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SOME REMARKS ON THE AR-PROBLEM

LE HOANG TRI AND NGUYEN HOANG THANH

ABSTRACT. The aim of this paper is to introduce a possible scheme for con-
structing counterexamples (if there are any) of the AR-problem for compact
sets. In fact, this is an extension of Kalton-Peck-Roberts’ result. We also have
similar results on the AR-problem for the case of non-compact sets.

1. INTRODUCTION

Throughout most of this paper, by a linear metric space we mean a topological
linear space X which is metrizable. By Kakutani’s theorem (see, for instance [2])
there is an invariant metric p on X. We denote ||z — y|| = p(x,y). Observe that
|||l is not a norm, in particular |[Az|| # |A|||z].

However we assume that ||.|| is monotonous, that is ||Az| < [|z|| for every
z € X and A € R with |A] < 1.

We recall that for p € (0, 1) the linear metric space [, is defined by [, = {z =
o0 o0
()| D2 |zn|P < oo} with metric p(z,y) = Y. |zn — yn|P for each z = (z,),y =

n=1 n=1

(yn) € lp.
For p € (0,1) the linear metric space L, is defined by L, = {f : [0,1] —

R| f |f(t)|Pdt < oo} with metric p(f, g) = fl |f(t) — g(t)[Pdt for each f,g € L,,.
0 0

The spaces l,,, L, are non-locally convex linear metric spaces.

A topological space X is called to have the fixed point property if for every
continuous map f : X — X there exists a point o € X such that f(z¢) = xo.

Let X, Y be topological spaces. A continuous map f : X — Y is called compact
if f(X) is contained in a compact subset of Y.

A topological space X is called to have the fixed point property for compact
maps if for every compact map f : X — X, there exists a point zg € X such that
f(xo) = xo.

A topological space Y is called an absolute retract whether
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(a) Y is metrizable and

(b) for any metrizable space X and any closed set A C X, each continuous
map f: A —Y is extendable over X.

The class of absolute retracts is denoted by AR (see [2, 5]). We have

Theorem 1.1. (Borsuk, see [5]) Every AR- space has the fixed point property
for compact maps.

In 1951 Dugundji proved the following theorem, see [2].

Theorem 1.2. (Dugundji) Every convex subset of a locally convex linear metric
space is an absolute retract.

Let A be a convex subset of a linear metric space X. The set A is said to
be admissible if, for every compact subset K of A, the idx is the uniform limit
of a sequence of continuous maps f, : K — A such that each spanf,(K) is
finite-dimensional.

(Here spanf,(K) denotes the linear subspace generated by f,,(K)).

Hence, a compact convex subset A of a linear metric space X is admissible if
and only if id4 is the uniform limit of a sequence of continuous maps f, : A — A
such that each spanf, (A) is finite-dimensional.

It can easily be proved that the admissibility is an invariant under homeomor-
phism (see [1]).

Every convex absolute retract in a linear metric space is admissible and every
admissible convex subset of a linear metric space has the fixed point property for
compact maps (see Lemma 2.1, Lemma 2.2).

The following is among the most outstanding problems in infinite dimensional
topology.

Problem 1.1. (AR-problem) Is every convezr set in a linear metric space an
AR? (See [4, 7]).

Cauty has constructed a counterexample of the above problem for the case of
non-compact sets (see [3]). For the case of compact sets, this problem is still
open.

By Torunczyk’s result in [10], Problem 1.1 for the case of compact sets becomes

Problem 1.2. Is every infinite dimensional compact convex set in an F-space
homeomorphic to the Hilbert cube.

(Here an F-space is a complete linear metric space).

In [6], Kalton, Peck and Roberts have introduced a possible scheme for con-
structing counterexamples (if there are any) as follows: find a compact convex
set K with finite dimensional compact convex subsets K, and continuous maps
T, : K,, — K such that
(1) D(K,,K) — 0.
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(2) If z € K,, , then ||T,,(z) — z|| > 1.

(Here D(K,, K) = sup{d(z, K,)|r € K} and d(z, K,,) = inf{||z — y|||ly € K,.}).
Constructing of K is very difficult because before we have to construct a com-

pact convex set K, then construct finite dimensional compact convex subsets K,

of K and finally construct continuous maps 7T,, : K,, — K satisfying (1), (2).

The results of this paper are

Theorem 1.3. Let {K,} be a sequence of finite - dimensional compact convex
subsets of an F- space X satisfying the condition: for every n € N, there exists
a continuous map fn : K, — X such that ||fn(x) — x| > 1 for each z € K,,
D(Ky, fn(Ky)) — 0 and U2, Ky, is totally bounded. Then there exists a compact
convex subset which is not an AR set of X.

Theorem 1.4. Let {K,} be a sequence of finite - dimensional convez subsets of
an F- space X satisfying the condition: for everyn € N, there exists a continuous
map fr, : Ky, — X such that || fp(z)—2z|| > 1 for each z € K,,, D(Ky, fn(K,)) — 0
and U2, fn(Ky) is totally bounded. Then there exists a compact convexr subset
which is not an AR set of X.

It can easily be proved that if there is not a sequence {K,} satisfying the
hypothesis of Theorem 1.3 then every compact convex subset of a linear metric
space has the fixed point property.

In fact, assume on the contrary that there exist a compact convex subset K
of a linear metric space X and a continuous map f : K — K such that f(z) # x
for each z € K.

Replacing X by its completion , we can assume that X is an F'-space.

By the compactness of K, there exists an ¢y > 0 such that || f(x) — x| > ¢ for
each z € K.

Multiplying the metric of X by a constant, we derive that there exist a compact
convex subset L of a linear metric space Y and a continuous map ¢ : L — L such
that ||g(z) — z|| > 1. For each n € N, by the compactness of L, we choose a
finite- dimensional compact convex subset K, of L such that D(K,,L) < 1. Let
fn : K, — Y be defined by f,,(z) = g(z) for each = € K,,. Then ||fp(z) —z| > 1
for each x € K, D(K,, fo(K;)) — 0 and US2,K,, C L. This implies that
Up2 1 K, is totally bounded.

Similarly, if there is not a sequence { K, } satisfying the hypothesis of Theorem
1.4 then every convex subset of a linear metric space has the fixed point property
for compact maps. We can prove that in the space I, (p € (0,1) ), for every e > 0
there exist a finite - dimensional compact convex subset K and a continuous map
f + K — [, such that ||f(z) — x| > 1 for each x € K and D(K, f(K)) < €
(Remark 2.1).

2. SOME REMARKS ON THE AR-PROBLEM FOR COMPACT SETS

The main result of this section is
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Theorem 2.1. Let {e,} be an arbitrary sequence of positive numbers which
tends to zero, {K,} be a sequence of finite - dimensional compact convex subsets
of a linear metric space X satisfying the condition: for every n € N there exists
a continuous map fn : K, — X such that ||fo(z) — x| = 1 for each © € K,;
for each y € f,(K) there exists an element x € K,, such that ||y — x| < €, and
Un K, is totally bounded. Then there exists a compact convex subset which is
not an AR set of X (Here X is the completion of the linear metric space X ).

We note that Theorem 2.1 is an equivalent form of Therem 1.3.

For every n € N we let A, = f,(K,). By using the Brouwer fixed point
theorem (see [5]), for each continuous map g, : A, — K, there exists an element
x € A, such that [|g,(x) — z| > 1.

Therefore this theorem is a corollary of the following theorem.

Theorem 2.2. Let {e,} be an arbitrary sequence of positive numbers which tends
to zero, {K,} be a sequence of finite - dimensional compact convexr subsets and
{A4,,} be a sequence of subsets of a linear metric space X satisfying the condition:
for every n € N, for each continuous map ¢, : A, — K, , there exists an
element © € A,, with ||gn(x) — x|| > 1; for each y € A,, there exists x € K,, with
ly—z|| < ey, and U2, K, is totally bounded. Then there exists a compact convex
subset which is not an AR set of X.

Before proving this theorem, we have some remarks.

Remark 2.1. For every p € (0,1) , for every ¢ > 0 there exist a finite -
dimensional compact convex subset K of the space [, and a continuous map
f+ K — 1, such that, for each € K || f(z) —z|| > 1 and for each y € f(K) there
exists an element = € K such that ||y — z| < e.

1
Proof. For each n € N | let a = n* v and
e1 = (a,0,0,...,0,0,...) €,
ez =(0,a,0,...,0,0,...) € lp, ...,

(
en = (0,0,0,...,a,0,...) €1,
(a a i a

D = ﬁ,ﬁ,nw...,ﬁ,o,...) € lp,
n times
K, = conv{ey,ea,... e},
we have ||p,|| = 1.
Let f: K, — [, be defined by f(z) =« + p, for each z € K,,.
Then f is a continuous map and || f(x) — z|| = ||pn|| = 1 for each z € K,,.
For each x + p, € f(K,) there exist the numbers a1 > 0,0 > 0,..., 0, = 0,

n n

> a; = 1 such that z = > aje; = (aaq,aqs,...,aay,0,...). Thus x + p, =
i=1 1=1

(a1 + 5 a02 + o5, ... a0, + 55,0,..).
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Without loss of generality we can assume a1 > as > ag > ... = ay; therefore
a1 = % We have

a a a(n —1) n?+n-—1
aa2+$+...+aan+ﬁ:a(l—al)—i—T:a( 3 —aq)
2 2
n“+n—-1 1 n—1
Sa(—— g - )=l ) <a
Hence, if we put
an—1 a a
y:(a—(aa2+...+aan+(nQ)),aag—i—nQ,...,aan—l—HQ,O,...),

then y € conv{ey,es,...,e,} and

a n
|z +pn —yl| = H(aal—i-ﬁ—a+(aag—i-...—l—aan—i-T),O,O,...)H

a aln-—1) a
=l=+—=—0,0,...) = [(=,0,0,...
H(n2+ TL2 g )H H(n7 ) Yy )H
a?  np2pl 1
:ﬁ: np :7n17p'

It follows that there exists a number ng € N such that nl—l,p < € for every n = nyg.

Thus, for every € > 0, there exist a finite - dimensional compact convex subset
K (namely, K,,) of the space [, and a continuous map f : K — [, such that
|f(z) — x| = 1 for every x € K and for all y € f(K) there exists an element
x € K such that ||y —z|| <e. O

By using the Brouwer fixed point theorem, we have

Remark 2.2. For every p € (0,1) , for each € > 0, there exist a finite -
dimensional compact convex subset K of the space [, and a subset A of the space
l, such that for each x € A there exists an y € K with ||z — y|| < € and for each
continuous map f : A — K there exists an element x € A with || f(x) — z| > 1.

Applying similar arguments to needle point spaces (see [7, 8, 9]), we have

Remark 2.3. Let X be an arbitrary needle point space with an element g € X

such that [|zg|| > 1. Then for each € > 0, there exist a finite - dimensional
compact convex subset K of X and a continuous map f : K — X such that for
every x € K || f(z) —z| > 1 and for each y € f(K) there exists an element x € K
such that [y — z[| <e.

Remark 2.4. Let X be an arbitrary needle point space with an element g € X
such that ||zg|| = 1. Then for each € > 0, there exist a finite - dimensional compact
convex subset K of X and a subset A of X such that for every x € A there exists
an element y € K with ||y — z|| < € and for every continuous map f: A — K
there exists an element x € A with ||f(x) — x| > 1.

Let {L,,} be a sequence of nonempty subsets in a complete linear metric space
X, we denote by
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lim™ L,, the set of all elements xz of X such that for each n € N there exists an
element z,, € L, satisfying x = lim x,.
n—oo

lim™ L,, the set of all elements 2 of X such that there exists a subsequence
{my} of the sequence {n} such that for each n € N there exists z,,, € L,
satisfying x = lim z,, .
n—oo

Note that lim~ L,, C lim™ L,, and lim* L,, is a closed subset of X.

Lemma 2.1. Every admissible convex set has the fixed point property for com-
pact maps.

Proof. Let A be an admissible convex subset of an arbitrary linear metric space
(X, d). Suppose A has not the fixed point property for compact maps, then there
exists a compact map f : A — A and f(z) # z, for each x € A. Since f is a
compact map, then there exists ey > 0 such that d(x, f(z)) > ¢y for each = € A.
Let K be a compact subset of A such that f(A) C K. Since A is admissible, there
exists a continuous map g : K — A such that d(z, g(z)) < € for each z € K
and g(K) is contained in a finite - dimensional linear subspace L of X. Therefore
g(K) C LN A and LN A is a convex set in the finite dimensional linear metric
space L.

Consider go f|rna: LN A — LN A. We know that every finite - dimensional
linear metric space is a locally convex linear metric space, hence L N A is an
AR (Dugundji Theorem). Thus L N A has the fixed point property for compact
maps and g o f|pra(L N A) C g(K), g(K) is a compact set. Therefore there
exists zg € L N A such that g o f(xg) = xo. Thus d(g(f(x0)), f(xo)) < €o, hence
d(xo, f(xo)) < €o. This contradicts our assumption. O

Lemma 2.2. Every convex absolute retract in a linear metric space is admissible.

Proof. Let A be an AR convex subset of an arbitrary linear metric space (X, d).
By Arens - Eells Theorem (see [2]), there exists ¢ : A — A’ which is an isometric
embedding of A in a closed set A’ of a normed linear space E.

Let K be compact in A. We denote K’ = ¢(K) , then K’ is compact in A’,
let r: E — A’ be a retraction.

Let €,6 > 0. Because E is a normed linear space, then E is admissible (using
Schauder projection, see [5]). Therefore there exists a continuous map f : K/ — E
such that f(K') is contained in a finite dimensional linear subspace of E and
| f(z) — x| < 0 for each z € K.

Consider ¢t or|sxn : f(K') — A, since f(K') is a finite dimensional compact
set and A is convex then there exists a continuous map ¢ : f(K’) — A such that
lg(z) —p~tor(x)| <, for each z € f(K') and go f(K') is contained in a finite
- dimensional linear subspace of X.
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Note that go fop|x : K — A is a map with image contained in a finite
dimensional linear subspace of X and for every x € K,

lg o foelk(z)—
<llgo fowlk(@) =@ orofop(@)|+ e
<O+ lptorofop(x) — gt op(a)
=0+ |rofop(x)— ¢
=0+ |rofop(x)—ropx)].
We will show that there exists g > 0 such that for every § € (0,dp), ||ro fo
p(x) —rop(@)| <5 (%)
Suppose this claim is false, then for every n € N there exist a continuous map
fn+ K' — E and a sequence {y,} € K’ such that |7 o fu(yn) — 7(yn)| = §
and || fo(yn) — ynl < L for every n € N. Since K’ is a compact set there is no

loss generality in assuming that there exists yg € K’ such that y, — yo. Thus

fn(yn) — yo € K', hence ro f,(y,) — r(yo) since y, — yo implies r(y,) — r(yo)-
This contradiction proves the claim (*).

Yorofop(a) - a

€

Choose § sufficiently small and less than §, then the proof of Lemma 2.2 is
complete. O

Lemma 2.3. Let {K,} be a sequence of non-empty subsets in a complete linear
metric space X such that Uo2 | K, is totally bounded. Then there exists a subse-
quence {Kpn,} of {K,} such that im* K, = cllim™ K,, (where clA denotes the
closure of A in X).

Proof. Since U | K, is totally bounded and X is complete, then lim* K,, # 0.
Because lim™ K,, C cl(U%, K,,), lim" K,, is compact.

Choose z! € lim" K,, and a subsequence {Ki,} of {K,} such that z! €
lim~ Ki,,.

Choose 22 € lim™ K7y, such that ||z} — 22| > 27! (if there exists) and choose a
subsequence { Ko, } of {K1,} such that 22 € lim™ Ka,.

Next, we choose 2% € lim™ Ky, such that ||z! — 23| > 271, |22 — 23|| > 271, (if
there exists) and choose a subsequence { K3, } of {K2,} such that 2% € lim™ K3,,.

This process has to stop because lim* K,, D lim™ Ky, D lim" K»,, O ... and
lim* K, is totally bounded.

Suppose we find z!, 2%, ..., 2P and a subsequence {Kj,,}, we choose zP1*! €

l(im+ Kpn zamd)\z1 — 2P| > 272|122 — Y| > 272 |2 — 22| > 272
if there exists).

Then, we choose a subsequence { K, 11y, } of {Kp,»} such that
Pl lime(p1+1)n.

Continue this process we obtain py +1,...,p2,p2+1,...,D3,...,Dn,-- ..
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We consider the two following cases:

(1) The above process stops at a point 2™, then there is no point different from
24 22,000, 2™ in limT K.

We have z!' € lim™ Ky, 22 € lim™ Kop,...,2™ € lim™ K,,,, and lim~ Ky,, C
lim~ Ky, C ... Clim™ K,,,.

Since z',22,...,2™ € lim~ Ky, we have conv{z!,22,... 2™} C lim™ K.,
(by the convexity of lim~ K,,,). Therefore conv{z!, 2%, ...,2™} C lim™ K., C
m™ Ky,

Thus conv{z!, 22 ... 2™} is a singleton; lim™ K3, = {z'} and lim~ Ky,, =

{z'}. So lim™ Ky, C cl(lim™ K3,,) and {K73,} is the sequence which we need.
(2) The above process does not stop. Consider the diagonal sequence K11, K9, .. .,
Kun, - .. Now we have to prove that im™ K,,,, = cl(lim~ K,,) , i.e. im™ K, C
cl(lim™~ K,y;,). For each y € lim™ K, for each m € N we have y € lim" K,,,, C
lim™ K, .

By the definition of p,, , there exists z € {z!, 2%,...,2Pm} such that ||y — z|| <
27™,

We have z! € lim™ K1, 22 € im™ Kop,...,2P" € lim~ K,,n and lim™~ Ky, C
lim™ Ko, C ... Clim™~ K, .

It follows that z € lim™ K}, ., C im™ Ky, C cl(lim™ Kpy,), hencey € cl(lim™ Ky,).
Thus im™* K,,,, = cl(lim™ K,,). O

Proof of Theorem 2.2. Without loss of generality we can assume X is a com-
plete linear metric space and by Lemma 2.3, we can assume that lim* K, =
c(lim™ K,,).

Let K = lim" K,, = cl(lim~ K,,). Thus K is a compact convex subset of X.
Assumse on the contrary that K is an AR. Let r : X — K be a retraction.
Because K is compact then there exists §g > 0 such that
(1) for each z € X with d(z, K) < &y we have |r(z) — z| < %, where d(z,K) =
inf{d(z,a)|la € K}.

We have

(2) there exists ng € N such that sup{d(z, K)|z € K,} < %0 for each n > ny.

In fact, if (2) does not hold then there exists a subsequence {m,} of {n} such
that for each n € N, sup{d(z, K)|x € Ky,,} > %0. Thus for each n € N, there
exists x,, € K, such that d(x,,, K) > %0.

Since U, K, is totally bounded then we can assumse that {z,, } converges
to an element € X, hence z € K = lim™ K.

Since d(zm,,, K) > %0 for every n € N, we get d(z, K) > %0, a contradiction.

Because lim ¢, = 0 then
n—oo

(3) There exists ny € N such that sup{d(z, K,)|x € 4,} < %0 for each n > n;.
Since K is a convex AR set then K is admissible (Lemma 2.2), therefore there
exist a finite dimensional compact convex set Ky C K and a continuous map
(4) 1t : K — K such that |[r*(z) — z|| < % for each z € K.
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Because Ky C K = cl(lim~ K,,) and K is a finite dimensional compact convex
set then there exist n > max{ng,n1} and a continuous map
(5) h: Ko — K, such that ||h(z) — z|| < % for each z € K.
Let w : A, — K, be the restriction of the map hor* or on A4,. Then for
each v € Ay, |u(z) — x| = ||hortor(z) —z| < |[[hort or(x) —rt or(z)|
+Hror(z) = r(@)ll +||r(z) — z||. Therefore |lu(z) — x| < ; + 3 + |[r(z) — .
Because = € A, then d(z, K,,) < %0. Hence there exists an y € K, such that
d(z,y) < %
By (2), we have d(y, K) < %0. Thus d(z, K) < d(z,y)+d(y, K) < %0%—%0 = 0.
This implies that [|r(z) — z|| < I hence |lu(z) —z|| < $ + 3+ 1 = 2. This
contradics the assumption on g, in the statement of Theorem 2.2. O

3. SOME REMARKS ON THE AR-PROBLEM FOR NON-COMPACT SETS

In this section we will extend the results of Section 2 for the case of non-
compact sets.

The main result of this section is

Theorem 3.1. Let {e,} be an arbitrary sequence of positive numbers which
tends to zero, {K,} be a sequence of finite - dimensional conver subsets of a
linear metric space X satisfying the condition: for every n € N there exists a
continuous map fn : K, — X such that || fp(xz) — x| = 1 for each z € Ky; for
each y € fn(Ky) there exists x € K,, such that ||y — x| < €, and U3, fn(Ky) is
totally bounded. Then there exists a convexr subset which is not an AR set ofX
(Here X is the completion of the linear metric space X).

We note that Theorem 3.1 is an equivalent form of Theorem 1.1.

Without loss of generality we can assume X is a complete linear metric space.

For every n € N let A,, = clf,(K,) , we see that sup{d(z, K,)|z € fn(K,)} =
sup{d(z, K,,)|z € clf,(Ky)} and A, is compact. By using the fixed point theorem
of Borsuk (Theorem 1.1 ( also see [5])), for each continuous map g, : A, — K,
there exists an element x € A,, such that ||g,(x) — x| > 1.

Therefore this theorem is a corollary of the following theorem.

Theorem 3.2. Let {e,} be an arbitrary sequence of positive numbers which tends
to zero, {K,} be a sequence of convex subsets and {Ay,} be a sequence of subsets
of a linear metric space X satisfying the condition: for every n € N, for each
continuous map g, : A, — K, , there exists x € A,, such that ||gn(x) — x| > 1;
for every y € A, there exists x € K, such that ||y — x| < €, and U2 A, is
totally bounded. Then there exists a convexr subset which is not an AR set of X.

Before proving this theorem we have to prove the following lemma:

Lemma 3.1. Let {K,} be a sequence of convex subsets and {A,} be a sequence
of subsets of a complete linear metric space X satisfying the conditions: for
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every n € N, for every y € A, there exists v € K,, such that ||y — z|| < €, and
UX | A, is totally bounded. Then there exists a subsequence {nn} of {n} such
that im™ A, C cllim™ K,,,.

Proof. Since U2 | A,, is totally bounded and X is complete, then lim™ 4,, # 0.
Because lim™ A,, C ¢l U, A, , lim* A,, is compact.
Choose z! € lim™ A4,, C lim™ K,, and a subsequence {K1,} of {K,} such that
2! € lim™ Ky, choose 22 € lim" Ay, C lim™ K7, such that ||z} — 22| > 27! (if
there exists) and choose a subsequence {Ka,} of {K1,} such that 22 € lim™ K.
Next, we choose 2% € lim™ Ay, C lim™ Ks, such that ||z} — 23| > 271, ||2% —
23| > 271, (if there exists) and choose a subsequence {K3,} of {Ks,} such that
2% € lim™ Ks,.
This process has to stop because lim™ A4,, D lim* Ay, D im™ Ay, O ... and

lim* A, is totally bounded.

Suppose we find 2!, 22 ..., 2P1 and a subsequence {A,,,}, we choose zP1T! €

Hm™* Ay C Hm™ Ky and [[28 = 2217 > 272, |22 — 2P| > 272|271 —
2P1HL| > 272 (if there exists).

Now, we choose a subsequence {K, 11y} of {Kp»} such that
2Pl e lim_K(p1+1)n.

Continue this process we obtain py +1,...,p2,p2+1,...,p3,...,Dn,-- ..

We consider two following cases:
(a) The above process stops at a point 2. Then there is no point different from
24 22,00, 2™ in lim" A,,,. We have 2! € lim™ Ky, 22 € lim™ Ko,,...,2™ €
lim~ K, and lim~ K, C lim™ Ky, C ... C im™ K. So 28, 2%,...,2" €
lim™~ K. Thus lim™ A, C Uim™ Ky C cllim™ Koy,
(b) The above process does not stop. Consider the diagonal sequence K1, Koo, . ..
Kpn, ... and we have to prove that lim™ A, C cllim™ K,,,.

For each y € lim™* A,,,, and for each € > 0, choose m € N such that 27 < e,
y € im* A, C lim™ Apn-

By the definition of p,,, there exists z € {z!,22,..., 2P} such that ||y — 2| <
27™,

We see z! € im™ Ky, 22 € lim™ Kop,...,2P" € lim™ K,,n and lim™~ Ky, C
lim™ Ko, C ... C lim™ K. So z € lim™ K, , C lim™ K,, C clim™ Ky,.
Thus y € cllim™ K, hence im™ A4,,, C cllim™ K,,,. O

Proof of Theorem 3.2. Without loss of generality we can assume X is a complete
linear metric space and by Lemma 3.1, we can assume that lim™ 4,, C c/lim™ K.

Let K = cllim™ K,,. We see that K is a closed convex subset of X. Assume
on the contrary that K is an AR. Let r : X — K be a retraction. We will show
that for every & > 0, there exists Ny € N such that for each n > Ny, for each
Tn € Ap, Ir(xn) — 20l < 0 (%).
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In fact, assume on the contrary that there exist dg > 0 and a subsequence
{mpy} of {n} such that there exists z,, € Ay, with ||r(zm,) — Tm, | = do.

Since U2, K, is totally bounded then we can assumse that {z,,,} converges

to an element z € X.

Since lim z,, = = we have lim r(z,,) = r(z) = * = lim z,,,. This
n—oo n—oo n—oo
contradits ||7(zm,,) — Tm,, || = do, for each n € N.
Thus

(1) There exists Ny € N such that for all n > Ny, for each z € 4, ||r(z)—z| < 1.
We see that r(clU2 ; A,) C K, r(clUS2, Ay,) is compact, K is an AR. By Lemma
2.2, K is admissible. Therefore there exist a finite dimensional convex set H C K
and a continuous map 7 : r(cl U2, A,,) — H such that
(2) [[y(z) — || < § for all @ € r(cl U2, Ay).
By Mazur’s Lemma and the closedness of K, we can assume that H is compact.
Because K = ¢llim™ K,, and H is a finite dimensional compact convex subset
of K then there exist n sufficiently large and a continuous map
&, 0 H — K, such that
(3) |&n(z) — || < § for each z € H.
Consider the composite map &, oyor|a, : A, — K,. Then for each z € A,,
from (1), (2), (3) we have [|§, 0y or(z) — x| < [|§n o yor(z) —yor(@)| +lve
r(@) —r@)| +lr(z) 2| < f+3+5=7<L
This is a contradiction to our assumption. O

As an immediate consequence, we obtain

Corollary 3.1. Let {e,} be an arbitrary sequence of positive numbers which
tends to zero, {K,} be a sequence of finite - dimensional subspaces of a linear
metric space X satisfying the condition: for everyn € N there exists a continuous
map fn : K, — X such that ||fo(z) — z|| = 1 for each x € K,; for every
y € fn(Ky) there ezists x € K,, such that ||y —z|| < e, and U5, f,,(K},) is totally
bounded. Then there exists a linear subspace which is not an AR set of X (where
X s the completion of the linear metric space X ).

Theorem 3.3. Let {e,} be an arbitrary sequence of positive numbers which tends
to zero, { K} be a sequence of linear subspaces and {A,} be a sequence of subsets
of a linear metric space X satisfying the condition: for every n € N, for each
continuous map gn : An, — Ky, there exists x € Ay, such that || gn(z) —z|| = 1; for
every y € A, there exists v € K,, such that ||y — x| < €, and US| Ay, is totally
bounded. Then there exists a linear subspace which is not an AR set of X.
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