorphic to
U(F) F. Therefore, we.have constructed an increasing sequence of subalgebras
a,=K; N 6(£) c UF)F and by pulling it back into U(F); a-sequence of

subalgebras containing # and commutative modulo 7. But we wanted the Bys to
be of finite type modulo Z As we were not able to show that @, itself is of
finite type, we exhibit some smaller subalgebra whlch has this property and
which is G-stable. :

- One defines-a* to be the algebra generated over a* " by all elements r
of ay=K, N G(£,) which can be written

p
A == E. (Y- + g)l

where (Yl, Yp) isa bams of £ and n € B+ ?

By standard methods of finite dimensional module over noetherian rings, one can
prove that «, is finitely generated if @, is noetherian. Furthermore, if X € &,
it is clear that [X, 2] can be written in the same way, and this proves that
[# 2,] < a;. By pulling back into (%) a set of generators of a;, one gets

the algebra 7B,, the family (BM__1 + 12~ By,) and the integer N; of the propo-
sition. o

When one puts togethexf 11.3, 11.4 and If.5, on gets the following

(6) THEOREM.™
Let G bea solvable P~ dtmenszonal cmnple:c Lie algebra. Then there exists,,

(*) Undefined notations are to be found in the addendum which follows.
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a finite tree ] c N U N? U .. U N° and for each ie I, a Subalgebra B; in
U(D), subsets Z; and 7. in B; and Q; in B;  such that :

(A) Let i = (i i) € L.

(1) Z is a two-sided ideal in °2£ (F) and ‘B, is quasimazimal of S-type on Z;

(2) One hasi_.e I and W , '

@) Y, cd_cid;cFand B;__ < B,

Gi) 2, = Zi=40 B,_ifi_d oW,

GGil) @, \F_ is dense in (B,_/ L) .

(3 q; isa constructzble G-stable sét of S'-type characters of B,/7, ze;hir.;l
.meets ?I ®, | '

(BY If j ="Uip o 3p) € 1, set

= 3 fe ﬁj; for all integers ¢ <p and e such that (j;,... j,» €) €.

| and ngl, i@ & er eaigiqt1 has fl le""’ g eF0
Then: ' ' . _ | "
(1) For all ¢ € @*, there exist j€ I and [ € 5{? n g such that
olby = Xp. |
(2) For all prime ideal £ in %(g),fthere exists j € I such that

G %cs |

(i) 5(0 is dense in (@ /£ n B )
~(tu) SZ y & £ for all integer k such that (j, k)& I

Addendum fo theorem 6, _

(1) One sets By =Tg =€, Ly = Zg\= 04 and I = I U }{ @&}
€ = By has a unique character denoted by idgy and one sets

_ Xp = ag = lidgt and 5{%—;6.
For any i = (i, .., i) € N?, set (i, B) = Gy oy i B)
i = (dys oy £yg) and i %2} if p=1
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(2) Set &, = X(B, 7).

(3) Clearly I is a tree as for any i, i_e I. The subalgebras 7B, are
included one into another in the same way as the indices do. Furthermore, each
S’-type algebra “B; is defined via-the elements B,Sgl),..., B:‘(,gN,- (see the remark
following 1.4). This set fulfils also the inclusion relation, namely if 1€ I, one has

®
gBi(,S;""’ Ba'_.,l\ = 3‘Br®;’ e 31(8;\’ %
In the definition of S’-type character, these data are in fact to be included.

The proof of this theorem is only a matter of verification.

This theorem gives the following immediate

(7) COROLLARY.

For all e € F*, there exists in U(F) a quasimaximal subalgebra B of
S'-type on an ideal F and a character f € A'B, F) such that | by = Y%,

(8) COROLLARY.

Let £ bea prime ideal in U(F).

 There exists a two-sided ideal 7 in %(9) which is included in £ and a

quasimazimal subalgebra B of 8™type on F such that (B, FIn (CB/ £n @) + @.

By I1.4 (viii), this gives immediately the

(9) PROPOSITION.
Let £ be a prime ideal in U(F).
There exists in U(Z) a quasimaximal subalgebra B of S-type on L.

This result gives a good insight into the structure of U(F)/L: it is>
isomorphic to an algebra of differential operators on ‘8/£. By one localisation at
some element E, it can be seen as the algebra of differential operators generated
by a finite set of first degree differential operators T, ..., T3 (whose actions on

the ring “B/4 are linearly independent over 8/£ as ‘8 is quasimaximal).

1L INDUCED REPRESENTATIONS,
The methods used in [4] generalize completely to the algebras given by

theorem IL6. One has the following

II1. 1. THEOREM.

Consider the algebras B; given by 116 and Eeep the notations given in
116 and I11.1. Let i, je L
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A. S-type charactérs.
Let f, g€ (BJF)  be of Stype. Then
() 206,81 =0and Wf is isomorphic to Ind(%s, &)

(i) - Set Zf——{be@,, ad T,...ad T; beker f forall T}, T, egi
then Ay = tae U(F), a(B; \kerf) n 026(9) I 21

Gy x| br N by =% 18,0 4y = f o g.
M=o, =G f=G g®
(v) f + g = W is not isomorphic to W,
(vi) W, is simple e by = k¢ (ie. fe (B, ).
B. Characters in (B, 7). .
~ Let fe flf(’_B,, #) and e € F* such that *} b, = %;. Then
(1) b; is a polarisation of I at «.
Gi) Ge=tveF*; Iz Gf suchthattl'lb =X ol
(iii) Set 8; : A G, — Prim U(F)
LG A
Then ©; is a homeomorphism. |
- (iv) Let P; (resp. PVY be the set of prime ideals Z in “B; such that
L cZ [F L) c and (@/QZ) n &, =,‘=z(resp (@/Q) n X+ @)
Define K; on P, by
9’{;‘(92) == ‘4'5 %(g): 4(9,’ N QZ) ﬂ%(g)gf =+ @.
| Then K, (L) is a prime ideal in U(F) such that K (L) n B; = Q
and for any prime ideal £ in U(FE) such that £ 0 B; = L one has K;(Z) =
= L (% is therefore injectz’ve)
- G, Exzstence and Umczty - .
(i) Let £ be a prime zdeal in U(F). There exists a unique i € I such
that 7; ¢ £ and (@/ﬁn 53) n%oz,hg

Therefore the mappings K; define a bijection from the dzrect sum of the
Pos onto the set of przme ideals of - U(F).

(1) g is the algebrs:c closure of the adjoint group G acting in (@ /Z) .
(2) 8; ex:sts due to A (lv) and (vi}.
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Furthermore there extsts a non void open set w < ("BSL 1 B )A.mch that

‘we AL, L= D n Ay and £ =cAy for all fewif £ isaprimitive ideal.

(ii) Let v € g‘ There exis_tr_a unique i € I and a 'unique f =] f{f stch
that ¢|by = Xy; let 2 (¢) = Ay € Prim U(F). The mapping ¢ is constant
on G -orbits and defines a bijection from F*1€" onto Prim U(F). .

. (iii) Set ¢; = e F A fe X, ¢lbs= %} and D; = D| ;. Then
. D, defines a homeomorphism from q-,/@‘ into Prim U{F).

(v) If i = j, for all fe A and g e X, Ay F A, Therefore, the
‘ mappmgs 9; deﬁne a bijection from the direct sum of the (UG Y s onto Prim U(G).

The proof of this theorem is very long and will not be given here.
All the material of this work comes from a

~ ¢« These de Doctorat d’ Etat », 1976, done in the Centre Scxentxf:que d’Orsay, Umver
sité de Paris Sud, 91405 ORSAY France. For more details please write to this
address.

Some remarks are to be done.
B (“i and (ii) give the narrow connection between G-orbits in &* and
g orbits in X, (in F*, the dxmensnon of the orbit is twice the dimension in <))

"In C, one gets all the prime ideal in U(F) and in A (ji) the intersec-
tion of the primitive ideals with ‘B is explicitely given. In B (iv), one sees that a
prime ideal is generated modulo one localization by its intersection with some B,

Finally, C (ii) and C (iii) are almost the final results of the classical
theory of orbits in a* [5, 6, 7, 8]. The difference is that we used here non twis-
ted induction ; one gets bijectivity and piecewise homeomorphism whxch are the
key results of the classical theory.
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