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THE PROPERTIES (DN) AND (DN,) OF SPACES
OF GERMS OF HOLOMORPHIC FUNCTIONS

NGUYEN VAN HAO AND BUI DAC TAC

ABSTRACT. In this note we prove that the space [H(Og)]’ is asymptotically
normable (resp. has property (DN)) if E is an asymptotically normable
Frechet space (resp. E is a Frechet (DN)-space) having absolute basis. We
also investigate these properties of the space [H(K)]’ when K is a balanced
compact subset of an asymptotically normable Frechet-Hilbertisable space
and K is a polynomially convex conpact set in C™.

INTRODUCTION

Let E be a Frechet space and K a compact set in E. By H(K) we
denote the space of germs of holomorphic functions on K equipped with
the inductive limit topology

H(K) = ll(I]nDlII%d H>®(U),

where U ranges on all neighborhoods of K in F and H>(U) is the Banach
space of bounded holomorphic functions on U. It is known [3] that H(K)
is regular and hence [H(K)]" is a Frechet space.

The aim of the present note is to study the properties (DN) and (DN,,)
of the space [H(K)]'. These properties and many other were introduced
and investigated by Vogt (see, for example [6, 7]).

Let FE be a Frechet space with a fundamental system of seminorms
{I- Hk}zozl and ¢ a strictly increasing positive function on (0, +o00). We
say that E has property (DN) (resp.(DN,)) if (1) (resp. (2)) holds:

1
(1) I Vg Ik, C,d>0 Vr>0: U CCriv)+ ;U,S,
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1
(2) I Vg Tk, C>0 Vr>0: U)CCo(r)U) + ;U,S,

where Uy, = {z € E| ||z[|x < 1} and U} is the polar of Uy.
It is obvious that (DN) = (DNexp). In [5] Terzioglu and Vogt have
proved the following result

Theorem. Let EE be a Frechet space. The following are equivalent

(i) E has property (DN,)

(ii) E is an asymptotically normable space

(iii) There exist a Banach space B and a nuclear Frechet space \(A)
having a continuous norm such that E is a subspace of B ® \(A).

Recall [5] that E is called asymptotically normable if there exists p such
that for every ¢ > p there is a k for which the seminorms || - ||, and || - |4
define equivalent topologies on Uy. The first section of the present paper
is devoted to the property (DN) of the space [H(K)]'. First we prove
that [H(Og)]’ has property (DN) for every Frechet (DN)-space having
an absolute basis and next that [H(K)]’ has property (DN) for every poly-
nomially convex compact set K in C™". In the second section, by applying
the theorem of Terzioglu-Vogt we prove that if E is an asymptotically
normable Frechet-Hilbertisable space and K is a balanced compact set in
E then [H(K)]' is an asymptotically normable space.

1. THE PROPERTY (DN)

Theorem 1.1. Let E be a Frechet space having an absolute basis. If B
has property (DN) then [H(Og)|" also has property (DN).

Proof. Put
M = {m: (ml,mg,...,mn,o,...)’mj GN}.

For each m € M and z € w, the space of all complex number sequences,
we denote

Im| =mq+ma+---+my,, ml=mIms!...m,!

and
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From [4] we have

|
(1) <sz>n = Z %zm for every z= (Zj)jzl c it
i>1 meM,,

where
an{meM:\m|=n}.

For f € H(Op), choose R > 0 such that f is bounded and holomorphic
on B(0,R) = {z € ¢! : ||z|| < R}. The following result is an improvement
of Ryan [4].

Let p = (pk)k>1 be a sequence of positive numbers such that

For each m € M,,, we define

1 / / f(tlel—i—"'—i-tnen)
(27],@')71 t§n1+1 o t?n+1
[til=p1  |tnl=pn

dty ... dty,

where {e, } is the canonical basis of £!. The Cauchy integral formula in
several variables implies that C),, does not depend on the choise of (px).
Since f is of bounded type, we may define

A=swp {IF@I |12l < R},

By (2), it follows that |C,,|p™ < A for every m € M.

R RN Iml
By taking pp = 5 Tks We have \Cm|am<§> < A for every m € M

. . ma mn
and 0 = (o with > o < 1. Smceaz(—,...,—,(),...)
(o) iz itk 3 ml
satisfies the above condition, it follows that
mo RN Iml
m (—) < A forevery me M.

(3 ol (3

i
Combining (3) with the inequality

m/! elmlmm

m[! = fmflml
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we get

m! s R\Iml
B e < A.
4 Gl il (3) <4

R
Hence for every 0 < r < 557 We obtain from (1) and (4) the following
e

estimations
! !
> [Cnz™| < sup {|Cm|i',r'm'} > r—lml—‘m!'\z\m
meM meM Im! meM m/!
_ n
SAY Y
n>0 meM,,
<SAY A
n>0
<A- ! for |z|| <& <
r —
Thus, the series Y Cpz™ converges in H*(B(0, R)) to f for 0 < r <
meM
&k
2e’

We now assume that E is a Frechet space with (DN) and that E has
an absolute basis {e;};>1. Choose a fundamental system of seminorms
{|l - ||x} of E such that

2 [l < || - llk1  for every k> 1.

Put a; i = |lej||lx for j,k > 1 and ar = (a1, a2k, ...). We deduce that

E= {5 = (&)s=1 | 1€k =D 1&5lajn < +oo,Vk > 1}

j>1
and

(5) Ip Vq Ik, Ce>0:a;1° <Cajra5, Vj>1

1
Replacing || - || by EH - ||z we may assume that C' = 1. By the above

argument, we have

H(OE) 2 lim ind Fk,
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where

_ _ |Cr|m
Fy, = {(Cm)meM ’ H(Cm)Hk = nilel%\)/l \mﬂTam < +OO}.

To prove that [H(Og)]" has property (DN), it remains to check the
following condition

1
(6) Ip Vg Fk,C,d>0 Vr>0:W, gcrde+;Wk.

For each £ > 1 we put

Wi = { (Cr)mena | I Ca)llx < 1}.

Let p, q, k, € > 0 be as in (5). Obviously (6) holds for 0 < r < 1 and
every d > 0. For each (C),,) € W, and r > 1, we have

(ot} < p (1B sy ()
sup { ———— ¢ < sup {———— ¢ sup |(—
Im|>a ‘m||m|a7};”“

mi>a Uml™agr ] e \ak

Iye 1
<<_) <z
2 - r

logr

if a = > .
if « a(r)_logZ

On the other hand, using (5) we have

|C|m™ NI
supy ———— | Im| < a,me M }
P { i |l < o €M,
|C | ™ ap\ 14
< sup{ i | m € M -sup (C2)
q
1
S_a
r
where
M, =

1
{m eM||m| < a, mllogM + mnlogan’k >t 8logr}
a €

1,p Qn,p
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and
|Cpn ™ r
SHP{W ‘ Im| < a,m %Ma}
< sup{M ’m € M} ~sup{<a—k) ik Im| < a,m QMQ}
‘m||m|a;n ap
() e
<7, P

if d > . Hence

(Cm)meM - <Cm)|m|§a,mgﬁa + <Cm)|m|§a,mema + <Cm)|m|>a
€ riw, + %Wk.

Remark. Recall that if K is a compact set in C, then
[H(K)]" = H(C\ K).

Consequently, if C'\ K has only finitely many numbers of connected com-
ponents (in particular, if K is a polynomially convex set) then [H(C\ K)|’
has property (DN).

In the following theorem, we formulate the property (DN) of [H(K)]’
in more general situations.

Theorem 1.2. If K is a compact set in C" such that K = KU, the
holomorphically convex hull of K in U for some Stein neighborhood U of
K, then [H(K)|" has property (DN).

Proof. By the hypothesis K = Ky for some Stein neighborhood U of K.
Hence we can choose a Stein neighborhood basis {Uk}k> of K, U = Uy,
1

such that H(Uy) is dense in H(Ug1) for k > 1. This yields
K=Ky, for k>1.

For each k£ > 1, we put

Wy, = {f € H(Us) | /\deAg 1}.

Uk
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To prove that [H(K)]" has property (DN), it suffices to show that
1
Vg Ik, d,C >0 Vr>0:W,C CriW, + -Wj.
r

Given ¢ > 2. Since K = K v, we can find a plurisubharmonic function p
on Uj such that

KcZ_ ={p<l1}CU,.
Let supp < 92 < 61 < 1 and o = sup p < +00. We define, for each L > 0,
K

Uz
the function 7, by

L

—t—L for 09 <t < a,
TL(t) = 52

0 for t <.

Since 77, is a convex function, the function p;, = 77, 0 p becomes a plurisub-
harmonic function. Choose k > ¢ such that Uy C {p < 41} and put

Z+:UQ\Cl{p<51}, Z:Z,ﬂZjL

For each f € W, we have

L 45
(1) /\f\%‘p"d)\ <supe L =supe °2 L _ L5,
Z z
z

By Aytuna [1, Lemma 1], we can find fy € H(Z;) and f- € H(Z_)
such that fy — f_ =f on Z and

(2) / [ ZemPedn < P03,
Zt

/ - Peprd < CeHOR),
Z_

where C' is a constant that depends neither upon f nor L. Since p; = 0
on Zs, = {p < 62} we have
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51
@ [IPa= [ Irperin<ce R,

Zs, Zs,
(4) / 2 [2d) < sup e / fi2ePrd
Z, 7 z

)
L(1-3L Ly L
< Cet75) sup e?2”
61 <p<La

— Cets @),

2 / fPars sup e / /- 2ePrdA < Cets 70,
Z_\Z4
Z_\Z4 7z \z,

From (5) and the fact that / |f2d)\ < 1 we get

Z_\Z,

(6)

[u-rros[{ [ el { [ sra)T

Z_\Z, Z_\Zy Z_\Z,

< (14 V0)2ens %)
< (14 V0)%em @7,

Since fy — f— = f on Z, the function g defined by

o f+ on Z+7
g(z)_{f—f_ on Z_

is holomorphic on U;. We write
f=h+g where h=f—g.

With this notation the estimate (3) implies

%1
(7) / |h|2d\ = / |f_|?d) < Ce ),
Zs Z
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From (4) and (6), we have

8) [itar= [1gpars [ 1 g pa
U, Z, Z_\Z4
< CeB @70 4 (1 4 VOt (00
(L4 VO o+ Cle e,
Thus
51
Vg 3k, C>0 VL: W,CCet W, +[(1+VC)2+C)e: @0,

9
Putting s = e P17%) we have

04—51
01 — O

W, C %Wk +[(1+VC)? 4+ Cls?W, with d=

Consequently, [H(K)]" has property (DN). O

Remarks.

1. Since H(D) has property (DN) for every domain D in C" (see [6]),
it follows from the Grothendieck dual theorem for a compact set K C C
that [H(K)]" has property (DN) if and only if [H(K)]" has a continuous
norm.

2. The proof of Theorem 1.2 is an improvement of the (2)-case of [1] to
the (DN)-case.

2. THE PROPERTY (DN,,)

In this section we will prove the following result.

Theorem 2.1. If E is an asymptotically normable Frechet-Hilbertisable
space and K a balanced compact set in E then [H(K)] is asymptotically
normapble.

We need the following lemma.

Lemma 2.2. Let E be as in the theorem. Then there exist an index set 1
and an asymptotically normable nuclear Frechet space F' such that E is a
subspace of (2(I)QF.

Proof. By Lemma 5.4 of [7], there exists a nuclear Kothe space A(B)
with a continuous norm such that (E, A(B)) € (S7). Since A(B) is also a
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Schwartz space, we can construct an exact sequence (see [5, Proposition
3.2])
0— A(B) — AA) - w—0.

In the case where E is a Hilbert space the lemma is trivial. If E is a
proper Frechet space, then (E, A\(B)) € (S7)o by Lemma 3.3 of [8]. We
choose a set I such that each Hilbert space E is isomorphic to a subspace
of £2(I). We identify the tensor product £2(I)®\(B) with the space of all

y = {y;};>1 such that each y; € £2(I) and for every k € N we have

lylle = sup [[y;l2bjr < +o0,
J

where || - ||2 denotes the norm of ¢?(I). An obvious modification of Propo-
sition 3.5 of [8], we have (E, 2(I)®\(B)) € (S;). Taking tensor product

with £2(I), we get an exact sequence

0 — (DBA(B) — L(NE@AA) — (D))" — 0.

Since Ext!(E,2(I)®A(B)) = 0, the natural imbedding T : E —
(62(1))1\] can be lifted to a continuous linear map 7' : E — (2(I)@A(A).
Obviously, T is injective and has a closed range. [

Proof of Theorem 2.1. Choose an index set I and an asymptotically
normable nuclear Frechet space F such that F is a subspace of £2(I)®F .

Since £2(I)®F has a fundamental system of Hilbert seminorms, by apply-

ing the Taylor expansion of each element of H(K) at O € K, it is easy
to check that every bounded set in H(K) is the image of a bounded set
in H(e(K)) under the restriction map, where e : E — (?(I)®F is the

embedding defined by Lemma 2.2. This yields that [H(K)]" is a subspace
of [H(e(K))])'. Thus, it suffices to prove that [H(e(K)|" is asymptotically
normable.

Let {|| - || }x>1 be a fundamental system of seminorms of F' for which

o e < I ws for k> 1,
Since F' is asymptotically normable,we have

(AS) I Vg 3k:f-lp~I-Illg onUy.
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Here we write || - ||, ~ || - ||; on Uy if the topologies on Uy generated by
|- |l, and || - ||, are the same.
We check that for p, ¢ and k as in (AS):

m, ~m, on Wi for n>1,

where W denotes the unit ball in (¢2(I) ®F)®...®(¢*(I) ®F) of the

Ky

n
seminorm 7’ induced by || - ||5.

For simplicity we may consider only the case n = 2. Let {f,} C W7
with 72(fm) — 0 as m — oo. Since

(C(DEF)®((EF) = F& ()& (1)OF)
the sequence {f,,} can be considered as a sequence

{(fm} C L(F', 2(D)&C()&F)
for which

sup{‘(w@fm)(u)} )ue Ul we (V®V®Uk)0, m > 1} <1

and

~

Wz(fm) :sup{}wofm(u)} ’ue Ul?,w € (V®V®Up)0} —0

as m — oo, where V is the unit ball of ¢2(I).

Assume that Wg(fm) + 0 as m — 0, then for each m > 1 there exists
wm € (Ve V ®U,) such that

sup{\wm o fon(u)| |u € Ug} > ¢ for some £ > 0.

This is impossible, because {wy © fm} C Uy and [jwp, o fm||p — 0 as
m — oo.
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It remains to show that for p, ¢ and k as in (AS) we have || - |5 ~ || - ||
on Wy, where

lialli = sup {[u()1 | £ € H=(e(K) + conv(V @ V & Un)), [1£]lk < 1}

for € [H(e(K))]" and

Wi, = { € ()] | ulli < 1}

Assume that {p;} C Wy, with ||u,
that

|; — 0 as j — oo. Choose 3 > 1 such

e(K)+conv (Ve V ®Uy) Cor(e(K) +conv (Ve VeU,)).

Writing each f € H*®(e(K)+conv (V®V ®U,)) in the Taylor series form

fw) =Y Puf(w),

n>0
1 Fr
Pal () = G A(nj’l) d,

IA|=1

we see that for each € > 0 there exists N such that
,uj< Z Pnf) ’ <e€
n>N

for j > 1 and f € H®(e(K) + conv(V @ V@ U,)), ||fllq < 1. We infer
with j sufficiently large that

(X )| <

0<n<N

for every || f||q < 1. Hence
lni(f)] <2 for f e Hoo(e(K) + conv (V®V®Uq)), 1 fllq < 1.

It follows that ||u;||> — 0 as j — oo. Thus, Theorem 2.1 is proved. [
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Theorem 2.3. If F is an asymptotically normable Frechet space with an
absolute basis, then [H(Og)] is asymptotically normable.

Proof. By the notations of Theorem 1.1 we have to show that there is a
strictly increasing positive function ¥ on (0, 400) such that

1
(1) dpVq Ik, C>0Vr>0: W, CCY(r)W, + ;Wk

Since E is asymptotically normable, there exists a strictly increasing pos-
itive function ¢ on (0, 4+00) such that

(2) ﬂpvqﬂk,0>owz1;¢<m>§(]@_
aj,p Uj,q

Obviously, (1) holds for every 1» and 0 < r < 1. Let (C’m)
r > 1. We have, as in Theorem 1.1, that

meM Wy,

S logr.
~ log?2

(Cr) € %Wk with o = a(r)

[m| 2>

On the other hand, using (2) we have

sup{‘wﬂ |Im| < «, meﬁa}

i
|Crn [m™ ag\™ -~
§sup{7‘m€1\/[}-sup{<—> Hm\ < a, mEMa}
im|Imlam ag
1 m —~
§C’asup{<T) ||m| < «, mEMa}
¢(5)
Gp
1
<=
-

with

Ma = {m eN ’ —alogC+m110gg0<M) +- - ~+mnlog90<M> > logr}
a1 a

7p n’p

and

|Crn |m™ -~
SHP{W |Im| < a, m %Ma}

|Crn ™
< L B
= sup { |m‘|m|agn

< wq,p(r)a

}mEM}-sup{<Z—;)mHm| < a, m%ﬁa}
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where o N
ba(r) =sup { (22)" || < @, m ¢ Ma } < +ox.
p
We choose 9 such that lim M = 0. Then

r—oo  1)(r)
2
Vg 3k,C >0Vr >0: W, C Cy(r)W, + ;Wk
Thus, [H(Og)]" has property (DN,). 0
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