ACTA MATHEMATICA VIETNAMICA 401
Volume 34, Number 3, 2009, pp. 401-410

A NOTE ON LE-PHAM’S PAPER - CONVERGENCE IN §¢,
SPACES

RAFAL CZYZ

ABSTRACT. Let 6&,, p > 0, be the real vector space containing functions of
the form u; —u2, where u; and us are non-positive plurisubharmonic functions
with finite pluricomplex p-energy. We prove a convergence theorem and give
an example of interesting continuous mappings on this quasi-Banach space.

1. INTRODUCTION

Let the cones &y, £, (p > 0), F, and £ be defined as in [4, 5] (see also Section 2).
If K € {&, &, F, £}, then we use the notation §K = K — K. Let p > 0, and for
u € 0&, define:

(L.1) [ull, = inf (/Q(—(ul + u2))"(dd(u +U2))">nl+p :

ut ey
where (dd°-)" is the complex Monge-Ampere operator. If p = 0, then we shall
use (1.1) with the convention that (—(u; + u2))? = 1. It was proved in [7] that
(6F,] - |lo) is a Banach space, and in [2] that (6&p,| - ||p) is a quasi-Banach
space. In Section 2 we recall some definitions, and prove that & and 0&y are
generally not closed neither in (.F, || - |lo) nor in (6&,, || - ||,) (Proposition 2.1).

We end Section 2 by proving that the inclusions & C F, §& C §.F, are proper
in (6F,| - |lo) (Proposition 2.2). In Section 3, the following convergence theorem
is proved.

Theorem 3.2. Let [uj], uj € 6&,, be a sequence that converges to a function u
in 6E, as j tends to oo, then [u;] converges to u in capacity.

Example 3.3 shows that convergence in capacity is weaker than convergence in
d&p. It was proved in [8] that the convergence in (0.F, | - [|o) is stronger than the
one in Cy-capacity.

Let now M(2) denote the space of signed real Borel measures on  with the
topology given by the usual system of semi-norms. Then M(Q) is a Fréchet
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space. Furthermore, let M;(€)) consist of signed, real and finite Borel measures
defined on ) equipped with the norm given by the total variation on ). Then
M;(Q) is a Banach space. In Theorem 3.6, we prove that the following maps are
continuous:

Ty (68,)" T 5 (v, u1, .oy un) = Ta(v,u, . . up) = [v|PddCuy A - - - A dduy, € My,
T : ((551,)” S (uty. .. up) = To(ug, ..., up) =ddup A -+ - Addu, € M,
T3 :6E 2 u— T3(u) =u € é€.

In connection to these mappings it is worth to mention that the following two
maps are continuous ([7, 8]):

Ty: (6F)" 2 (uty...,up) = Ta(ur, ..., up) = ddus A --- A dduy, € My,
T5: (6E)" 2 (u1,...,up) = T5(ur, ..., up) = dduy A - ANddu, € M,

2. PRELIMINARIES

We start by recalling notations and definitions. Let €2 C C" be a bounded,
connected, and open set. Recall that €2 is hyperconvex if there exists a bounded
plurisubharmonic function ¢ : @ — (—o00,0) such that the closure of the set
{z € Q: p(z) < c} is compact in €2, for every ¢ € (—o0,0). We say that a plurisub-
harmonic function ¢ defined on €2 belongs to & (= & (2)) if lim,_.¢ ¢(2) = 0, for
every £ € 99, and [, (dd°p)" < oo, where (dd°-)" is the complex Monge-Ampere
operator.

Assume that u is a plurisubharmonic function defined on © and [p;]52,, ¢; €
&, is a decreasing sequence that converges pointwise to u on €2, as j tends to co.
If there can be no misinterpretation a sequence [-]32; will be denoted by [-]. For
p > 0 fixed, consider the following assertions:

(1) St;p/g(—wj)p(ddc%)” < 00,

@ sup [ (dog,)" < oo.

If the sequence [p;] can be chosen such that (1) holds, then we say that u belongs
to & and if (2) holds, then u belongs to F. Let £ (= £()) be the class of
plurisubharmonic functions ¢ defined on €2, such that for each zg € €2 there exist
a neighborhood w of zp in 2 and a decreasing sequence [goj]Jo-il, @; € &, which

converges pointwise to ¢ on w and (2) holds. It was proved in [4, 5] that (dd®- )"
is well defined on €. Let e,(u) be defined by

(2.1) ep(t) = /Q (—u)P(ddew)”

for p > 0. The integral e,(u) is the pluricomplex p-energy of the function u. Note
that if u € &, then 0 < ep(u) < co. It was proved in [2] that if v € &, then the

1
quasi-norm of u in the space 0&, is equal to ||u||, = ep(u)n+r.
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Proposition 2.1. Let B = B(0,1) C C? be the unit ball in C2. Then

(1) the cone & and the space 6&y are not closed in (6F,| - |lo)-
(2) the cone & and the space 6&y are not closed in (6Ep, || - |Ip)-

Proof. For each j € N, let the function ¢; : B — RU{—00} be defined by
1 1
©;(z) = max <2] log |z|, _j> .

Observe that ¢; € & and therefore the function uy : B — R defined by uj =
Z?:l ¢; belongs to &. Note that for £ > [ we have

2

k k
2 1
k
@2) ol =1 Y ol = [ (@ Se) =@ 3 5
j=l+1 B j=l+1
and
k k
g —wlly™ =11 Y il =ep [ D @
j=1+1 j=1+1
) p
ok 2
=/ S DIZ (dd 2=t @j)
B j=1+1
p
k k 727.]- A ) 1
= Z — Z Om (max (e 7,7 (2m) 57
jr=l+1 m=Il+1
k P L
r £ _ 27 2 1
5 (A (o)) oot
mJ=
2
k J 2 1
_ 2 -
()3
j=l+1
Since ‘
) 120 21
—uk<e J>:Z2ll+j Z géj—i—l,
=1 I=j+1
we have
2
k . P
(j+1)2
(2.3) o =l < 27 | 32
j=l+1

Let v : B — RU{—o0} be defined by u = limy_, ug. Hence, u is plurisubhar-
monic, since it is the limit of a decreasing sequence of plurisubharmonic functions
and u(3,0) > —oo. Moreover u ¢ & since u(0) = —oco. Equality (2.2) implies
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. p
that [uy] is a Cauchy sequence in 6F. The series ) 72, U J;})ﬁ

therefore it follows by (2.3) that [uy] is a Cauchy sequence in §&),. O

is convergent and

Proposition 2.2. We have
& G F, and & G OF
in (0F, || - [lo)-

Proof. The idea of this proof originates from [7]. We first recall the definition of
the Lelong number:

1
v(u, zp) = lim

dd®u A (dd°log |z — z|)" L.
r—0 (27T)n /B(ZO,T)

We have that the Lelong number v(-, 2p) at some point zy € € is a continuous
linear functional on §.F since by [5] it holds that

v(u,z9) < (ddu)™({z0}) .

Assume that & = F and take u(z) = g(z, z0), where g(z, 29) is the pluricomplex
Green function with pole at zp. Then there exists a sequence [u;], u; € &, that
converges to u in §.F, as j — oo and therefore it follows that

0 = v(uj, 20) = v(u,29) = 1.

Thus, a contradiction is obtained. O

3. ON THE CONVERGENCE IN 0&,

Let us recall the definition of capacity and convergence in capacity.

Definition 3.1. The relative capacity of the Borel set £ C Q2 C C™ with respect
to Q is defined by

cap(E, ) = sup {/ (dd°u)" :u € PSH(?),—-1 <u < 0} .
E

Let uj,u € PSH(2). We say that a sequence u; converges to v in capacity if for
any € > 0 and K € () we have

lim cap(K N {|u; —u| > €}) =0.
j—00

Theorem 3.2. Let [u;], u; € &, be a sequence that converges to a function u
in 0&,, as j tends to oo, then [uj] converges to u in capacity.

Proof. Without lost of generality we can assume that v = 0. Let [u;], u; € 6&p,
be a sequence such that |ju;||, — 0, as j — co. From the definition of §&, there
exist functions vj, w; € &, such that u; = v; —wj; and ep(v; +w;) — 0, as j — oo.
Since

max(ep(v), ep(w;)) < ep(vj + wy),
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we have that e,(vj) — 0 and ep(w;) — 0, as j — oo. Let € > 0 and K € Q. For
any ¢ € PSH(R), —1 < ¢ <0, we have

Cop)™ 1 NP (77 1\ C(n,p) '
/{|vj|>e}mK(dd 1’[}) S entp /Q(U]) (dd ,Qb) < WBP(’U]),

where C'(n,p) is a constant depending only on n and p (see [3]). Therefore we

get
C(n, p)
cap({[vj] > e} N K) < — 2= ep(v5) — 0,

as j — oo and similarly

C(n,p)

cap({luwj| > e} N K) < =

ep(w;) — 0,
as j — oo. Hence
cap({|uj| > e} N K) < cap ({]v]] > g} ﬂK) + cap ({\w]] > ;} OK) — 0,
as j — oo and this proof is complete. O

The following example shows that convergence in capacity is weaker than con-
vergence in 0&,.

Example 3.3. Let B(0,1) be the unit ball in C". Let us define
1
uj(z) = max (ji log |z|, —,> .
J

Then uj € &(B) and ||u;|; " = ep(u;) = (27)™. Thus, [u;] do not converge to 0
in 0&, as j — +o00. Observe also that for fixed ¢ > 0 and for fixed K € B there
exists jo such that for every j > jo we have u; = —% > —e on K. This implies
that K N {u; < —e} = 0 and therefore u; — 0 in capacity. O

It was proved in [7, 8] that it is possible to extend the definition of the complex
Monge-Ampere operator in a reasonable way to the spaces §F and 6€. Namely
for u € 6 and K & QQ there exist u1,us € F such that u = u; — ug. Define

(ddu)"| i = > (=1)* <Z> (dd®ur)® A (ddus)" |k .
k=0

It follows from [8] that the following operator is well defined. For uy, ..., u, € 6&

and K € () there exist w},w?- € F for 1 < j < n such that u; = wl —w? on K

J J
for 1 < j < n. Define
dduy A - -+ A ddup | = dd°(wi — w?) A - A dd(w) — w?)|k.

Now we can extend the definition of the mutual p-energy to the space 6&,. For
v, UL, ..., Uy € 0E, there exist functions vl,UQ,w]l,w? € & for 1 < 5 < nsuch
that v = v! — v2 and uj :wjl.—wjz for 1 < j < n. Define

ep(v,ur, ..., uy) = /Q [oPddus A -+ A ddup,
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= / jv! — ?PddC(w] — wi) A - Add(w) — w?).
Q

We write ep(u) for the case when v = w3 = ... = up, = u. If u € &, then
ep(u) < oo, so (ddu)™ = 0 on the set {z € Q u(z) = —oo}. For u € 0&,,
u = u; — ug, u,up € & we have that (dd“u)” = 0 on the set {z € Q : uy(2) =
—oo} U {z € Q : uz(z) = —oo}. By previous observation, and by [8] the mutual
p-energy is well defined.

In the rest of this section we shall need the following theorem. Theorem 3.4
was proved in [9] (see also [4, 6]), and for 0 < p < 1 in [1]. If p = 0, then (3.1)
can be interpreted as Corollary 5.6 in [5].

Theorem 3.4. Let p > 0 and ug,u1,...,u, € E,. Then
/(—uo)pddcul A= Adduy,
Q

(3.1) < D(n, p) ep(uo)?” Ve, (u))V/ P+ e, (u,)V/ P,
where D(n,p) > 1 is a constant depending only on n and p.
Lemma 3.5. For v,ui,...,u, € 6&, we have

lep(v, ur, ..oy un)| < D(n,p)||vl[plluallp - - llunllp
and

lep(0)] < Jlollp ™.

Proof. Let v,u1,...,u, € 6, then there exist v, v w j,w €& forl1 <j<n
L2 anduj:wl-—w]? for 1 < j < n. Note that

such that v =v i

eptvvincsuo] = | [ o8 = Pt ) Ao et - )
_/( vl — vAPdde(wi + wi) A - A ddC(w) 4+ w?)
Q

1 1
< D(n,p)ep(v1 + vz)ﬁpep(u% +ud)me - -ep(u,lZ + uZ)np,
By taking infimum over all decomposition of the functions v, uq,...,u, we get
lep(v, ur, .. un)| < D(n,p)l|vlpllurllp - - llunllp-

For the second part we observe that

/Q |Ul _ U2|p kZ:O(_l)k<Z> (ddcvl)k A (ddc,UQ)n—k

n
< /Q(—v1 — %P Z (Z) (dd°v" )P A (dd°v?)"F = e, (vt +v?).
k=0
Now by taking infimum over all decomposition of the function v it follows that

lep(0)] < [lollp™

lep(v)] =

O
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Recall from the introduction that M () denotes the space of signed real Borel
measures on ). For every u € M(Q), and every K € 2, we denote by ||u|/x the
variation of g on K. The space M(Q2) with the topology given by the system of
semi-norms || - || g is a Fréchet space. Furthermore, the space M (2) consisting
of signed, real and finite Borel measure on 2 equipped with the norm given by
the total variation on €2 is a Banach space.

Theorem 3.6. The following mappings are continuous.
(08,)" M 3 (v,un, . un) — Ti(v,ur, . up) = [0Pdduy A - -+ A ddCu, € My,
Ty : ((5€p) S (uty ..o upn) — To(ur, ..., uy) = dduy A -+ Adduy, € M,
T3:0E, 3 u— T3(u) =u € df.

Proof. Ty: Let v7 ul, u%,v ULy ..., Uy € 55 be such that v/ — v, uk — Uk,

for 1 <k <mnin d&,. Then there exist 1)1,1)2,”[)1,’1)2, ],gok,l/)k, N :ck,yk
2

&y for 1 <k < nsuch that v = v —Uz, vl = v{—v%, ’U]—U =al -, u, = wk wi,
uk = :L'k yk, uk Up = gok T/)j and
ep(a? + 1) = 0, ep(ph +4) = 0,

as j — oo. Moreover, observe that we can choose the functions above so that
there exists a constant C' > 0 not depending on j satisfying

_ s {ep] +vd), ep(w} +w), ep(¢h + w), eplad + B7), eplaf + 9] } < C.
j— ’ = ""?/rl/

We prove that 77 is continuous. Note that
Tl(vj,ujl, .. ,uﬂL) —Ti(v,up, ..., up)

= |vj|Pdd°u] A - - - A ddud, — |v[Pdduy A - A ddCuy,

= " |vjlPddeuy A+ A ddup_y A dd€(uf, — ug) Addul ) A A ddeud,

n
+ v |Pddeus A< A ddou, — [0[PddCuy A+ A ddCu, =Y gl + 17

k=1
For 1 < k < n it holds that
il || = H |0 [PddCuy A - -+ A ddup_1 A ddc(uj — ) Addul, | Ao A ddoud,
- H [ Pddeun A -+ A ddCug_y A dd(ig — i) Addud A -+ A ddud,

< / (—v] — o)Pdde(w} + wd) A -+ Add(w)_y +wi_y) Add*(], + i)
Q
A ddc(miﬂ + ?Jiﬂ) A AddS(z), + y))

< D(n, p)ep(v] + vh) T e,(pl + 1) 75 x
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k-1
xHep w) + w}) "+P H ep xl+yl)"+1’
=1 I=k+1

n+p—1 . o1
< D(n,p)C 7 ep(} +9]) 7 — 0, as j — cc.

We shall now prove that ||/ — 0, as j — oo. First assume that 0 < p < 1, and
observe that for =,y > 0 we have |zP — yP| < |z — y|P. Using this inequality we
get,

[P = olP | < [0 = Jof |” < o =P < (= = )P,
hence

7] = || |vj|Pddus A - - A ddCuy, — |v|Pdduy A -+ - A ddCus|

< /(—aﬂ' — BPdde(wi 4+ wi) A - Add(w) + w?)
Q

n

. . 1

< D(n,p)ep(ad + 37)7 [ eplw} + wh)
=1

< D(n,p)C"Lﬂep(aj —I—ﬁj)ﬁ — 0, as j — oo.

We have proved that T} is continuous for 0 < p < 1. Now assume that p > 1. For
x,y > 0 we have that |2P — yP| < p(max(z,y))P |z — y|, and therefore it holds
that

[ 10717 = [of? | < p (max(|v;, [v]))P~ [ [o7] = [o] |
< p (max(—v] — v, —vr — v))" ! (=0’ — ).
Holder’s inequality yields that
7] = || [v;[Pddus A - -+ A ddup, — |v|Pddus A - -+ A dduy||
< / p(max(—v{ — v%, —vy — ) )P (—=ad — B9)ddE(wi + w?)
Q

Ao AddS(w) + w?)

hSAl

<p (/ (—aj — ﬂj)pddc(w} + w%) AR ddc(fwrll + wi)) X
Q

p—1
P

X (/ (max(—v] — v}, —v1 — v9))Pdd®(wi + w}) A --- A dd(w), + w,%)>
Q

< pD(n, p)pep ozj + ﬁj wl + wl P<"+P>

||:j:

x [ /Q (—v] —v%')”dd"(wHw%)A'--AddC(wme)

p—1

+ / (—v1 — v2)Pdd(w] + w?) A - - A dd(w} + wi)} i
Q

-1

< pD(n,p)» CF ep(ad + §7) 75 D(n,p) 7
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n
. . 1
x [ep(o] + o)™ [T epluaf +wd) 55
=1
n p—1

e p=1
+ep v] + vg) nFP Hep wl —l—wl "+P] P

p—1 ptn - _1
<27 pD(n,p)C =tr ep(oﬂ +ﬂj)"+r’ —0 as j — oo.
Thus, T3 is continuous for p > 1.

T5: Now we continue by proving that 75 is a continuous mapping. We have
To(ul, ... ,ul) — Toluy,. .. up)
= dd°u] A - A dd°ud, — ddCuy A - A ddCuy,

= dduy A+ A ddug_y A ddC(uf, — ug) Addul A A ddeud,

n
D
k=1
Fix K € Q. The relative extremal function for K is defined by

hi(z) =sup{u(z) : u € PSH(Q),u < 0,u < —1on K}.

It is well known that hj, € &, hj(2) = —1 on K and —1 < hj < 0. For
1 <k < n it holds that

Il = [[ddus A+ A ddeu g ddc(uj —wg) Addud A A ddoud,

- HddculA A ddugy A dd* () =) Nddul Ao A ddeud|

< / (=R} )Pdd(wh +w?) A - Add(wh_y +wi_q) A dd*(@l + ])
Q

N A (], + yly) A A dd (), + )

k—1
< D(n, p)ep(hK)"+P ep(‘Pk + wk "“’ H ep( wl + wl ”+p H ep( xl + Y )"+p
=1 l=k+1

< D(n,p)C%ep(h*K)"%Pep(cpi + 1%)#19 — 0 as j — 00.
Thus, T5 is continuous.
T3: Fix u € 6&p, u1,uz € £ N F such that u = uy —ug and fix K € Q. Let hg
be the relative extremal function for K in Q. Then we have
[ bun)) < [ (i )" < Dl pley (h5) 5 epfur-+ua) 75,
K Q

SO

3=

(/K(ddC(ul +u2))n) < C(K,n,p)ey(u +u2)n%p’
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where the constant C' (K, n,p) depends only on K, n and p. Taking infimum over
all decomposition of the function u we obtain

Jullx < C(K,n, p)lullp,

which proves that T3 is continuous. O
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