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ON A PROPERTY OF CONTRAVARIANT
p-VECTOR-DENSITIES OF WEIGHT + | AND ITS APPLICATION

NGUYEN VIN GIA

Institute of Mathematics, Hunol

INTRODUCTION

The present paper is devoled to the study of a property of the divergence of
contravariant p-vector-demsilies of weight 4 1. A new proof ditferent from
Schounten’s one (sec [3], §3, IV,) is given.

The mentioned property will be used to describe Muxwell's equations and the
equation of continuity in the field of electromagnetodynamics. These equations
will be written in a system of curvilinear four-dimensional courdinates in
space-time. '

§ 1. SOME DEFINITIONS
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be the coordinates of a certain point M in a four-dimeuasional space, with respect
to two systems of coordinates (i} and (") respectively. The transformation of coor-
dinates from system (i) (the basic system) to systemn (') is given by :
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1t is known that if T = 71 P’ is a conlravariant p-vector-density of

weight 4+ 1, then from its definifion we have lwo relations, naunely :
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The divergence of 7 is defined by :
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For the case p = 1, Div. of a contravariant vector-density of weight + 1is a
scalar-density of the same weight (see [4], p. 280) , then :
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$2. A PROPERTY OF DIV T

Div. of a contravariant (p 4 T)-vector-density of weighl +1 is a contravariant
prvector-densily of the same weight.

We shall prove the ahove proposition by induction. Let us suppose that it
is valid for the case of a p-veetor-density.

With the help of the formula :

b.‘ci‘ 3 — b ,i’ 21
ol wl T aul T A=y, =

and using (1.5), (1-8) we have :
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#*) The indices il v e s ip run over the range 1, 2, 3, 4 and the summalion convection

will be used with respect to these indices,
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From the induction assumption it follows that for any contravariant p-vector-
dens1ty of weight + 1 we have : :
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In the same way for the case o_f a (p + I)-vector-density we get:
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To complete the proof it remains to show

_ We first pay attention to R, . In virtue of the assumption that T 1 pt1
is a contravariaut (p + 1) -vector - density of weight + 1, the expressmn
-g\: i = Tp 1 A P with any concrete index of zp_ (r,2,3%,4) is sahsfled
by (1-4) and (1- 5) Therefore it is a contravariant. p-vector—densny of weIght + 1,
- and hence, by the induction assumption, (formula (2-3)) we obtain:
R =0
“ We next consider R, . By making use of the relation (1-4) for ;ii “Tplpt1

with indices ip and ip 417 and of the formula (2-1) in virtue of transformation
condition (1-2), we obtain from (2-6) ‘
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Thus : . R

which completes our proof.

Note :  The property established above in four-dimensional space without
a metric is also valid in n-dimensional space, whether a metrical tensor is given
in it or not.

§ 3. INVARIANT FORM OF MAXWELL'S EQUATIONS
IN ELECTROMAGNETOGASDYNAMICS

Maxwell's equations of electromagnetic field used in plasma dynamics arc:
(see [5], IV)
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where V is the gradient operator, E is the vector electric field strength with com-

ponents £, , E, , E3 : H is the vector maguoetic field strength with components

3 .
; £ 1s

H ,H,, H ; J is the electric current density with components J! , FE
the time ; and -

D = ek : the dielectric displacement

£ : the inductive capacity

B = W, H: the magnetic flux deunsity

b, the magnetic permeability,
Usually we may assume that both & and p_ are constant for a given isotropic

material. p, is the excess electric charge of the plasma,

 Let us consider equations (3-1), (3-2) in the inertial system of coordinates

{i)- with the space coordinates (:r:1 s a” , xs) and the time coordinate 2! — t.

i
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For the study of the internal siructure of the electromagnetic field (see 2D
it is convenient to introduce the covariant bivector Fij instead of vectors B and 1)
- e ol

and the contravariant bivector density of weight 4 1 instead of vectors H and D

We have, with the coordinates transformation (i) — (") :
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The extension connected with the electric current density 7 and the excess
electric charge of the plasma is given by (see [2]) :
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In the system of coordinates (i), using the mentioned extended formulae we
obtain the equations ecuivalent to (3-1) and (3-2} respectively '
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ox ‘

ifkl
£ denotes the usual permutation indicator.
ikl s
We see that g Fkl and G Y are contravariant bivector _ densities of weight 4+ 1,
therefore, by virtue of the property of Div. proved in § 2, equations (3-7) and

(3-8) are tensor equations; they are invariant under coordinates transformation



given by (1-1), (1-2) and (1-3), Finally

in any system of coordinates (i) Maxwell's
equations are found .'to _be :
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been built from the macroscopic _point-_of. view (see [5]

§4 INVARIANT FORM OF THE EQUATION OF CONTINUITY

The law of. conservation of mass gives the e
consider this equation in a certain in

quation of continuity, Let us
may be written :

ertial system of coordinates (i), As in § 3, it
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where 01, v? and 3 are the veloeit

¥ components aléng the =1, 22 and 22 axes
respeclively, f is the density. - ’

For the study of equation

_ (4.1) in the class of systems of coordinates (i")
which can be obtained from system (i) by (1-1), (1

-2) and (1-3) we may extend the
notion of the velocity vector and of the density in t

he space — time by the relations:
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According to (1-1) the vector derivative dx as well as the vector velocity
; i _ . ‘
u ‘if {%— is a contravariant vector in four-dimensional space. Therefore we have
7] T3 s -4_}.
i o= A:. u : 4-4)
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where u = 2r.
dt

Using the extension relations (4-2) and (4-3) we can write the equation of continunity
in the form : . '



-
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(‘,-j_ ((f' H)=0 (4_5)

In view of (4-3) and (4-4) vector ;’. u] is a covariant vector dens1ty of weight 1 1,
therefore from (1-7) we see that the left-hand side of equation (4-5) is a scalar

density, This shows the invariance of the equation and

2 (f ) =0
o (P U ) = 4.6
7 (4-6)
Note that it is quite simple to write equation (4-6) in spherical or cylindrical
coordinates. The form obtained in this manner for that equation completely
coincides with the form given in standard text-books on hydrodynamics.
{See for example, Theorctical hydrodynamies, T.I, p. 26 by N.E. Kochin, J.A, Kibel
and N.V. Boze, Moscow 1963, in Russian.).

Received October 29, 1975

REFERENCES

(11 J. BONDER : Tenzorowe niemelrgezne ujfecie rowndn dynamiki gazéw, W «Melody
Geometryczne w Fizyce i Technice». WNT. Warszawa 1968, 175-208.

(2] J. BOXDER : Sur la structure lensorielle spatfo-lcmpqrelie des équations de lua
magnétodynamique des fluides. Fluid Dynamics Transactions, 5,1, 1971, 33-45.

[3] J. A. SCHOUTEN : Tensor analysis for physicists, Oxford, Clarendon Press. 1954,

4] S. GOAB : Rachunek tensorowy, Warszawa, 1966.

15, SHIH-J PAL: Magnetogasdygnamics and Plasma Dynamics, Wien Springer—Verlag 1962

[6: NGUYEN VAN GIA: V& mét finh chiit ciia mdt dg p-veelo hang 1, Tap San Toan hoc
H, s§ 1-2, thang 6, 1974, Ha ngi, 47-52.

ke



