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WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR
COMMUTATOR OF MARCINKIEWICZ OPERATOR

ZHOU XIAOSHA

Abstract. In this paper, we prove the weighted endpoint estimates for mul-
tilinear commutator of Marcinkiewicz operator.

1. Introduction and theorems

Let b ∈ BMO(Rn) and T be the Calderón-Zygmund operator, the commutator
[b, T ] generated by b and T is defined by

[b, T ](f)(x) = b(x)T (f)(x)− T (bf)(x).

A classical result of Coifman, Rochberb and Weiss (see[3]) proved that the com-
mutator [b, T ] is bounded on Lp(Rn), (1 < p < ∞). In [2, 5], the boundedness
properties of the commutators for the extreme values of p are obtained. In [6], Liu
and Wu proved the weighted endpoint estimates for commutator of Marcinkiewicz
operator of order one. Following their work, we will prove the weighted bounded-
ness properties of the multilinear commutator of Marcinkiewicz operator for the
extreme cases in this paper.

First let us introduce some notations. In this paper, Q will denote a cube of Rn

with sides parallel to the axes. For any fixed positive integer m and 1 ≤ j ≤ m,
we denote by Cmj the family of all finite subsets σ = {σ(1), · · ·, σ(j)} of {1, · · ·,m}
of j different elements. For σ ∈ Cmj , set σc = {1, · · ·,m} \ σ. For ~b = (b1, · · ·, bm)
and σ = {σ(1), · · ·, σ(j)} ∈ Cmj , set ~bσ = (bσ(1), · · ·, bσ(j)), bσ = bσ(1) · · · bσ(j) and
||~bσ||BMO = ||bσ(1)||BMO · · · ||bσ(j)||BMO.

Definition 1. Given a fixed locally integrable function ω, a locally integrable
function f is said to belong to BMO(ω) space if the following inequality

1
ω(Q)

∫
Q
|f(y)− fQ,ω|ω(y)dy ≤ A.

holds for all cubes Q, where fQ,ω = 1
ω(Q)

∫
Q f(x)ω(x)dx and ω(Q) =

∫
Q ω(x)dx.

The smallest bound A satisfying the above inequality is taken to be the norm of
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f in this space, i.e.,||f ||BMO(ω) = supQ
1

ω(Q)

∫
Q |f(y)− fQ,ω|ω(y)dy. Following [8,

9], we know the above inequality is equivalent to
1

ω(Q)

∫
Q
|f(y)− c(Q,ω)|ω(y)dy ≤ A,

for some constant c(Q,ω). Obviously, if ω ≡ 1, BMO(ω) is the usual BMO(Rn)
space.

Definition 2. Let λ ∈ R1 and 1 ≤ s <∞, f is said to belong to Bs,λ(ω), if the
inequality ||f ||Bs,λ(ω) <∞ holds, where

||f ||Bs,λ(ω) = sup
r≥1

(
1

ω(Q(0, r))1+sλ

∫
Q(0,r)

|f(x)|sω(x)dx

)1/s

.

Remark. The definition is a little difference from usual, s = 1 is incorporated the
range of s. If ω ≡ 1, then Bs,λ(ω) = Bs,λ(Rn); if λ < −1/s, then Bs,λ(Rn) = {0};
if λ = −1/s, then Bs,−1/s(Rn) = Ls(Rn); if λ = 0,then Bs,0(Rn) = Bs(ω).

Definition 3. Let λ < 1/n and 1 ≤ s < ∞, f is said to belong to CMOs,λ(ω),
if the inequality ||f ||CMOs,λ(ω) <∞ holds, where

||f ||CMOs,λ(ω) = sup
r≥1

(
1

ω(Q(0, r))1+sλ

∫
Q(0,r)

|f(x)− fω,Q|sω(x)dx

)1/s

.

Remark. The definition is a little difference from usual, s = 1 is incorporated
the range of s. If ω ≡ 1, then CMOs,λ(ω) = CMOs,λ(Rn); if λ < −1/s, then
the space CMOs,λ(Rn) reduces to the constant functions; if λ = −1/s, then
CMOs,λ(Rn) coincides with Ls(Rn) modulo constants; if λ = 0, s = 1, then
CMOs,λ(ω) = CMO(ω).

Definition 4. Let 0 < γ ≤ 1 and Ω be homogeneous of degree zero on Rn such
that

∫
Sn−1 Ω(x′)dσ(x′) = 0. Assume that Ω ∈ Lipγ(Sn−1), that is there exists a

constant M > 0 such that for any x, y ∈ Sn−1, |Ω(x)− Ω(y)| ≤ M |x− y|γ . The
Marcinkiewicz multilinear commutator is defined by

µ
~b
Ω(f)(x) =

(∫ ∞
0
|F~bt (f)(x)|2dt

t3

)1/2

,

where

F
~b
t (f)(x) =

∫
|x−y|≤t

Ω(x− y)
|x− y|n−1

 m∏
j=1

(bj(x)− bj(y))

 f(y)dy.

Set

Ft(f)(x) =
∫
|x−y|≤t

Ω(x− y)
|x− y|n−1

f(y)dy,

we also define

µΩ(f)(x) =
(∫ ∞

0
|Ft(f)(x)|2dt

t3

)1/2

,
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which is the Marcinkiewicz operator(see [6, 10]).

Consider the space H =
{
h : ||h|| =

(∫∞
0 |h(t)|2dt/t3

)1/2
<∞

}
. Then, it is

clear that

µΩ(f)(x) = ||Ft(f)(x)|| and µ
~b
Ω(f)(x) = ||F~bt (f)(x)||.

Lemma 1. (see [10]) Let 1 < p <∞, ω ∈ Ap, then µΩ is bounded on Lp(ω).

Lemma 2. Let ω ∈ Ap, p > 1, and χQ be the characteristic function of the cube
Q, then ωχQ also belongs to Ap.

Theorem 1. Let ω ∈ Ap, (p > 1) and ~b = (b1, · · · , bm) with bj ∈ BMO(Rn) for
1 ≤ j ≤ m. Then µ

~b
Ω is bounded from L∞ to BMO(ω).

Theorem 2. Let ω ∈ Ap, (p > 1) and ~b = (b1, · · · , bm) with bj ∈ BMO(Rn)
for 1 ≤ j ≤ m. If for any Q = Q(0, R), R > 1, there is ω(Q) ≥ 1, then µ

~b
Ω is

bounded from Bt,λ(ω) to CMOs,λ(ω), where t > max{p, s}, λ ≤ 0.

2. Proofs of the lemmas and theorems

Proof of Lemma 2. Let Q0 be any cube, we now verify the Ap inequalities.(
1
|Q0|

∫
Q0

ω(x)χQ(x)dx
)(

1
|Q0|

∫
Q0

(ω(x)χQ(x))−1/(p−1)dx

)p−1

≤
(

1
|Q0|

∫
Q0

ω(x)dx
)(

1
|Q0|

∫
Q0

ω(x)−1/(p−1)dx

)p−1

≤ C.
So the lemma is proved. �

Proof of Theorem 1. It suffices to prove that there exists a constant c(Q,ω) such
that

1
ω(Q)

∫
Q
|µ~bΩ(f)(x)− c(Q,ω)|ω(x)dx ≤ C||f ||L∞ .

For any fixed cube Q, Q = Q(x0, r),kQ = Q(x0, kr), (k ∈ R), we decom-
pose f into f = f1 + f2 with f1 = fχ2Q, f2 = fχ(2Q)c , where χ2Q, χ(2Q)c

are characteristic functions of 2Q and (2Q)c separately. We denote ~b2Q by
~b2Q = ((b1)2Q, · · · , (bm)2Q) ∈ Rm, where (bj)2Q = 1

|2Q|
∫

2Q bj(y)dy, 1 ≤ j ≤ m,

then we have

F
~b
t (f)(x) =

∫
|x−y|≤t

 m∏
j=1

(bj(x)− bj(y))

 f(y)
Ω(x− y)
|x− y|n−1

dy

=
∫
|x−y|≤t

 m∏
j=1

((bj(x)− (bj)2Q)− (bj(y)− (bj)2Q))

 f(y)
Ω(x− y)
|x− y|n−1

dy
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=
m∑
j=0

∑
σ∈Cmj

(−1)m−j(b(x)− (b)2Q)σ
∫
|x−y|≤t

(b(y)− (b)2Q)σcf(y)
Ω(x− y)
|x− y|n−1

dy

= (b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(f)(x)

+ (−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q)f)(x)

+
m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− (b)2Q)σF
b̃σc
t (f)(x),

thus

|µ~bΩ(f)(x)− µΩ((b1 − (b1)2Q) · · · (bm − (bm)2Q))f2)(x0)|

≤ ||F~bt (f)(x)− (−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q))f2)(x0)||
≤ ||(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(f)(x)||

+
m−1∑
j=1

∑
σ∈Cmj

||(b(x)− (b)2Q)σF
b̃σc
t (f)(x)||

+ ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f1)(x)||
+ ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x)

− Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x0)||
= I1(x) + I2(x) + I3(x) + I4(x).

For I1(x), by Hölder’ s and the reverse of Hölder’s inequalities for some 1 < q <∞
(see[4]), let 1/q1 + 1/q2 + · · · + 1/qm + 1/q = 1, 1/p + 1/p′ = 1, qj > 1(j =
1, 2, · · · ,m), p > 1, p′ > 1, by Lemma 1 and Lemma 2, we get

1
ω(Q)

∫
Q
|I1(x)|ω(x)dx

≤ 1
ω(Q)

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|p′ω(x)dx

1/p′ (∫
Rn
|µΩ(f)(x)|pω(x)χQdx

)1/p

≤ 1
ω(Q)

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|p′ω(x)dx

1/p′ (∫
Rn
|f(x)|pω(x)χQdx

)1/p

≤ 1
ω(Q)

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|p′ω(x)dx

1/p′

||f ||L∞
(∫

Q
ω(x)dx

)1/p

≤ 1
ω(Q)

||f ||L∞ [ω(Q)]1/p×

×

 m∏
j=1

(∫
2Q
|bj(x)− (bj)2Q|p

′qjdx

)1/qj (∫
Q
ω(x)qdx

)1/q
1/p′
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≤ C

ω(Q)
||f ||L∞ [ω(Q)]1/p|2Q|1/p′q1+···+1/p′qm ||~b||BMO

[
|Q|1/q−1

∫
Q
ω(x)dx

]1/p′

≤ C||~b||BMO||f ||L∞ [ω(Q)]1/p
′+1/p−1|Q|1/p′[1/q1+···+1/qm+1/q−1]

≤ C||~b||BMO||f ||L∞ .

For I2(x), by Hölder’s inequality with 1/p+ 1/p′ = 1, p > 1, p′ > 1, we have
1

ω(Q)

∫
Q
|I2(x)|ω(x)dx

≤
m−1∑
j=1

∑
σ∈Cmj

1
ω(Q)

∫
Q
|( ~b(x)−~b2Q)σ||µΩ((~b−~b2Q)σcf)(x)|ω(x)dx

≤
m−1∑
j=1

∑
σ∈Cmj

(
1

ω(Q)

∫
Q
|(~b(x)−~b2Q)σ|p

′
ω(x)dx

)1/p′

×

×
(

1
ω(Q)

∫
Q
|µΩ((~b−~b2Q)σcf)(x)|pω(x)dx

)1/p

=
m−1∑
j=1

∑
σ∈Cmj

K1K2.

For K1, for some 1 < q < ∞,
∑

j∈σ 1/qj + 1/q = 1, qj > 1(j ∈ σ), by Hölder’s
inequality and the reverse of Hölder’s inequality, we have

K1 =
(

1
ω(Q)

∫
Q
|(~b(x)−~b2Q)σ|p

′
ω(x)dx

)1/p′

≤ ω(Q)−1/p′
∏
j∈σ

(∫
2Q
|bj(x)− (bj)2Q|p

′qjdx

)1/p′qj
[(∫

Q
ω(x)qdx

)1/q
]1/p′

≤ Cω(Q)−1/p′ |2Q|
∑
j∈σ 1/p′qj ||~bσ||BMO

[
|Q|1/q−1

∫
Q
ω(x)dx

]1/p′

≤ C||~bσ||BMO.

For K2, for some 1 < q < ∞,
∑

j∈σ 1/qj + 1/q = 1, qj > 1(j ∈ σ), by Hölder’s
inequality and the reverse of Hölder’s inequality, we have

K2 = ω(Q)−1/p

(∫
Rn
|µΩ((~b(x)−~b2Q)σcf)(x)|pω(x)χQ(x)dx

)1/p

≤ ω(Q)−1/p

(∫
Rn
|(~b(x)−~b2Q)σcf(x)|pω(x)χQ(x)dx

)1/p

≤ ω(Q)−1/p||f ||L∞

∏
j∈σc

(∫
Q
|bj(x)− (bj)2Q|pqjdx

)1/qj (∫
Q
ω(x)qdx

)1/q
1/p
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≤ ω(Q)−1/p||f ||L∞×

×
∏
j∈σc

(∫
2Q
|bj(x)− (bj)2Q|pqjdx

)1/pqj
[(∫

Q
ω(x)qdx

)1/q
]1/p

≤ Cω(Q)−1/p||f ||L∞ |2Q|
∑
j∈σc 1/pqj ||~bσc ||BMO

[
|Q|1/q−1

∫
Q
ω(x)dx

]1/p

≤ C||~bσc ||BMO||f ||L∞ .

So
1

ω(Q)

∫
Q
|I2(x)|ω(x)dx

≤ C
m−1∑
j=1

∑
σ∈Cmj

||~bσ||BMO||~bσc ||BMO||f ||L∞

≤ C||~b||BMO||f ||L∞ .

For I3(x), for some q > 1,
∑m

j=1 1/qj + 1/q = 1, qj > 1(j = 1, 2, · · · ,m), taking
p > 1, using Lemma 1, Lemma 2 and Hölder’s inequality, we have

1
ω(Q)

∫
Q
|I3(x)|ω(x)dx

=
1

ω(Q)

∫
Q
|µΩ(

m∏
j=1

(bj(y)− (bj)2Q)f1)(x)|ω(x)dx

≤

 1
ω(Q)

∫
Rn
|µΩ(

m∏
j=1

(bj(y)− (bj)2Qf1)(x)|pω(x)χQ(x)dx

1/p

≤ ω(Q)−1/p

∫
Q
|
m∏
j=1

(bj(y)− (bj)2Qf1(x)|pω(x)dx

1/p

≤ ω(Q)−1/p||f ||L∞

∫
Q
|
m∏
j=1

(bj(y)− (bj)2Q|pω(x)dx

1/p

≤ ω(Q)−1/p||f ||L∞

 m∏
j=1

(∫
Q
|bj(x)− (bj)2Q|pqjdx

)1/qj (∫
Q
ω(x)qdx

)1/q
1/p

≤ ω(Q)−1/p||f ||L∞
m∏
j=1

(∫
2Q
|bj(x)− (bj)2Q|pqjdx

)1/pqj
[(∫

Q
ω(x)qdx

)1/q
]1/p

≤ Cω(Q)−1/p||f ||L∞ |2Q|
∑m
j=1 1/pqj ||~b||BMO

[
|Q|1/q−1

∫
Q
ω(x)dx

]1/p
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≤ C||~b||BMO||f ||L∞ .

For I4(x), by Minkowski’s inequality and noting that |x0 − y| ≈ |x − y| for
y ∈ (2Q)c, we have

I4(x) = ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x)

− Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x0)||

=

(∫ ∞
0
|
∫
|x−y|≤t

Ω(x− y)f2(y)
|x− y|n−1

 m∏
j=1

(bj(y)− (bj)2Q)

 dy
−
∫
|x0−y|≤t

Ω(x0 − y)f2(y)
|x0 − y|n−1

 m∏
j=1

(bj(y)− (bj)2Q)

 dy|2dt
t3

)1/2

≤

(∫ ∞
0

[∫
|x0−y|≤t,|x0−y|>t

|Ω(x− y)||f2(y)|
|x− y|n−1

×

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy
]2
dt

t3

)1/2

+

(∫ ∞
0

[∫
|x−y|>t,|x0−y|≤t

|Ω(x0 − y)||f2(y)|
|x0 − y|n−1

×

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy
]2
dt

t3

)1/2

+

(∫ ∞
0

[∫
|x−y|≤t,|x0−y|≤t

∣∣∣∣ |Ω(x− y)|
|x− y|n−1

− |Ω(x0 − y)|
|x0 − y|n−1

∣∣∣∣×
×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f2(y)|dy

]2
dt

t3

)1/2

= I
(1)
4 + I

(2)
4 + I

(3)
4 ,

then by Hölder’s inequality with exponent
∑m

j=1 1/rj = 1, rj > 1,j = 1, 2, · · · ,m,

I
(1)
4 ≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

(∫
|x−y|≤t<|x0−y|

dt

t3

)1/2

dy

≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

∣∣∣∣ 1
|x− y|2

− 1
|x0 − y|2

∣∣∣∣1/2 dy
≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

|x0 − x|1/2

|x− y|3/2
dy
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≤ C

∞∑
k=1

∫
2k+1Q\2kQ

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |Q|
1/2n|f(y)|

|x0 − y|n+1/2
dy

≤ C

∞∑
k=1

2−k/2|2k+1Q|−1

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy||f ||L∞
≤ C

∞∑
k=1

2−k/2
m∏
j=1

(
1

|2k+1Q|

∫
2k+1Q

|(bj(y)− (bj)2Q)|rj dy
)1/rj

||f ||L∞

≤ C
∞∑
k=1

k2−k/2
m∏
j=1

||bj ||BMO||f ||L∞

≤ C||~b||BMO||f ||L∞ ;

similarly, we have I(2)
4 ≤ C||~b||BMO||f ||L∞ .

We now estimate I(3)
4 . By the following inequality (see [10]) :

| Ω(x− y)
|x− y|n−1

− Ω(x0 − y)
|x0 − y|n−1

| ≤ (
|x− x0|
|x0 − y|n

+
|x− x0|γ

|x0 − y|n−1+γ
),

we gain

I
(3)
4 ≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)||x− x0|
|x0 − y|n

(∫
|x0−y|≤t,|x−y|≤t

dt

t3

)1/2

dy

+ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)||x− x0|γ

|x0 − y|n−1+γ
×

×

(∫
|x0−y|≤t,|x−y|≤t

dt

t3

)1/2

dy

≤ C
∞∑
k=1

∫
2k+1Q\2kQ

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣×
×

(
|Q|1/n

|x0 − y|n+1
+

|Q|γ/n

|x0 − y|n+γ

)
|f(y)|dy

≤ C
∞∑
k=1

(2−k + 2−kγ)|2k+1Q|−1

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|dy

≤ C
∞∑
k=1

(2−k + 2−kγ)|2k+1Q|−1

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy||f ||L∞
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≤ C
∞∑
k=1

(2−k + 2−kγ)
m∏
j=1

(
1

|2k+1Q|

∫
2k+1Q

|(bj(y)− (bj)2Q)|rj dy
)1/rj

||f ||L∞

≤ C
∞∑
k=1

k(2−k + 2−kγ)
m∏
j=1

||bj ||BMO||f ||L∞

≤ C||~b||BMO||f ||L∞ ;

so
1

ω(Q)

∫
Q
|I4(x)|ω(x)dx ≤ C||~b||BMO||f ||L∞ .

Combining the inequalities above, we complete the proof of Theorem 1. �

Proof of Theorem 2. Because for any Q = Q(0, R), R > 1, there is ω(Q) ≥ 1 and
λ ≤ 0, it suffices to prove that there exists a constant c(Q,ω) such that[

1
ω(Q)1+sλ

∫
Q
|µ~bΩ(f)(x)− c(Q,ω)|sω(x)dx

] 1
s

≤ C||f ||Bt,λ(ω),

where Q = Q(0, R), R ≥ 1. For any fixed cube Q, kQ = Q(0, kR), (k ∈ R+), we
decompose f into f = f1 + f2 with f1 = fχ2Q, f2 = fχ(2Q)c and denote ~b2Q by
~b2Q = ((b1)2Q, · · · , (bm)2Q) ∈ Rm, where (bj)2Q = 1

|2Q|
∫

2Q bj(y)dy, 1 ≤ j ≤ m,

then we have

F
~b
t (f)(x) =

∫
|x−y|≤t

 m∏
j=1

(bj(x)− bj(y))

 f(y)
Ω(x− y)
|x− y|n−1

dy

=
∫
|x−y|≤t

 m∏
j=1

((bj(x)− (bj)2Q)− (bj(y)− (bj)2Q))

 f(y)
Ω(x− y)
|x− y|n−1

dy

=
m∑
j=0

∑
σ∈Cmj

(−1)m−j(b(x)− (b)2Q)σ
∫
|x−y|≤t

(b(y)− (b)2Q)σcf(y)
Ω(x− y)
|x− y|n−1

dy

= (b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(f)(x)
+(−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q)f)(x)

+
m−1∑
j=1

∑
σ∈Cmj

(−1)m−j(b(x)− (b)2Q)σF
b̃σc
t (f)(x),

thus

|µ~bΩ(f)(x)− µΩ((b1 − (b1)2Q) · · · (bm − (bm)2Q))f2)(x0)|

≤ ||F~bt (f)(x)− (−1)mFt((b1 − (b1)2Q) · · · (bm − (bm)2Q))f2)(x0)||
≤ ||(b1(x)− (b1)2Q) · · · (bm(x)− (bm)2Q)Ft(f)(x)||
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+
m−1∑
j=1

∑
σ∈Cmj

||(b(x)− (b)2Q)σF
b̃σc
t (f)(x)||

+ ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f1)(x)||
+ ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x)

− Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x0)||
= J1(x) + J2(x) + J3(x) + J4(x).

For J1(x), for some 1 < q < ∞, let 1/q1 + 1/q2 + · · · + 1/qm + 1/q = 1, qj >
1 (j = 1, 2, · · · ,m). Choosing p so that sp < t, 1/p+ 1/p′ = 1, p > 1, p′ > 1, by
Hölder’s and the reverse of Hölder’s inequalities and Lemma 1, Lemma 2, we get[

1
ω(Q)1+sλ

∫
Q
|J1(x)|sω(x)dx

]1/s

≤ 1
ω(Q)1/s+λ

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|sp′ω(x)dx

1/sp′

×

×
(∫

Rn
|µΩ(f)(x)|spω(x)χQ(x)dx

)1/sp

≤ 1
ω(Q)1/s+λ

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|sp′ω(x)dx

1/sp′

×

×
(∫

Rn
|f(x)|spω(x)χQ(x)dx

)1/sp

≤ 1
ω(Q)1/s+λ

∫
Q
|
m∏
j=1

(bj(x)− (bj)2Q)|sp′ω(x)dx

1/sp′ (∫
Q
|f(x)|spω(x)dx

)1/sp

≤ 1
ω(Q)1/s+λ

||f ||Bsp,λ(ω)[ω(Q)]1/sp+λ×

×

 m∏
j=1

(∫
2Q
|bj(x)− (bj)2Q|sp

′qjdx

)1/qj (∫
Q
ω(x)qdx

)1/q
1/sp′

≤ C

ω(Q)1/s+λ
||f ||Bsp,λ(ω)[ω(Q)]1/sp+λ|2Q|Σ

m
j=11/sp′qj ||~b||BMO×

×
[
|Q|1/q−1

∫
Q
ω(x)dx

]1/sp′

≤ C||~b||BMO||f ||Bsp,λ(ω)

≤ C||~b||BMO||f ||Bt,λ(ω).
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For J2(x), choosing p so that sp < t, by Hölder’s inequality with 1/p + 1/p′ =
1,p > 1, p′ > 1, we have[

1
ω(Q)1+sλ

∫
Q
|J2(x)|sω(x)dx

]1/s

≤
m−1∑
j=1

∑
σ∈Cmj

[
1

ω(Q)1+sλ

∫
Q
|( ~b(x)−~b2Q)σ|s|µΩ((~b−~b2Q)σcf)(x)|sω(x)dx

]1/s

≤
m−1∑
j=1

∑
σ∈Cmj

1
ω(Q)1/s+λ

[∫
Q
|(~b(x)−~b2Q)σ|sp

′
ω(x)dx

]1/sp′

×

×
[∫

Q
|µΩ((~b−~b2Q)σcf)(x)|spω(x)dx

]1/sp

=
m−1∑
j=1

∑
σ∈Cmj

1
ω(Q)1/s+λ

L1L2.

For L1, by Hölder’s inequality and the reverse of Hölder’s inequality for some
1 < q <∞,

∑
j∈σ 1/qj + 1/q = 1, qj > 1(j ∈ σ), we have

L1 =
[∫

Q
|(~b(x)−~b2Q)σ|sp

′
ω(x)dx

]1/sp′

≤
∏
j∈σ

(∫
2Q
|bj(x)− (bj)2Q|sp

′qjdx

)1/sp′qj
[(∫

Q
ω(x)qdx

)1/q
]1/sp′

≤ C|2Q|
∑
j∈σ 1/sp′qj ||~bσ||BMO

[
|Q|1/q−1

∫
Q
ω(x)dx

]1/sp′

≤ C||~bσ||BMOω(Q)1/sp′ .

For L2, choosing r so that rsp < t, 1/r + 1/r′ = 1, r > 1, r′ > 1, by Hölder’s
inequality and the reverse of Hölder’s inequality for some q > 1,

∑
j∈σ 1/qj+1/q =

1, qj > 1(j ∈ σ), we have

L2 =
[∫

Rn
|µΩ((~b−~b2Q)σcf)(x)|spω(x)χQ(x)dx

]1/sp

≤
[∫

Rn
|(~b(x)−~b2Q)σcf(x)|spω(x)χQ(x)dx

]1/sp

≤
[∫

Q
|(~b(x)−~b2Q)σc |r

′spω(x)dx
]1/r′sp [∫

Q
|f(x)|rspω(x)dx

]1/rsp

≤
∏
j∈σc

(∫
Q
|bj(x)− (bj)2Q|r

′spqjdx

)1/r′spqj
[(∫

Q
ω(x)qdx

)1/q
]1/r′sp/

×
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× ||f ||Brsp,λ(ω)ω(Q)λ+1/rsp

≤ C||f ||Brsp,λ(ω)ω(Q)λ+1/rsp|2Q|
∑
j∈σc 1/r′spqj ||~bσc ||BMO×

×
[
|Q|1/q−1

∫
Q
ω(x)dx

]1/r′sp

≤ C||f ||Bt,λ(ω)||~bσc ||BMOω(Q)λ+1/sp.

So [
1

ω(Q)1+sλ

∫
Q
|J2(x)|sω(x)dx

]1/s

≤
m−1∑
j=1

∑
σ∈Cmj

1
ω(Q)1/s+λ

||~bσ||BMO||~bσc ||BMO||f ||Bt,λ(ω)ω(Q)1/sp′ω(Q)λ+1/sp

≤ C||~b||BMO||f ||Bt,λ(ω).

For J3(x), choosing r, p so that rsp < t, p > 1, 1/r + 1/r′ = 1, r > 1, r′ > 1;
for some q > 1,

∑m
j=1 1/qj/ + 1/q = 1, qj > 1(j = 1, 2, · · · ,m), using Lemma 1,

Lemma 2 and Hölder’s inequality, we have[
1

ω(Q)1+sλ

∫
Q
|J3(x)|sω(x)dx

]1/s

=
1

ω(Q)λ

 1
ω(Q)

∫
Q
|µΩ(

m∏
j=1

(bj(y)− (bj)2Q)f1)(x)|sω(x)dx

1/s

≤ 1
ω(Q)λ

 1
ω(Q)

∫
Rn
|µΩ(

m∏
j=1

(bj(y)− (bj)2Qf1)(x)|spω(x)χQ(x)dx

1/sp

≤ 1
ω(Q)1/sp+λ

∫
Q
|
m∏
j=1

(bj(y)− (bj)2Qf1(x)|spω(x)dx

1/sp

≤ 1
ω(Q)1/sp+λ

∫
Q
|
m∏
j=1

(bj(y)− (bj)2Q|r
′spω(x)dx

1/r′sp

×

×
[∫

Q
|f1(x)|rspω(x)dx

]1/rsp

≤ 1
ω(Q)1/sp+λ

||f ||Brsp,λ(ω)ω(Q)1/rsp+λ
m∏
j=1

(∫
2Q
|bj(x)− (bj)2Q|r

′spqjdx

)1/r′spqj

×

×

[(∫
Q
ω(x)qdx

)1/q
]1/r′sp
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≤ C 1
ω(Q)1/sp+λ

||f ||Brsp,λ(ω)ω(Q)1/rsp+λ|2Q|
∑m
j=1 1/r′spqj ||~b||BMO×

×
[
|Q|1/q−1

∫
Q
ω(x)dx

]1/r′sp

≤ C||~b||BMO||f ||Brsp,λ(ω)

≤ C||~b||BMO||f ||Bt,λ(ω).

For J4(x), by Minkowski’s inequality and noting that |x0 − y| ≈ |x − y| for
y ∈ (2Q)c, we have

J4(x) = ||Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x)

− Ft((b1 − (b1)2Q) · · · (bm − (bm)2Q)f2)(x0)||

=

(∫ ∞
0

∣∣∣∫
|x−y|≤t

Ω(x− y)f2(y)
|x− y|n−1

 m∏
j=1

(bj(y)− (bj)2Q)

 dy
−
∫
|x0−y|≤t

Ω(x0 − y)f2(y)
|x0 − y|n−1

 m∏
j=1

(bj(y)− (bj)2Q)

 dy∣∣∣2dt
t3

)1/2

≤

(∫ ∞
0

[∫
|x0−y|≤t,|x0−y|>t

|Ω(x− y)||f2(y)|
|x− y|n−1

×

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy
]2
dt

t3

)1/2

+

(∫ ∞
0

[∫
|x−y|>t,|x0−y|≤t

|Ω(x0 − y)||f2(y)|
|x0 − y|n−1

×

×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ dy
]2
dt

t3

)1/2

+

(∫ ∞
0

[∫
|x−y|≤t,|x0−y|≤t

∣∣∣∣ |Ω(x− y)|
|x− y|n−1

− |Ω(x0 − y)|
|x0 − y|n−1

∣∣∣∣×
×

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f2(y)|dy

]2
dt

t3

)1/2

= J
(1)
4 + J

(2)
4 + J

(3)
4 .

For J (1)
4 , because ω ∈ Ap, ω−p

′/p ∈ Ap′ , we exploit the definition of Ap weight;
for some q > 1, let

∑m
j=1 1/qj + 1/q = 1, qj > 1, j = 1, 2, · · · ,m, 1/p+ 1/p′ = 1,

using Hölder’s inequality and the reverse of Hölder’s inequality; at the end, we
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use the double measure of ωdx,i.e.,ω(2Q) ≤ aω(Q) for some a > 1, we obtain

J
(1)
4 ≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

(∫
|x−y|≤t<|x0−y|

dt

t3

)1/2

dy

≤ C
∫

(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

∣∣∣∣ 1
|x− y|2

− 1
|x0 − y|2

∣∣∣∣1/2 dy
≤ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|
|x− y|n−1

|x0 − x|1/2

|x− y|3/2
dy

≤ C
∞∑
k=1

∫
2k+1Q\2kQ

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |Q|
1/2nω(y)−1/p

|x0 − y|n+1/2
|f(y)|ω(y)1/pdy

≤ C
∞∑
k=1

2−k/2

 1
|2k+1Q|

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣
p′

ω(y)−p
′/pdy


1/p′

×
[

1
|2k+1Q|

∫
2k+1Q

|f(y)|p ω(y)dy
]1/p

≤ C
∞∑
k=1

2−k/2
m∏
j=1

[
1

|2k+1Q|

∫
2k+1Q

|(bj(y)− (bj)2Q)|p
′qj dy

]1/p′qj

×
[

1
|2k+1Q|

∫
2k+1Q

ω(y)−qp
′/pdy

]1/qp′ [ 1
|2k+1Q|

∫
2k+1Q

|f(y)|p ω(y)dy
]1/p

≤ C
∞∑
k=1

2−k/2km
m∏
j=1

||bj ||BMO

[
C

|2k+1Q|

∫
2k+1Q

ω(y)−p
′/pdy

]1/p′

×

× ω(2k+1Q)1/p+λ|2k+1Q|−1/p||f ||Bp,λ(ω)

≤ C
∞∑
k=1

2−k/2km||~b||BMO

(
|2k+1Q|
ω(2k+1Q)

)1/p

×

× ω(2k+1Q)1/p+λ|2k+1Q|−1/p||f ||Bp,λ(ω)

≤ C
∞∑
k=1

2−k/2km||~b||BMOω(2k+1Q)λ||f ||Bp,λ(ω)

≤ C
∞∑
k=1

2−k/2kmakλ||~b||BMOω(Q)λ||f ||Bp,λ(ω)

≤ C||~b||BMOω(Q)λ||f ||Bp,λ(ω);

similarly, we have J (2)
4 ≤ C||~b||BMOω(Q)λ||f ||Bp,λ(ω).
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We now estimate J (3)
4 . Using the properties in J1 and the inequality

| Ω(x− y)
|x− y|n−1

− Ω(x0 − y)
|x0 − y|n−1

| ≤ (
|x− x0|
|x0 − y|n

+
|x− x0|γ

|x0 − y|n−1+γ
),

we gain

J3 ≤ C
∫

(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)||x− x0|
|x0 − y|n

(∫
|x0−y|≤t,|x−y|≤t

dt

t3

)1/2

dy

+ C

∫
(2Q)c

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)||x− x0|γ

|x0 − y|n−1+γ

(∫
|x0−y|≤t,|x−y|≤t

dt

t3

)1/2

dy

≤ C
∞∑
k=1

∫
2k+1Q\2kQ

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣
(
|Q|1/n

|x0 − y|n+1
+

|Q|γ/n

|x0 − y|n+γ

)
|f(y)|dy

≤ C
∞∑
k=1

(2−k + 2−kγ)|2k+1Q|−1

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ |f(y)|dy

≤ C
∞∑
k=1

(2−k + 2−kγ)|2k+1Q|−1

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣ω(y)−1/p×

× |f(y)|ω(y)1/pdy

≤ C
∞∑
k=1

(2−k + 2−kγ)

 1
|2k+1Q|

∫
2k+1Q

∣∣∣∣∣∣
m∏
j=1

(bj(y)− (bj)2Q)

∣∣∣∣∣∣
p′

ω(y)−p
′/pdy


1/p′

×
[

1
|2k+1Q|

∫
2k+1Q

|f(y)|p ω(y)dy
]1/p

≤ C
∞∑
k=1

(2−k + 2−kγ)
m∏
j=1

[
1

|2k+1Q|

∫
2k+1Q

|(bj(y)− (bj)2Q)|p
′qj dy

]1/p′qj

×
[

1
|2k+1Q|

∫
2k+1Q

ω(y)−qp
′/pdy

]1/qp′ [ 1
|2k+1Q|

∫
2k+1Q

|f(y)|p ω(y)dy
]1/p

≤ C
∞∑
k=1

(2−k + 2−kγ)km
m∏
j=1

||bj ||BMO

[
C

|2k+1Q|

∫
2k+1Q

ω(y)−p
′/pdy

]1/p′

×

× ω(2k+1Q)
1
p

+λ|2k+1Q|−1/p||f ||Bp,λ(ω)

≤ C
∞∑
k=1

(2−k + 2−kγ)km||~b||BMO

(
|2k+1Q|
ω(2k+1Q)

)1/p

×

× ω(2k+1Q)1/p+λ|2k+1Q|−1/p||f ||Bp,λ(ω)
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≤ C
∞∑
k=1

(2−k + 2−kγ)km||~b||BMOω(2k+1Q)λ||f ||Bp,λ(ω)

≤ C
∞∑
k=1

(2−k + 2−kγ)kmakλ||~b||BMOω(Q)λ||f ||Bp,λ(ω)

≤ C||~b||BMOω(Q)λ||f ||Bp,λ(ω)

≤ C||~b||BMOω(Q)λ||f ||Bt,λ(ω),

so [
1

ω(Q)1+sλ

∫
Q
|J4(x)|sω(x)dx

]1/s

≤ C||~b||BMO||f ||Bt,λ(ω).

Combining the inequalities above, Theorem 2 is therefore proved. �
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