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AN ASYMPTOTIC EXPANSION OF A WEAK SOLUTION
FOR A NONLINEAR WAVE EQUATION

LE THI PHUONG NGOC, LE KHANH LUAN, AND NGUYEN THANH LONG

ABSTRACT. In this paper, we consider a nonlinear wave equation associated
with the Dirichlet boundary condition. First, the existence and uniqueness of
a weak solution are proved by using the Faedo-Galerkin method. Next, we
present an asymptotic expansion of high order in many small parameters of a
weak solution. This extends recent corresponding results where an asymptotic
expansion of a weak solution in two or three small parameters is established.

1. INTRODUCTION

In this paper, we consider the following initial and boundary value problem:

(1.1) Uy — gx ((uw)ug) = flx, tyu,ug,up), 0 <z <1, 0<t<T,
(1.2) u(0,t) = u(1,t) =0,
(1.3) u(z,0) = up(z), w(x,0) =u(z),

where ug, u1, p, f are given functions satisfying conditions specified later.
Equation (1.1) constitutes a relatively simple case of a more general equation
as follows:

0
(1.4) Ut — 5 (w(z,t,u)uy) = fa, t,u,ug,ug), 0 <ax <1, 0<t<T.

In the special cases that the function p(z, ¢, u) is independent of u, u(x, t,u) =1
or u(z,t,u) = p(z,t), and the nonlinear term f has the simple forms, problem
(1.4) with various initial-boundary conditions has been studied by many authors,
for example Ortiz, Dinh [18], Long, Dinh [2,3,6,8|, Long, Diem [9], Long, Dinh,
Diem [10-12], Long, Truong [13,14], Long, Ngoc [15], Ngoc, Hang, Long [16] and
the references therein.

In [4], Ficken and Fleishman established the unique global existence and sta-
bility of solutions for the equation

(1.5) Ugy — U — 200 — Bu = eu’ 4+, € > 0.
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Rabinowitz [19] proved the existence of periodic solutions for
(16) Upgy — Ut — 200U = Ef(.l‘, 1, U, Ug, ut)a

where ¢ is a small parameter and f is periodic in time.

In a paper of Caughey and Ellison [1], a unified approach to the previous cases
was presented discussing the existence and uniqueness and asymptotic stability
of classical solutions for a class of nonlinear continuous dynamical systems.

In [11], Long, Dinh and Diem have studied the linear recursive schemes and
asymptotic expansion for the nonlinear wave equation

(17) Uttt — Ugyx = f($7 tu U, Ug, Ut) + Eg(xu t7 U, Uy ut)y
with the mixed nonhomogeneous conditions
(1.8) uz(0,t) — hou(0,t) = go(t), u(l,t) + hiu(l,t) = g1(t).

In the case of go, g1 € C3(Ry), f € CVNFTL([0,1] xRy xR3), g € OV ([0, 1] xR x
R3), and some other conditions, an asymptotic expansion of the weak solution .
of order N + 1 in ¢ is considered.

However, by the fact that it is difficult to consider problem (1.4) with some
initial-boundary conditions in the case that u(z,¢,u) depends on u, few works
were done as far as we know. In order to solve this problem, the linearization
method for nonlinear term is usually used. Let us present this technique as
follows.

First, we note that for each v = v(x,t) belonging to X, a suitable space of
function, we can give some suitable assumptions to obtain a unique solution
u € X of the problem with respect to p = u(x,t,v(z,t)) = p(x,t) and f =
fla, t,v,v,,0) = f(a:,t). It is obvious that u depends on v, so we can suppose
that u = A(v). Therefore, the above problem can be reduced to a fixed point
problem for the operator A : X — X. Based on these ideas, with a chosen first
term wg, the usual iteration u,, = A(umy—1), m = 1,2, ..., is applied to establish
a sequence {u,,} that converges to the solution of the problem, and hence the
existence results follow.

Without loss of generality we need only to consider the problem (1.1)-(1.3)
instead of the problem (1.2)-(1.4) in order to avoid making the treatment too
complicated.

The paper consists of four sections. First, some preliminaries are assembled
in Section 2. We begin Section 3 by establishing a sequence of approximate
solutions of the problem (1.1)-(1.3) based on the Faedo-Galerkin method. Thanks
to a priori estimates, this sequence is bounded in an appropriate space, from
which, using compact embedding theorems and Gronwall’s lemma, we deduce
the existence of a unique weak solution of problems (1.1) — (1.3). In Sections 4,
an asymptotic expansion of a weak solution u = uc, ¢, .., (7,t) of order N +1 in
p small parameters €1, €2, ..., €, for the equation
(1.9)

Ut — % ([M(U) + Zf:l Ellul(u)] U:B) = f(xa bu, Uy, ut) + Zzpzl €ifi(x> b u, Uy, ut)v
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associated to (1.1)a3, with u € CVN*2(R), p; € CNTYR), pu(z) > po > 0, pi(2) >
0 for all z € R, f € CVNT1([0,1] x Ry x R3) and f; € CN([0,1] x Ry x R3),
i =1,2,...,p is established. This result is a relative generalization of [12-14],
where an asymptotic expansion of a solution in two or three small parameters is
obtained.

2. PRELIMINARIES

Let © = (0,1). We denote the function spaces used in this paper by the usual
notations LP = LP(Q), H™ = H™ (Q), HI' = H{* ().

Let (-,-) be either the scalar product in L? or the dual pairing of a continuous
linear functional and an element of a function space. The notation || - || stands
for the norm in L? and we denote by || || x the norm in the Banach space X. We
call X’ the dual space of X. We denote by LP(0,7;X), 1 < p < oo, the Banach
space of real functions u : (0,7) — X measurable, such that ||ul|p»o,7r;x) < +00,
with

1/
(J o) i) ™, it 1< p < oo,

esssup||u(t)||x, if p=o0.
0<t<T

Let u(t), w'(t) = Ut(t) = ﬂ(t) u'(t) = Utt(t) = ?i(t), U (t) = Vul(t), tae(t) =
Au(t), denote u(x,t), & 5 (x, t), 2 atg Y(x,t), & u(, t), 2 8;::2 (a: t) respectively For f 6
Ck([071]XR+XR3) f f(a:,t,uv w) we put le_6x7D2f_ 6t7D3f Bu’
Dyf =9 Dsf = 9L and D°f = DY*..DE°f, o = (a1,....,a5) € Z5, |a| =
o1+ ... +as =k, DO f —

On H'! we shall use the norm

1/2
(2.1) ollz = (1ol + el 12) 2.

Then the following lemma is known as a standard one.

HUHLP(O,T;X) =

Lemma 2.1. The embedding H' — C°(Q) is compact and
(2.2) [vll oy < V2|l for all v e H'.

Remark 2.1. On H{, the two norms v — ||v||g1 and v — ||v,|| are equivalent.
Furthermore,

(2.3) [vllcogy < llva|| forall v e Hj.

3. EXISTENCE AND UNIQUENESS OF A WEAK SOLUTION
We make the following assumptions:
(Hy) € HinNnH*u, € HY,
(Hy)  peC?*R),u(z) > po>0Vz€R,
(H3)  feCY xRy xRY).
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With p and f satisfying the assumptions (Hg) and (Hj) respectively, for each
T* >0 and M > 0 we put

(3.1) Ku(p) = lellezqenrnagy » B (F) = 1 fllerpsany) -

whete D*(M) = {(z,t,u,v,) € [0,1] X [0,T*] x R : Jul, Jo], || < M},
Also for each T' € (0,T7*] and M > 0, we set

(3.2)
W(M,T)={veL®0,T;Hy N H?) : v, € L>°(0,T; Hy) and vy € L*(Qr),

with [[0|| e 0.1 m10m2) [VellLoo (0.75m0)5 TveellL2(@r) < M},

(3.3) Wi(M,T) ={veW(M,T): vy € L=(0,T; L*)},

with Q7 = Q x (0,T).
We choose the first term ug = ug € W1 (M, T), suppose that

(3.4) Um_1 € Wi(M,T), m > 1,

and associate with the problem (1.1)-(1.3) the following variational problem:
Find u,, € W1(M,T) such that

(3.5) (i (£),0) + (pn () Vg (1), V) = (Fy(t),0) Yo € Hy,
where
(3.7)

,um(x, t) = ,U(Um—l(l', t))a Fm(l‘, t) = f(ma t, Um_l(.l‘, t)v Vum_l(:c, t)? u;n—l(xv t))
Then we have the following theorem.

Theorem 3.1. Suppose that (Hy)-(Hg) hold. Then, there exist constants M > 0,
T > 0 such that the problem (3.5)-(3.7) has a unique solution u,, € Wi (M,T).

Proof. The proof consists of three steps.
Step 1: The Faedo-Galerkin Approzimation (introduced by Lions [5]). Con-
sider a special basis {w;} on H{ : wj(z) = v2sin(jrz), j € N, formed by the

eigenfunctions of the Laplacian —A = —88—;2.
Put
k
k
(3.8) (1) = Y el (O,
j=1

(k)

where the coefficients c,,; satisfy the system of linear differential equations

G (8), w5) + (i (8) Ve (£), Vaoy) = (Fu(t),w)), 1< j <k,
(39) (k) ~ (k) =
Um (0) = UQk, Um (0) = U1k,
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in which
(3.10) {§Ok = Zf 1 agk)wj — ?0 strongly in H} N H?,

Uy = Z]=1 ﬁj w; — Uy strongly in H}.
Then the system (3.9) can be rewritten in the form
(3.11) { 7(% (t) + Z(z - b(%m( el (( )) (),

o (0) =i e h0) = B, 1< j <k,

where
(312)  BL(8) = (i () Vs, V), fing(8) = (Fon(£),w5),1 < i, j < .

Note that by (3.4) it is not difficult to prove that the system (3.11) has a unique

solution ¥ )( t), 1 <j<kon[0,T]. We omit the details.
Step 2: A Pmom Estimates. Put

(3.13) sin) (8) = P (8) + 4l (8) + /Ot i3 (s)]*ds,
where

(3.14) ) () = 11 @1 + 11V (6) Vul) @)1,
(3.15) W) = Va1 + [V i () Auly) ()] 2.

Then, it follows from (3.8), (3.9), (3.13) — (3.15) that
s (1) =553 (0) + 2(V 1 (0) Viow, Aior) + 2(Fn (0), Adio,)

1
S /J}S U(k)l'SZ U(k)$82 X
+/Od/0um<,>(|vm<,>| +18uf®) (2, 5)7) d
t 9
1 / (- (Vi () Vull)(5)) , Ah) (5)) s
— 2V i (£) V) (£), AulP) ()

t
2 [ B0, 89 (511 2(Ew ), 802 0)

t t
w2 [ b e)as+ [ i ()]s
0 0

(3.16)

=g (0) + 2(V 1 (0) Vo, Alior) + 2(Fn (0), Aligr) + Z I;.

We shall estimate the terms I;, j =1,2,...,7 on the right hand side of (3.16) as
follows.
First term. From (3.1), (3.4), and (3.7) we have

(3.17) | (2, 8)] < MEpr(p).
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Hence,
L = / ds/ o (z,8) (V) (2 ,8)|2+\Au7(7]§)(3:,5)\2) dx

) (s)ds.
HOMKMU/O s(s)a

Second term. The Cauchy-Schwarz inequality leads to
(3.19)

L] =2 \ / (Tra(5)Tu) () . Al ()

(3.18)

2 = (+)
S\/%OI() qm’ (s)ds,

where I5(s) = ‘

% (vﬂm(S)vugﬁf)(S)) H and so

To(s) = me<s>vu,&’?<s> + 0 (Tt (s)) V) (5)

0s
(3.20) < Vi (s)llco(ay HW%)(S)H + ngm(s) g,@(s)( o (@)
< (I leney + = | 5705 ) Vs

On the other hand, by Vi, (z,s) = p/ (um—1(z,5))Vum—1(x,s), we get
(3.21)
IVl ey < Kar () [Vtm1(5) oy < B (V2 [Vt ()]

= Rt (V2 [Vt 1 (5) 2 + 1At ()] < 2M Ko (1),
Similarly, from the equality

0
%V,um(a:,s) =" (U1 (z, 8))ul, 1 (2, 8) VU _1(z, 8)

(3.22)
+ i (U1 (z, 8))Vul, 4 (x,5)
we obtain
0 ~ / /
gy [0 V)| < F ) [ (9l oy Vs )+ 192 (9]

< (14 M)YMEK (1)
This inequality and (3.20), (3.21) imply

20 T6) = | 5 (Vunloul ) | < (2+ ) MRy o)
Consequently,
(3.25) I < \/2_ (2 + 1;_](\0 MK (1) /O t s®) (s)ds.
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Third term. Applying again the Cauchy-Schwarz inequality, we infer
(3.26)
1 2 2
151 = | ~2(T V0. 2D ()] < 2 | V(O Vu @+ 8 [ au o)

for all B > 0. On the other hand,

Hw () Vulk >()H: wm(o)vaowr/ %(wm(s)vug’?(s)) ds
(3.27) 0 .
<1950 oy 1 V0l + [ (o).
Thus,
] <20 0)+ 311910 O Ve
(3.28) M1\ e .
_ S(k) S)as

+ 27 (24 — )A2R G [ e)a

for all 5 > 0.

Fourth term. Using (Hs) we obtain from (3.1), (3.4) and (3.14)

t t
I =2 / (Fon(5), 0 (3))ds < 26y (f) / a8 (5)]|ds
(3.29) 0 0

t
<TK3,(f) + /O pk) (s)ds.

Fifth term. Combining (3.4), (3.7) and (3.13)-(3.15), we get

1 2
5] = |2 Fn (1), M 0)| < 5 ||Fm<t>||2 + 8| A o)
1 LOF,, B ®) (4
(3.30) B HF (0) + ; 88 (s)ds u—qm (t)
2 B
<2 (0)]* + T ds+—s()()forallﬂ>0
B Ho
Note that
OF,,

=D flum-1] + D3 f[tm—1]ts,_1 (t) + Daflum—1]Vup, 1 (t)
+ Ds flum—1]up, 1 (),

where D; fum—1] = D;if(x,t, um—1(z,t), Vupm_1(z,t),u,, ;(x,t)), i =2,...,5. So,

from (3.1), (3.4) and (3.31) we obtain

0F,
ot

(3.31) FTRL

(t)H <Ku(f)(1+ Hu;nfl(t)H + HVu;n,l(t)H + H“Z@fl(t)H)

<Kn(f) (14 2M + |[ult,_ (1)]]) -

(3.32)
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Hence,

(3.33)
2 4 4 "
1 <SIE O+ 5730 [ [+ 2307+ )] ds + 2ot
g
L

2 4
<ZNFnO)|? + =TE2,(f) [(1 4+ 2M)*T + M?] + =5 (1) for all 8 > 0.
0

B B

Sizth term. By (3.1), (3.4), (3.15), (3.32) we obtain

16| = \ / ())ds
</0 or,, ds—l—/o 8F

55 ®)

| faua] e

1/2
" 2
(3.34) <Ku(f) (1+2M)T+ﬁ</0 [ e ds> ]
e L) [ (20 s ) o 01

<Ku(f) |[(1+2M)T + VTM]|

b L) [ 2+ ) a0
w0 " o

Seventh term. Equation (3.9) can be rewritten as

(335) (0, w) — (o (VW) wy) = (Fn(0) w3), 1 <5 <

(k)

Hence, by replacing w; with i, (t) and integrating we obtain

/ [ H ds<2/ %( () Vul(5))

<2/0 & () vuld) (s >)'

(3.36)

2 t
ds—|—2/ B (5)[? ds
0

ds 4+ 2T K3 (f).

2 (w90 ()]




AN ASYMPTOTIC EXPANSION 703

By (3.1), (3.4) and (3.13)-(3.15)
(3.37)
‘ @% (1) vl (5)) H = ||Vt ()T (5) + () A (5)|

< pn () o ||V )| + i (5) Loy [ 5)

g\/iﬂ_ommmx/p%’i’(s) + \/iﬂ_oz?mm O (s)
S\/L/To(l + M)Kar(u)\ i (s).

Therefore, from (3.36) and (3.37) we obtain

2 - t
(3.38) I; <2TK2,(f) + H—(l + M)QKJQW(M)/ st (s)ds.
0 0
Choosing # > 0 such that i—’g < 1, from (3.13)-(3.16) and seven above we get

the estimations
Sg‘r]:)(t) SCOk(ﬁ) f? H, ’I/I(), ’171, ’EOka alk) + Cl(ﬁa f> Mv T)

(3.39) Ly 2 ,

; /O (cgm, Fon MT) + 2 K Hum_1<s>u) 58 (s)ds,
where
(3.4~0)

Cor (B, f, 11, o, U1, Tog, Ung) = 255 (0) + 4(V 11, (0) Vg, Ay,

+ 4B (0) Ao) + 51 O g V0| + 51 O
Ci(B, f, M,T) =2 (3 + % (14 2M)*T + M2]> TK3(f)

P [(1 L oMWT + M] VTEy(f),

Ca(B, f, 1, M, T) = 2+% [1+2\/u—0 <2+ A{/:_Ol)} MK (p)
2 2 M+1\, 2 1 2| 72
+M0(1+2M)KM(f)+4[ﬁT<2+ \/M_O>M —i—ﬂo(l—i-M)]KM(u).

By (H;) we can deduce from (3.10), (3.40); that there exists M > 0, indepen-
dent of m and k, such that

~ SO 1
(341) COk(/vihuau()aulauOkaulk) < §M2
Notice that, by the assumptions (Hz), (Hs), we deduce from (3.40)2 3 that
(3.42) lim C(3,f,M,T) = lim TCy(B, f,u, M,T) = 0.
T4)0+ T~>0+
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So, by (3.40) and (3.42), we can choose T > 0 such that
(3.43)

<%M2 +61(57f7M7T)> eXp <T62(/37f7M>M7T) + %KM(f)\/TM> < M27

and
(3.44)
kr = <1 + V%) \/T\/u@(f) + (3+2M)? MQIN(JQ\/[(M)eT[HﬁMKM(“)] < 1.
0

Finally, it follows from (3.39), (3.41) and (3.43) that

s®)(t) <M? exp (4@(5, fop, M,T) — %KM(f)x/TM>
0

‘(& 2 A (o)) s (s)ds
v (02<ﬁ,f,u,M,T>+MOKM<f>H - >H) ) (5)ds.

By using Gronwall’s lemma we deduce from (3.4), (3.43), (3.45) that
(3.46)

s (t) <M exp (—T@(ﬁ, Fouy M,T) — HEKMU‘WTM)
0

<o [ ' (G0, .0000.7) 4 2 Rur() [ )] 5]
<MZexp (—T@(ﬁ, fo M.T) %KMUWTM)

~ 2
X exp [Tcg(ﬁ, fom M, T) + %KM(fNT Hu:;_IHLQ(QTJ < M.

Therefore,
(3.47) u¥) € W(M,T) Vm, k € N.

Step 3. Limiting Process.

By (3.47) we can extract from {u,(q]i)} a subsequence, still denoted by {uﬁ,’i)},
such that

ul?) =y, in L°(0,T; HY N H?) weakly*,
(3.48) alf) — ! in L°(0,T; HY) weakly*,

") — o in L2(Qr) weakly,
as k — oo, and
(3.49) U € W(M,T).

Based on (3.48), passing to the limit as k& — oo in (3.9)-(3.10), we have wu,,
satisfying (3.5) — (3.7). On the other hand, it follows from (3.5) and (3.48); that
(3.50)

’LLZ”L = ,U'/(umfl)vumflvum"i_/imAum"i_f(l‘y tyUm—1, Vm—1, U;nq) € LOO(Oa T; LZ)



AN ASYMPTOTIC EXPANSION 705

Consequently, u,, € W1 (M,T), and the proof of Theorem 3.1 is complete. [

Theorem 3.2. Suppose that (Hy)-(Hs) hold. Then, there exist M > 0 and
T > 0 satisfying (3.41), (3.43), (3.44) such that the problem (1.1)-(1.3) has a
unique weak solution u € W(M,T). Furthermore, the linear recurrent sequence
{um} defined by (3.5)-(3.7) converges to the solution u strongly in the space

(3.51) Wi(T) = {w € L>®(0,T; H}) : w' € L>(0,T; L*)},

with the estimation

(3.52)  luma — Uallpoo o112y + [ u’HLoo(OﬁT;LQ) < Cky for allm € N,
where C' is a constant depending only on T, ug, w1 and kp.

Proof. (i) Ezistence. First, we note that W;(T") is a Banach space with respect
to the norm (see Lions [5])
(3.53) HwHWl(T) = ||w$||L°°(0,T;L2) + Hw/HLOO(O,T;L2) :

Next, we prove that {u,, } is a Cauchy sequence in W1 (T'). Let vy, = w41 —Unm,.
Then v, satisfies the variational problem

(3.54)
(W (1), w) + (1 () Vom (), V) = (F [(m41(t) = pun (1)) Vi (t)] , w)
+ <Fm+1(t) - Fm(t)7w> ) Vw € H&,
Um(0) = v],(0) = 0.

Taking w = v}, in (3.54)1, after integrating in ¢, we get
(3.55)

em(t) = [y ds fy tihys1 (@, 5) [Vom () dz +2 f§ (Frnii(s) = Fin(s), v} (5)) ds
+2 [ (2 [(tm+1(5) = m(5)) Vi ()], v (8))ds = S50, J;,
in which

(3.56) l®) = O + |V i@ V)]

and all integrals on the right hand side of (3.55) are estimated as follows.
First integral. By (Hz),

(3.57) || < ( JEds [t (@, s) |wm(s)|2dx( < LME(n) [ zm(s)ds.
Second integral. Also by (Hs),
[Emi1(t) = Fon ()] 2K (f) [[IVOm—1 (B[] + || 05—1 (1)]]]

(3:8) <2Krt () [omt
t
| <2 '/ (Fons1(3) — Fon(s), vl (s)) ds
(3.59) 0

t
S4TK§4(f) me—lH%/Vl(T) +/0 Zm(s)ds.
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Third integral. Using (Ha),
o1 = 2| JE 0 (1 (5) = () Tt ()] o (5)) ]
(3.60) <211 [(ims1(5) — () T ()] 10 (5)1] ds
< Jo 115 (a1 (5) = i) Vi ()] ds + f zn(5)dls.

Note that

(1 1) — (1) V(1)
= (u

(3.61) Lt ( ) — L () Aty () + 1 (e (£)) VOrm—1 (£) Vg (£)
+ (W 1 (U —1(t))) Vg1 () Vum (t).
Hence
)
Ha_ (18 = 1) V0]
oz < Wm0 =i Ollosa) 1Aun(0)]

+ Hu'(um(t))HCo(ﬁ) IV o1 (OHV et ()] co @)
+ {4 (i (£)) = 1/ (w1 ( Hco ) V-1 [V )l co(m) -

On the other hand,
(3.63)

IVum@llco@y < V2IVum®)ll g < \f\/HVUm (O + [[Aum (1)]|* < 2M,
1 ()l co (@) < Kar(p),

1 () = s (@)l co (@) < K () Vom0 < Kar(i)om-1llw ),

11 (i (8)) = 1 (um—1 ()l co (@) < (1) [Vom-1 (O] < K (i)l|om—1 [lw,
Therefore, we deduce from (3.62) and (3.63) that

(3.64) |2 [(Hms1(1) = (1) Vur (0)][| < (3 + 2M) ME s () [ogma1 || ()

Hence

(3.65) T3] < (34 2M)° MPTKZ (1) |[vm—1By, o) + Jo 2m(s)ds.

A combination of (3.55), (3.56), (3.57), (3.59) and (3.65) yields

556 2n(t) < T [AK3(F) + (3 4+ 2M)? M2E3, ()] Jom1 [, o)
+ (2 + MLOMIN(M(;L)) Jo zm(s)ds
Using Gronwall’s lemma, this inequality leads to

(367) ||Um||W1(T) <kr va—IHWI(T) VYm € N,
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consequently

km
(368) iy — wnllyy, gy < 1o llus — ol gy Vo p €N,

where k7 is as in (3.44).
It follows that {u,,} is a Cauchy sequence in Wj(T'). Then there exists u €
W1 (T') such that

(3.69) U, — u strongly in Wy (T).
Therefore, a subsequence {uy,, } of {u;,} can be found such that
U, —u  in L>(0,T; Hj N H?) weakly*,
(3.70) Uy, —u'in L(0,T; Hy) weakly*,
Up,, =" in L?(Qr) weakly,
and
(3.71) ue W(M,T).
Note that
(3.72) { a(utmn—1) = ()| oy < Enr () llm—1 = vllyps

HFm - f(, '?u?uwvu/)HLOO(QT;L?) < 2Kum(f) [[um—1 — UHW1(T) :

Hence, from (3.69) and (3.72) we get

{ gt ) = () strongly in - L(Qr),

(3.73) . 2
E, — f(, - u,ug,u') strongly in  L°(0,T; L?).

Finally, passing to the limit in (3.5) — (3.7) as m = m; — oo, it follows from
(3.69), (3.70) and (3.73) that there exists u € W (M, T) satisfying the equation
(3.74)

{ (" (1), w) + {p(u(t))ua (t), we) = (£t ult), uz (t),4'(t)), w) ,Yw € Hy,
U(O) :ﬁo, ’LL/(O) = ﬂl.

Moreover, by (Hg), (H3) we obtain from (3.71), (3.73)2 and (3.74); that
(3.75) u” = g (u)uz + pu)ugs + f(z,t,u,ugp,u') € L0, T; L?),

thus w € Wi(M,T) and Step 1 follows.

(ii) Uniqueness of a weak solution.

Let uy, ug € Wi(M,T) be two weak solutions of the problem (1.1)—(1.3). Then
u = u1 — ug satisfies the variational problem

W'(t) w) + (i (ue (), we) = (£ ([ (t) = pa(t)] uae(t)) , w)
+ (Fa(t) — Fi(t), w) Vw € Hy,
(3.76) u(0) = /(0) =0,

pi(t) = p(ui(t), Fi(t) = fz,t,ui(t), wip(t), ui(t)), i =1,2.
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We take w = v/ in (3.76); and integrate in ¢ to get

/ ds/ 1 (z, 8)u(x s)daz+2/ (Fy(s) — Fa(s),/(s)) ds

3.77)

| = <%([u1() pa(s)] s (o) ) s,

where

(3.79) p(t) = o () + || Vi@ o)
It follows from (3.77), (3.78) that

(3.79) p(t) < R /O " o(s)ds,

in which

(3.80) Ky =4 (1 - —> Ky (f) + [i + i(2 - M)M] Kar(1).

vV 1o Ho /MO
Using Gronwall’s lemma it follows from (3.79) that p = 0, ie., u; = us.
Theorem 3.2 is proved completely. O

Remark 3.1. (i) In the case that u = 1, f = f(t,u,u;) with f € C}(R; x R?)
and f(¢,0,0) = 0Vt > 0, some results in [3] have been obtained here.

(i) In the case that p =1, f € C'(Q x Ry x R?) and the boundary condition
n [9] standing for (1.2), we have also obtained the results concerning the ones in
the paper [9].

4. ASYMPTOTIC EXPANSION OF THE SOLUTION WITH RESPECT TO MANY
SMALL PARAMETERS

In this section, suppose that (H;)-(Hs) hold. We also make the assumptions:
(He) i € C*(R), pi 2 0,i=1,2,...,p,
(Hs) £ e CH[0,1] xRy xR¥),i=1,2,....p
We consider the following perturbed problem, where €1, ..., €, are p small param-
eters such that 0 <¢; <g <1,1=1,2,....,p
'utt - a% (2 (w)uy) = Fo(x, t,u,uz,ug), 0 <z <1, 0<t<T,
u(0,t) = u(1,t) =0,
(Pz) § u(z,0) = to(z), u(x,0) = (),
pz(u) = plu) + 327 eipi(u),
\F?(m,t,u,ugg,ut) = f(z,t,u, ug, us) + Zle gifilx, tyou, ug, ug).
By Theorem 3.2, the problem (P—=) has a unique local solution u depending on
F = (e1,.y6p) : Uz = u(El,.rp). When € = (0,...,0), (P2) is denoted

by (Fp). We shall study the asymptotic expansion of the solution of (Pz) with
respect to p small parameters €1, €2, ..., €p.
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We use the following notations. For a multi-index a = (ay,...,ap) € ZE and
7= (e1,...,€p) € RP, we put

lal =01 + ...+ ap, o = a1l

(4.1) 121 =/e} + ... +€2, T =657,

a, BEZE, a<B= a; <BiVi=1,..,p.
First, we state the following lemma.

Lemma 4.1. Let m, N e N and uqa € R, a € Z%, 1 < |a| < N. Then

2 (ZISIaSN "O‘?a) =2 ooy TN e

where the coefficients T](Vm) (U)o, m < |a] < mN depending on u = (uy), o € ZE,
1 <|a| < N are defined by the recurrent formulas
(4.3)

T [lo =tta, 1< Ja| < N,
TV o= 3 wa gy uls. m< o] SmN, m =2,
BeAl™ (N)

AD(N)={B e :f<a, 1<|a—B <N, m-1<|8| < (m—1)N}.
The proof of Lemma 4.1 can be found in [13]. O
Now we assume

(Hg) pe CNTERY, e CVTYR), > o >0, u; >0, i =1,2,....p,
(Hy)  feCVTH0,1] xRy xR?), fi e ON([0,1] x Ry x R?), i =1,2,...,p,
and use the notations flu] = f(z,t,u, ug, ur), plu] = p(u).

Let ug be a unique weak solution of the problem (F) (as in Theorem 3.2)
corresponding to & = (0,...,0), i.e.,

0
ull — - (u(uo)uos) = f(z,t,up, uoz, ug) = flug), 0 <z <1, 0<t <T,

(PO) UO(O,t = UO(l,t) = O,
up(x,0) = up(z), ug(z,0) = (x),
ug € Wl(M, T).

Let us consider the sequence of weak solutions u,, v € Z5, 1 < |y| < N, defined
by the following problems:

0
W) = o (o)) = Fr 0 <2 <1, 0< ¢ <T.

(By) { w(0.8) = uy(L,) =0,
uy(z,0) = ul,(x,0) = 0,

Uy € Wl(M,T),
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where F,, v € Z%, 1 < |y| < N, are defined by the recurrent formulas
(4.4)
fluo) = f(2,t, uo, uoe, ug), 7] =0,

By= 9 mlfl+ 2Pl + 3 %[(m[uHZp&”[ui]) Vit

i

i=1 1<[vl<iyl, v<y i=1

L<|y <N,
with polu) = pslps {uy}ozals 05 () = 057 s (s ozl malf] = molfs {us }co)
W((;)[f] 77((;)[ fi{uy}y<s], 16] £ N, also defined by the recurrent formulas

p(uo), 6] =0,
(4.5) psp] = m
S e (o) Ty, 1< 18] < N,
5 = (81,02, ...,6p) € Z, 607 = (81,00 821,05 — 1,841, ., Op),

(4'6) pg; [:u] = PsGi-) [:u] = P61,62,...,0i—1, §;i—1, 8it1,...,0p [H]a
l

D5 [1) = P61,63,. 011, 1,804 1,0, 1] = 0, if 8 =0,
(4.7)
fluo], 6] =0,
~ LD flug) TN [ula T [Vl s TN ],
1= 1<imi<isl (@.pEAMm,N)

a+f+y=4
1< <N,
where m = (my,ma,m3) € Z3, |m| = my + ma + ms3, m! = my!ma!ms!, D" f =
Dy DY2DIe f, A(m,N) = {(a, 8,7) € (Z5)° : my < |a| < miN, my < || <
ma N, m3 < |y| < mgN},

W((SZ) [f] - Wd(i*) [f] = 7T51,52,...,51'_1,51'—1,51'4,_1,...,5p [f]all - 17 27 Ry 2

(4.8) W((;i) ] = 761.60,8i1,— 160416, Lf] = 0, if §; = 0,
6 = (81,09, ...,6p) € Z8, 607 = (81, .00y 6im1, 05 — 1, 6141, -0, Op).

Then we have the following lemma.

Lemma 4.2. Let p,[u], m,[f], |v| < N, be the functions defined by the formulas
(4.5) and (4.7). Put h =3, N u,Y?V. Then we have

(4.9) ulh) =37 el 2 21N R 0, 2,
(4.10) =32 w2+ IE I R 2
with Hﬁg\l,) [, ?]HLOO(O,T;LQ) + HRE\I,) [fs ?]HLOO(O,T;LQ) < C, where C is a constant

depending only on N, T, f, u, uy, |y| < N.
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Proof. (i) In the case that N = 1, the proof of (4.9) is easy, so we only consider
the case that N > 2. We write h = ug + Zl§|"f|§N uv?“f =wug+ hy.

By using Taylor’s expansion of the function u(h) = u(ug + hi) around the
point up up to order N + 1, (4.2) leads to

(4.11)
N 1t
p(uo + hn) =p(uo) + Y Wﬂ(m)(uo)hT + ﬁ/ (1= 0N N+ (ug + Ohy )1+ dO
m:l . . 0
Mo
m m v p1
=p(u) + Y — (o) Y T E + Ry ]
m=1 m<|v|<mN
Mo
=p(uo) + > —pu™(ug) Y TMu]
m=1 " m<|v|<N

N

1 ~

30 ™o)D T Ry bl
m=1 """ N+1<|v|[<mN

with
~ 1 1
(4.12) Ry [, ] = ﬁ/ (1= )N N (ug + Oh )1y o,
*Jo
We also note that
(4.13)
N vl
S ) 3 TR = Y [ ™ )T ] | 2
m=1 " m<|v|<N 1<|p|<N \m=1""

On the other hand, if we put
(4.14)

EE&’[u,ﬂ:u?u‘N‘l(% A ) Y T£m>[u1?”+ﬁﬁé>[u,hﬂ>,

m=1 N+1<|y|<mN

by the boundedness of the functions u,, Vu,, u), [y| < N in the function space
L>(0,T; H'), we then obtain from (4.3), (4.12), (4.14) that HRE\})[M, ?]H <

Lo=(0,T;L2) —
C, where C' is a constant depending only on N, T', i, u,, |y| < N. Therefore, we
obtain from (4.5), (4.11), (4.13), (4.14) that

(4.15)
vl

o)+ 3 [ S u )T ] | 2 2 BV, 2]

_l'u
m:
1<|y|<N \m=1

=" pl 2+ 121N RY [, 2):

lv|<N

p(ug + hy)

Hence, part 1 of Lemma 4.2 is proved.
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(ii) We only prove (4.10) for N > 2. By using Taylor’s expansion of the function
fluo + hi] around the point ug up to order N + 1, we deduce from (4.2) that

(4.16)
fluo + hi]
=fluo] + D3 fluolh1 + Dufuo|Vhi + Ds fluglhy
Y DTl (TR ()™ RIS ]

2<|Im|<N
m=(m1,ma,ms)€L}

=fuo]) + D3 fluolh1 + Dy f[uo]Vhy + Ds fuo)hy

1 m m v
+ Y > Do Dol T ) T [V T 2
2<|m|<N  |m|<|y|<|m|N (a,8,7)€EA(m,N)
m=(m1,mz2,m3) €L a+pB+y=v
+ RY[f, ]

=fuo]) + D3 fluolh1 + Dy f[uo]Vhy + Ds fuo)h}

1 e . ,
* D > > Dl T TS [Vl T [
2<|m|<N |m|<|v|<N (a,8,7)€A(m,N)
m:(m17MQ7m3)EZi at+Bty=v
1 M2 m3 v
+ Z Z Z %Dmf[uo]Téml)[u]Tﬁ( )[Vu]T§ ]
2<Im|<N  N+1<|v|<|m|N (o,8,7)EA(m,N)
m=(m1,mz,m3)€L3 atB+y=v
where
(4.17)
N+1 [t
RE\P Lf,h1] = Z ' / (1—9)NDmf[u0+9h1]h71nl (Vhi)™ (K,)™=d0.
|m|=N+1 : 0

m=(m1,mz2,m3)€Z}

We also note that

(4.18)
fluo] + D3 fluoglht + Dafluo)Vhy + D5 fug) b}
1 m
+ >, > S DM ol T T [V T [ 2
2<imI<N  [m|<IU <N (B )EAGmN)
m:(ml,mg,mg.)EZi a+pB+y=v
1 m
=fluo) + > > S =D flu) Tl TS [V T ) 2
1<mI<N  [ml <IN (c,8,7)EA(m,N)
m:(ml,mg,mg)EZi a+p+y=v
]. m m 1%
=fluol + Y > o Dl T TS [Vl T [
I<y|<N 1<mI<|v] (@B )EA(mM,N)

m=(m1,maz ,’FI’L3)€Z§_ a+B+y=v

:ZMSN 12"
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Similarly, we have also

(4.19)
1 m mi m2 m v
> > > Dl T )T (VT )2
2<[m|<N  N+1<[p|<[mIN (a,8,7)EA(m,N)
rrL:(rrLl,rrLQ,m:;)EZ3Jr a+pB+y=v
+RY 1] = 217 RY 11,2,
where HRE\I,) [fs ?]HL OTL) < C, with C a constant depending only on N, T, f,
Uy, h/| <N.
Then, (4.10) holds. Lemma 4.2 is proved. O

Remark 4.1. Lemma 4.2 is a generalization of a formula contained in ( [7], p.262,
(4.38)), and it is useful for obtaining the following Lemma 4.3. These lemmas
are the key to the asymptotic expansion of a weak solution u = u (1, ...,p) of
order N + 1 in p small parameters €1, ...,€, as it will be seen below.

Let uz = u(eq,...,ep) € Wi(M,T) be a unique weak solution of the problem
(Pz). Then, v=uz — > <y u, €7 = uz — h satisfies
(4.20)
.

"

V' = (o Ra) = Folo+ A = Polh] + o ([ (o -+ ) — o ()] )
+E2(x,t), 0<z <1, 0<t<T,

v(0,t) = v(1,t) =0,

v(z,0) =v'(x,0) =0,

pre(v) = p(v) + 30 eipi(v),

Folv] = flo] + >0 eifilv] = f(@ t,v,00,00) + D0 i filx, t, 0,05, v0),

where
(4.21)
P P P
Ez(x,t) =f[h] — fluo] + ZEifi[h] T oy ([#(h) — p(uo) + Zé‘z‘#i(h)] h:v)
i=1 =1

-y R
I<h|<N

Then we have the following lemma.

Lemma 4.3. Suppose that (Hy), (Hg) and (Hy) hold. Then
S = N+1
(4.22) HE?HLoo(o,T;m) < K€l )

where [A(* is a constant depending only on N, T, f, fi, pt, pi, Uy, |y < N, i =
1,2,...p.
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Proof. We consider only the case that N > 2. By using formulas (4.9), (4.10) for
the functions f;[h| and p;[h], we obtain

(4.23) { ui(h) = a1 polu 27 + 1121V RY (w2,
filh] = Z|,,|§N,17Tu[fz]?”+\|?\| RN_I[fZ,?],

By (4.6), (4.8), we write €;u;(h) and ¢; f;[h] as follows:

(4.24)
eipti(h) = Z|u|§N—1 pulpilei®” + e |2 1N RY i, 2]

N 5(1
= Z Pviwa,..vio1, vi—1, Vi+1,-~~’Vp[lui]?V + & H?H Rg\f)fl[lui’ ?]

1<[V|<N, v;>1

= Y PO+l 2NN RY. [ B,

1<|y|<N

Similarly

(4.25) eifilh] = Z1g\u|§N DA el 21N RYL, 1. 2).

First, we deduce from (4.23)2 and (4.25) that

— [fluo] + ZEifz‘[h]
=2 uen ™! 2 R R 2)

D) IS AN
=1 -

:Z1g\u|§N lﬂvm + Zﬂz(j) /]
RQ[f, +Z e Nl[f;,?]]

=2 cjen [W" 1+ Z 1]
- 1=1

4.26
(4.26) .

N+1
+Zl

?V + ||E>||JV+1 RE\}') [f7 f17 seey fpu ?]7

where RW(f, fi, s £, B = RO, 2]+, T2 121~ R [f:, 2] is bounded

in the function space L>°(0,T; L?) by a constant depending only on N, T, f, f;,
u’ya h/| S N7 1= 1727"'7p
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On the other hand, we deduce from (4.23); and (4.24), that

[M(h) — p(uo) + Z Ei#i(h)] h
=1
= { > [pu[u] +Yp) [m]] ?”} D jen VU E?
1<V<N i=1 =

{H?HNHRN [, +Zszu?u Ry ﬂul,?]}zlmwa?a

- { SIS m] ?v} 5o Vi

1<|v|<N
+ H?HN—H {R Z ?—RN 1 (12 ?]} ZMSN Vua?a
(4.27) = { Z [py[u] + Zpl(j) [#Z]] ?V} Z\QKN Vg 2°
1<|v|<N i=1 =

HIZ N RY [y 11 ey 1, 2
p
= > (pu[u] +3 ) [ﬂi]) Vu, 2V
1<[V|<N, |a|<N i=1
+ H?||N+1 ﬁg\}') [/.L, H1sees Bops ?]
= Z Z ( —i—Zp ) Vu,_ el
1<|y|<2N 1<[v|<N, [y—v|<N
2N RY [y 11 ey 1,
p
3 > (py[u] +> [m]) Vi, &7
I<y|<N 1<|< Y], v<y i=1
+ H?HNJFl RE\?) [:U‘v H1yeeey Ups ?]7

where

(4.28)
]?25\1,)[#7/11,?] {RN we Z?_EN 1 ““?]} Z|a|§N Vua e,

121 R [, g, - ,up,?]:||?||”“R§¢>[u,m,...,up,?]

+ > (pu[uHZp(f)[m]) Vg &7
=1

\ N+1<]y|<2N I<V|<N, [y—v|<N
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P p
e ([#(h) — p(uo) + Z&‘#i(h) ha:)
i=1

U S 8%[( +Zp >vu7,,]?v

1<|y|EN 1< |v|<]y], v<y

Hence

0
IR I R ot e 1 E .

Combining (4.4) — (4.8), (4.21), (4.26) and (4.29), the result is

B2 (w,t) =flh] = fluo) + ) _zifilh]

P
(4.30) + % ([,u(h) — plug) + ;&‘#i(h) hw) — ZlSW\SN E, 27

=2V [R o f1s s fon T)+ a%ﬁﬁ) T ?]] .

By boundedness of the functions u,, Vu,, u/, |y| < N in the function space
L>(0,T; H'), we obtain from (4.26) and (4.28), that

N+1
(4.31) 1B |l o7.22) < B [ |
where K, is a constant depending only on N, T, f, fi, p, i, uy, |y < N
1=1,2,...,p

The proof of Lemma 4.3 is complete.

Now we consider the sequence {v,,} defined by

(’UO = 0
vl = 2 (2 (Vme1 + h)Vme) = F2 [vm1 + h] — F2[h]
(4.32) +2 [z (vm1 + h) — = (h)] ha)

+E2(x,t), 0<z<1,0<t<T,
Um(oat) = Um(lvt) =0,
VU (2,0) = 0], (2,0) =0, m > 1.

For m =1 we have the problem

v — 83 (pz(h)vig) = B2(x,t), 0<z <1, 0<t < T,
(4.33) ui(0,1) = va(1,1) =0,
v1(z,0) = vj(z,0) = 0.



AN ASYMPTOTIC EXPANSION 717

By multiplying the two sides of (4.33); by v}, we find without difficulty from
(4.22) that

LI + 1/ v 1
t t 1
sy =2 [ (B2t [ ds [ oo s

R t t 1
STK3\|?\|2N“+/ |1u’1(s)\\2d8+/0 ds/o ‘;/L?(l‘,s)
where g 2 (2,t) = pz (h(z,t)) = p(h(z,t) + 37, eipi(h(z, t)).
As M/L?(»T»t) ps (h(z, )R’ (z,t), we have
(4.35)

p
|'u/1751(x’t)| < M, (I?M* (w) + ZI?M* (Mi)) = (o, with M, = (N +1)M.
=1

v%x(az, s)dx,

It follows from (4.34), (4.35) that
(4.36)

t t
= 2
@2 + o lone ()2 < TR2 22V + / 194 ()|| ds + Go / [ora(s)]%ds.

Using Gronwall’s lemma this inequality gives
(4.37)

1 ~ N1 1 Co
Voo s 4010 so oy < (14— IWTE, |21V ex [—T<1+—>].
[v1]| Lo (0.7 L2) F V12l oo 0,712y < ( \//J_o) e P35 o

We shall prove that there exists a constant Cp, independent of m and ?, such
that
(4.38)
N+1 .
[V e 0.2 + 1omall e o722y < CrIZ NN with || 2] < € < 1 for all m.

By multiplying the two sides of (4.32); with v}, and after integration in ¢ we
obtain from (4.22) that

o (11 + pol[vma (1)1
<TK2H?H2N+2 / [|loma( H ds—l—/ ds/ ‘,u )"Ufm(m,s)dx

sy 2 Vel b= E ) )] ds

t
+ /
0

=TK?|| 2" + /Ot [0t ()| ds + T1(t) + Ia(t) + I3(t),

O (2 omr 1) — e (W] )

H’U;TL(S)Hds

where yi,, 2(t) = pz(vm-1 + h). We now estimate the integrals on the right -
hand side of (4.39) as follows.



718 LE THI PHUONG NGOC, LE KHANH LUAN, AND NGUYEN THANH LONG

Estimating I, (t). We have ,u:nﬁ?(:z:,t) Hos (V-1 + ) (v, 1 + R'), hence
(4.40)

p
=1

It follows from (4.40) that

(4.41) / ds /

Estimating Ig(t). We also note that || f[vp—1 + 2] = f[A]l| < 2K, (f) [vm—1llw, 1)
and || filvm—1 +h] = filh] | < 2K, (fi) lvm—1llw, (1) > SO

(4.42) [F2 [vm-1 +h] = F2[h]]| < G llvm-1llw, (1) -

where CQ = CQ(M**u f7 flu "'7fp) = QKM**( )+ QZi:I KM**(fZ) Therefore, we
deduce from (4.42) that

‘ mxxsda:<§1/ [|vma (s H ds.

R t
Ix(t) :2/ | F2 [m—1 + h] = F2[h]|| ||v,(s)]| ds
(4.43) 0

t
<TG om 113, + /0 [0/ (5)]|? ds.

Estimating I3(t). First, we need an estimation for H 6% ([e(vm—1 + h) — p(h)] hy) H .
From the equation

(oo B) = () ) = (o1 + ) — ()]

0
t 9 [11(vim—1 + h) — p(h)] hy
it follows that

(4.44)
| s+ ) = (i)} )

< llsom-1 + 1) = () go a Ioae (5)]

n Ha% [1(Vm_1 + h) — u(h)]H 1 (s)lco (@)
VBNl | llom-s + ) = i)l oy + | g Dtems-+ 1) = ]|
=V21(s) 2 [T (5) + B (s)]

Concerning j}gl)(s) we have

(445)  IV(8) = [n(n-r + 1) = W)l co(@y < Ko () [vm—tllwy
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Concerning j?)(s) we also obtain
(4. 46)

B0 = s 1) = )
< H,U Um—1 + h)V’Um IH + H Um—l + h) - :u/(h)] VhH

<L+ VRN Ear. (1) [ Vom-1 ()]l < (14 M) K. (1) |[vm—1llyw, ) -
We deduce from (4.44), (4.45) and (4.46) that

(4.47) ‘ % ([(vm—1 + ) = p(W)] ha) | € V2M(2+ M) Kt (1) [[om—1 s )
Next, by pz(v) = p(v) + D8 eipi(v), it follows that
@19) | 2 e s 4 1) = 21| £ G ooty
where
(4.49)
p
C3 = C3(M7 Nv T> My 1y -eey ,up) = ﬁM*(2 + M*) (I’;—M** (,U) + Z I’;—M** (Mz)) :
=1
By (4.49)
B(0) =2 [ || 5L (2 (ome + ) — ez (] )] (5] s
(4.50) 0

<TG om 2, / [(5)]|| ds.
Combining (4.39), (4.41), (4.43), (4.50) yields
107, (012 + ol lvma (OI* STEZ | 2142 + T(¢3 + 63) llvm—111y, (1

(4.51)
+3/ Jeta(s !dw@/uvm )I[2ds.

By using Gronwall’s lemma, we get

(4.52) lvmllw,(ry < o7 lom=1llw, () + 6 for all m > 1,
where
or = \/ C22 + anTu
- N+1
(4.53) 8 =nrK. 210,
1 G }
=14 —— |exp |=T(1+ VT.
" < \/H_0> P [2 ( Ho)

Assume that
(4.54) or < 1, with a suitable constant 7" > 0.

We shall now require the following lemma whose proof is immediate.
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Lemma 4.4. Suppose the sequence {¥,,} satisfies
(4.55) U, <oW,,_1+0 for allm > 1,95 =0,
where 0 < o < 1, § > 0 are given constants. Then,

(4.56) U, <d6/(1 —0) for allm > 1.

Applying Lemma 4.4 with W, = [lvplly, 1y, 0 = or = VG +Gnr < 1,
§ = nrK, H?H]\H'1 , it follows from (4.56) that
(4.57)

HU%HLM(O,T;LQ) + lvmall oo o.1;22) = lomllw, () < 6/(1 = o) = Cr [C(Raas

nr K.
1—/G+¢nr

On the other hand, the linear recurrent sequence {v,,} defined by (4.32) con-
verges strongly in the space W1(T') to the weak solution v of problem (4.20).
Hence, letting m — 400 in (4.57) gives

where Cr =

[ pooiziazy + el e orizsy < CIZ I

or

(4.58)

u = u/?'y 4w, — " ?'y <O ?NJrl.
2pjen ' o) | 2™ L=(OTi2) rie

Thus, we have the following theorem.

Theorem 4.5. Suppose that (H1), (Ha), (H¢) and (H7) hold. Then, there exist
constants M > 0 and T > 0 such that for every & with ||| < e. < 1, the
problem (Pz) has a unique weak solution u = uz € Wi(M,T) satisfying an
asymptotic estimation up to order N + 1 as in (4.58), where the functions u.,

|v| < N are the weak solutions of the problems (ﬁy), |v| < N, respectively.

Remark 4.2. Typical examples for asymptotic expansions of a weak solution in
a small parameter can be found in the works of many authors, such as [3], [7], [9],
[10], [11], [18]. However, to our knowledge, in the case of asymptotic expansion in
many small parameters, there are only partial results, for example, [12] - [14], [17],
concerning asymptotic expansions of a solution in two or three small parameters.
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