ACTA MATHEMATICA VIETNAMICA 319
Volume 34, Number 3, 2009, pp. 319-334

WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR
COMMUTATOR OF MARCINKIEWICZ OPERATOR

ZHOU XTAOSHA

ABSTRACT. In this paper, we prove the weighted endpoint estimates for mul-
tilinear commutator of Marcinkiewicz operator.

1. INTRODUCTION AND THEOREMS

Let b € BMO(R™) and T be the Calderén-Zygmund operator, the commutator

[b, T| generated by b and T is defined by
[0, T](f)(x) = b(x)T(f)(z) — T(bf)(x).

A classical result of Coifman, Rochberb and Weiss (see[3]) proved that the com-
mutator [b, 7] is bounded on LP(R™), (1 < p < 00). In [2, 5], the boundedness
properties of the commutators for the extreme values of p are obtained. In [6], Liu
and Wu proved the weighted endpoint estimates for commutator of Marcinkiewicz
operator of order one. Following their work, we will prove the weighted bounded-

ness properties of the multilinear commutator of Marcinkiewicz operator for the
extreme cases in this paper.

First let us introduce some notations. In this paper, ) will denote a cube of R"
with sides parallel to the axes. For any fixed positive integer m and 1 < j < m,
we denote by C7" the family of all finite subsets o = {o(1),---,0(j)} of {1,---,m}

of j different elements. For o € C7", set 0° = {1,---,m} \ 0. For b= (b1, -, bm)
and o = {o(1), -+, 0(j)} € CJ", set by = (by(1), "+, bs(5))s bo = bo(1) - - - bo(j) and
1bo || Bro = |[boyl|BMO * -~ Vo () [| BMO-

Definition 1. Given a fixed locally integrable function w, a locally integrable
function f is said to belong to BMO(w) space if the following inequality

1
w(Q)/QU(y)_fQ’“’

holds for all cubes @, where fg, = ﬁ Jo [(@)w(z)dr and w(Q) = [, w(x)dz.
The smallest bound A satisfying the above inequality is taken to be the norm of

w(y)dy < A.
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f in this space, i.e.,|| f|| Bpow) = supg ﬁ fQ |f(y) — fowlw(y)dy. Following [8,
9], we know the above inequality is equivalent to

1
" /Q W) - c(Q.w)lw(y)dy < A,

for some constant ¢(Q,w). Obviously, if w = 1, BMO(w) is the usual BMO(R"™)
space.

Definition 2. Let A € R! and 1 < s < oo, f is said to belong to BS*(w), if the
inequality |[f]| s () < oo holds, where

1 1/s
HfHBS’/\(w) = igli’ (C‘W‘ /Q(o,r) \f(x)%(m)dx) .

Remark. The definition is a little difference from usual, s = 1 is incorporated the
range of 5. If w = 1, then B¥*(w) = B**(R"); if A < —1/s, then B>)(R") = {0};
if \ = —1/s, then B>~'/$(R") = L*(R"™); if A = 0,then B*°(R") = B*(w).
Definition 3. Let A < 1/n and 1 < s < 0o, f is said to belong to CMO**(w),
if the inequality ||f||caros () < 00 holds, where

1/s
1 S
[ fllemosrw) = glf (W /Q(o,r) |f(2) = fuql w(w)dl‘> -

Remark. The definition is a little difference from usual, s = 1 is incorporated
the range of s. If w = 1, then CMO*Nw) = CMO*) R"); if A < —1/s, then
the space CMO**(R™) reduces to the constant functions; if A = —1/s, then
CMO**(R") coincides with L*(R") modulo constants; if A\ = 0,s = 1, then
CMOMNw) = CMO(w).

Definition 4. Let 0 < v < 1 and 2 be homogeneous of degree zero on R"™ such
that [, Q(2')do(a’) = 0. Assume that Q € Lip,(S"!), that is there exists a
constant M > 0 such that for any z,y € S"71, |Q(x) — Q(y)| < M|z — y|?. The
Marcinkiewicz multilinear commutator is defined by

Wb (1)) = ( s IFf(f)(x)th)l/Q,

where

T B S ) (GO

z—y|<t ‘.%' - y‘n—l

Set

we also define
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which is the Marcinkiewicz operator(see [6, 10]).

Consider the space H = {h: [l = (J5° |h(t)|2dt/t?’)1/2 < oo}. Then, it is
clear that
pa(f)(@) = IE(f) (@)l and w(f)(2) = [|1F(f) (@)l
Lemma 1. (see [10]) Let 1 < p < 0o, w € Ay, then pq is bounded on LP(w).

Lemma 2. Let w € Ay, p> 1, and xq be the characteristic function of the cube
Q, then wxq also belongs to A,.

Theorem 1. Let w € Ay, (p > 1) and b= (by,--- ,b,,) with bj € BMO(R™) for
1 < j <m. Then pb is bounded from L> to BMO(w).

Theorem 2. Let w € Ay, (p > 1) and b= (b, - ,bp) with b; € BMO(R"™)
for 1 <j <m. If for any Q@ = Q(0,R), R > 1, there is w(Q) > 1, then pd, is
bounded from B w) to CMO*Nw), where t > max{p,s}, A <O0.

2. PROOFS OF THE LEMMAS AND THEOREMS

Proof of Lemma 2. Let Qo be any cube, we now verify the A, inequalities.

( | (a:)xQ(x)dx) (1 <w<rc)xQ(x))1/<p1>dx)“

— w
1Qol Jo, 1Qol Jq,
L L Y14\
<|— wxdw)( w(x) /P d:z:>
<|Qo\ Qo (=) 1Qol Jo, (=)
<C.
So the lemma is proved. O

Proof of Theorem 1. It suffices to prove that there exists a constant ¢(Q,w) such
that

@ /Q Wb () (@) — e(Quw)|w(@)dz < C| ]|~

For any fixed cube @, Q@ = Q(z0,7),kQ = Q(x0,kr),(k € R), we decom-
pose f into f = fi + fa with fi = fx2q, fo = fX(@0Q); Where x20, X(20)
are characteristic functions of 2Q and (2Q)¢ separately. We denote EQQ by
bag = ((b1)26, -+ (bm)ag) € R™, where (bj)2q = migy Jog bi(W)dy, 1 < j < m,
then we have

; N o (21— b Qz —y)
Hpe=[ L) - )| F 20
= [ T -~ 020 - ) - 0120 | S0 22
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=3 S 0O - Bl [ (00) = Balee )y
j=0 UEC;-" lz—y|<t |£C y|
— (51(@) — (b1)20) - (bu(@) — (bm)20) Fi(/)(@)
(D" E((by — (1)) -+~ (b — (bm)2@) ) (@)
m—1 5
n (—1)™ 9 (b() — (B)ag)oFL (£)(x),
j=1 JGCJm
thus

B (@) = pa((br = (b1)2q) - (b — (bm)2@)) f2) (w0)]
< FP(F) () = (=1)"Fe((b1 = (01)2q) - (bin — (bm)2)).f2) (o)
(fff) = (01)2@) - - (b (%) = (bm)2@) F+(f) (2)]]

+Z MIC 20)e FL () (@)

Jj=1ceC
+ [1F:((b1r = (01)2q) - - - (bm — (bm)2@) f1)
+ [[F2((b1 = (b1)2q) - - - (bm — (bm)2q)
~ Fl(br ~ (00)20) - (b — (bun)2g)f2) (o))
= I(x) + Io(x) + Is(z) + I4(z).
For I (x), by Holder’ s and the reverse of Holder’s inequalities for some 1 < g < 0o

(See[4}) let 1/q1 g+ +1/am+1/g=1 1/p+1/p =1, ¢ > 1(j =
1,2,- ), p>1,p > 1, byLemmaland Lemma2 we get

/ |11 (z)|w(x)dz

Sm /Q|H(bj($) (b)20) " w(x)da (/ | (f)(@)[Pw(z XQdﬂﬂ)l/p

<o\, |H<bj<a:>—<bj>2Q>|P’w<m>da: (/R f@)Pul )xcydw>1/p
1/p'

Sw(l) /QIH(bj(x)—(bj)gQ)lp'w(fv)dw 1|z </Qw(w)drv>l/p
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c 1/ 1/ qrtet1/p gm | |7 1/g-1 e
< |l [ Q)P 20041/ 0 5] s [|@| [ w(m)dx]
w(Q) Q

< CH5||BMOHfHL°° [W(Q)]l/p’ﬂ/p—l,Q|l/p’[1/q1+...+1/qm+1/q—1]

< C|bl| Baol | £ noe-
For I(x), by Holder’s inequality with 1/p+1/p' =1, p > 1,p’ > 1, we have

1/ |Ix(z)|w(z)dx

< Z Z / [(6(2) = Ba)ol l1((F — bag)oe ) (&) () d

For K, for some 1 < g < oo, Zjea 1/g; +1/q =1, ¢; > 1(j € o), by Holder’s
inequality and the reverse of Holder’s inequality, we have

( / [(B) = B20) |p’w(:c)dx> "
il (/ iy j)QQ‘p,qjdx> 1/9'qj [</Qw<$)qu> 1/1 1/p/

jEo
/ 1 /. bd 1/p
< Cw(Q) VP 2Q=s0 V"% ||by || aso [iQ\”q‘l /Q%)dx]

< Cl|bo]|Brr0-

For Ky, for some 1 < ¢ < 00,3 ;.,1/q; +1/g =1, ¢; > 1(j € o), by Holder’s
inequality and the reverse of Holder’s inequality, we have

- - 1/p
Ko =@ ([ uol(F0) - ) NP oloinale)is )

- - 1/p
<wl@ ([ 16 - bQQ)aCf($)|pw($)XQ(x)d$>

< / 1b;(2) — (by)agl™ dm) v ( /Q w(a:)qdm> 1/1

1/p
< w(Q) 7P| f]| L {

jeoTc
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< w(Q) P[]l

< ] ( / b (2 QQyp%dx>1/qu [( /Q w(x)qda;> 1/1

j€oc

1/p

o 1/p
< Cw(Q) 77| fl| L |2Q|=ieo /P9 ||bye || paro [\Q!”q_l /Q”(x)dw}

< C||bye|| Brol| f]] £oe -
So

1
wte) /Q (@) () de

CZ > ool BarolboellBrro|| £l Lo

j=1 aeC’m

< C[[bl| parol| f1| o

For I3(x), for some ¢ > 1, Z’Jn:l 1/g;j+1/qg=1,¢; >1(j =1,2,--- ,m), taking
p > 1, using Lemma 1, Lemma 2 and Hoélder’s inequality, we have

- / Iy () ()

/ ([0 9) — (bj)e@) 1) (@) lw(w)d
=1
’ m 1/p
( (] ] 2Qf1)(x)pW($)XQ($)dw>
m_ 1/p
w —1/p b; — (b ) |Pw(x)dz
<w(Q) (/Qjﬂlmw (bj)sa 1 (2)Pw(z) )

< W(Q)V7||fl e ﬁl (/Q\bj(:c) — (b)) 2Q\p‘bdaz>l/% </Qw qu>1/q}
< w(Q) V|| f][ o ﬁ </2Q |b(2) — (b 2Q!p<ndx> L/paj [(/Qw qu> 1/q]

Jj=1
1/p
Q 1/q—1 d }
Q) /Q w(z)dz

1/p

< Cw(Q)VP|| ]| 1< |2Q =71 179 ||| | prso
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< C|[bl| pasol| £l

For I4(x), by Minkowski’s inequality and noting that |xg — y| ~ |z — y| for
y € (2Q)°, we have

Iy(z) = |[Fe((b1 — (b1)2q) - - (b — (bm)2q) f2) ()
— Fi((b1 = (b1)2q) - - - (b — (bm)2@) f2) (o)

</ /| | x—y!fzg . {H(bj(y)(bj)m)] dy
z—y|<t 1

J

1/2
: /lwo—ylgt W [H(bj(y) - (bj)zQ)] dyzf?’f)

J=1

> 2z — y)[f2(y)]
= </0 [/xoy<t7$0y>t & —y["! g

x H(bj (y) —
j=1

> Qo — y)l[f2(y)]
! </0 [/Ir—yl>t,xo—y§t |zo —y|"! -

m th 1/2
X H(b](y) - t3>
j=1

> 2z —y)| _ [2zo — )
! </o Vu—msm—m

lz —y[*=t |z —y[?
m

2dt 1/2
[1bi@w) = (b)20) !fz(y)\dy] t3>

J=1

=1+ 1P+ 1Y,

bj)2q)| dy

X

then by Holder’s inequality with exponent Z;nzl Iri=1,r;>1j=1,2,---,m,

m 1/2
dt
ORI bi(y) — (b)s |f ()l / g,
! ()" g( e AV A
X Sl |1 LY
< C bi(y) — (b; — dy
20)° Jl_[1( ]( ) —( ])QQ) ’m_y|n71 ]:r—y|2 \ifo—y|2
i f zo — x|M/?
< C H(bj(y) — (bj)2) ]:1:‘—( ’21‘ 1 ’|J?_ |’3/2 dy

(2Q)° j=1
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QI f(y)]

|$0 _ y|n+1/2

IN

CZ/

k+1Q\2kQ ] 1
m

CZQ‘k/2|2k+1Q|_1/ L1 = (5))20)

2k+1Q j=1

1/r;
czz k/?H(WQ| ) = o)l ) 1

< CZkTW H b5l Bao ] 1] Lo

k=1 j=1
< Clbllmoll flLee;

IA

dyl| f[|z=

IN

similarly, we have LE ) < C]\5\|BMO||f]|Loo.
(3)

We now estimate I,”. By the following inequality (see [10]) :

|Q(~’E—y) - Qxo—y )| (!l‘—xo\ |z — xo|” )
|z —y["t Jwo =yt T ao —ylm o |wo —yr YT
we gain
m 1/2
(3) |f (y)]|lz — 2o dt
LY <c (bj(y) = (bj)2Q)| =
! (2Q)° Jl:[l ’ PP Jeo — gl lmo—pl<tla—yl<t £
n _ b
Lo [f @)z — zo|”

H(bj(y) — (b5)2)

|lzo — y[n =ty

1/2
/ dt

X 3 dy
( |wo—yl<t,Jo—y|<t ¢

SCi/ Hby 2Q)| %

k+1Q\2kQ j=1

1/n /n
x( <l + Qr )If(y)ldy

|[zo —y[** fwo —y[*

<03 @2k 422k / TT05() — (4)20)]| 1 ()ldy
k=1 2MHQ |55

Z 2k + 27 M2kt ! / T (bs() — (b5)20) | dyll 1]
2k+1Q j=1
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) m 1/r;
< (27F +27F) () = (b)90) | .
<O @+ 1]1(2k+1@ 1 [B®) = 0)20) )" Il

<O K2ty I slasroli e~
k=1 Jj=1

< C|bl| Barol| fl] o<

SO

1 / -
— Li(x)|w(x)dx < C||b||Brroll fllree-
Q) QI (z)|w(z) |16l Barol[ £1]
Combining the inequalities above, we complete the proof of Theorem 1. O

Proof of Theorem 2. Because for any @ = Q(0, R), R > 1, there is w(Q) > 1 and
A <0, it suffices to prove that there exists a constant ¢(Q,w) such that

1

[ 1+3A/ |“Q ) —c(Q,w)['w ($)d4 S < CHfHBM(w),

where @ = Q(0,R), R > 1. For any fixed cube @, kQ = Q(0,kR), (k € R4), we
decompose f into f = f1 + fo with f1 = fxaeg, fo = fx (2q)c and denote by by

bog = ((b1)ogs -+ (bm)ag) € R™, where (b))2q = rpr Jag bi(®)dy, 1 < j < m,
then we have

m

th x) =
()(a) /| {H

J=1

(bj(2) - bj<y>>] e

— /| | |:H((bj($) = (bj)2q) — (bj(y) — (bj)QQ))] f(y)mdy
z—y|<t

= 3 S O - 0hads [ (b0)  (Ba)ee S0 Wz —y) 4,
j=0oeCm |z—y|<t |~’U y|

= (Bi(@) — (1)20) -+~ (@) — (b)) Fi(f) (@)

+(=1)"F((by — (b1)2q) - - - (b — (bim)20) f)(2)

m—1
=303 ) b@) — (0)20)o B (F) (@),
j=1 ceC™
thus
Iy

FY(f)(x) = (~1)"F((b1 — (b1)20) - - - (b — (bin)20)) f2) (z0)]]

(@) = pa((br = (01)2q) - - - (b — (bm)2q)) f2)(0)]
[ F7( 1
|(01(2) = (b1)2q) - - - (bm () = (bm)2@) F1(f) ()|
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m—1 -
+ Z Z ||(b(z) — (b)zQ)aFtboc ()@l

j=1 UEC;.”

+E((br = (b1)2Q) - - - (bm = (b )2@) f1) ()]
(b1 = (b1)2q) - - - (b — (bm)2q) f2) (%)
— Fi((b1 = (b1)2Q) - - - (bm

= J1($)+J2($)+J3( )+J4($
For Ji(z), for some 1 < ¢ < oo, let 1/q1 +1/q2 + -+ 1/gm + 1/q = 1, q; >

1(j=1,2,---,m). Choosing p so that sp <t, 1/p+1/p'=1,p>1,p > 1, by
Holder’s and the reverse of Holder’s inequalities and Lemma 1, Lemma 2, we get

[MJHwéuwm%@mrﬁ
/sp’
1/s+/\ (/H ’8” (x)dx)l X

1/sp
X ( Mﬂ(f)($)|spw($)><@(ﬂf)diﬂ>
R’I’L

1/sp’
o (/ T~ ) <w>dw> ><

x ( . f(:v)!szow(x)m(x)dx)l/s,g

1/sp’
1 i o o 1/sp
w(Q)I/ ( /Q !jl_[1<bj(w)—(bj)zcz)! w(w)dx> ( /Q £ (z)] w(w)d:c)

1
< s llraw @17 x

{ </ () = (bj)20!™ q]d:c) Y (/Qw(x)qu>1/q] 1/s

m!\fl!mx W@/ P 2Q =55 5ar0

<
~w(@)

1/sp’
<Jlort [ wwas]
Q

< C|Ibl|Breol f1] psr )

< C|1bl| aoll £l e ()

/
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For Jy(z), choosing p so that sp < t, by Holder’s inequality with 1/p + 1/p' =
1,p>1,p > 1, we have

L(Q)1+sx/|J2 o )dx]l/s
1

m— oL 1/s
< [ = / (6G) — Bag)ol1a((F — Bao)or f) (@) w(e)de
7=1 UEC
m—1 1/sp
< o 1/s+)\ [/’ ) = byq)o | ()dﬂ?] X
7=1 UEC]m
. 1/sp
x [ /Q 10((F — B F) (@) P >dx]
m—1 1
= Z ———— T Ls.
1/s4+X
7=1 UEC;.” w(Q) /

For Li, by Holder’s inequality and the reverse of Holder’s inequality for some
1<q<o00, Y e, 1/aj+1/qa=1,q; > 1(j € o), we have

[/ |(b(x) — bag) ISP'w(x)dx] v
- E </ = ( j)z@ls”’qjdx) e [( /Q . (m)qu) 1/1 1/sp/

. 1/sp
< C12QIZ e 9|5, | a0 [|@|1/q—1 /Q w(@d4

< Olbo| [ Brow (@),
For Ly, choosing r so that rsp < ¢, 1/r+1/r" =1, r > 1,7/ > 1, by Holder’s
inequality and the reverse of Holder’s inequality for some g > 1, > jeo 1 Jai+1/q =
1, g > 1(j € o), we have

r S 1/sp
L= | [ (= Bagloe (@) Pto)nale)de]

IN

/ |(b(x) = bag)o Cf(w)|8pw(x)XQ(m)d4 Hep
/ |(b(z) = b2Q e[ (x)dx} v [/Q yf($)|rspw(x)dx] 1/rsp

1 5pq; Ry
H </Q‘bj($) - (bj)2Q|TI5qu'dx>l/ [</Qw(x)qu>l/ ] / /><

jEo°

IN

IN
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|| f1] grepa @yw(@) /7P
< O f1] grovr oy (@) TP 2Q|Zseoe P [Boc || g0 %

1/r's
>< [|@Wq-1 / W(a?)dx] ’
Q

< O£l e ) l[boe | Barow(Q) /2.

So
1 . 1/s
St [ et
m—1
= « ZC: o 1/s+)\Hb HBMOHbUCHBMoIIfHBMw)w(Q)l/Sl"w(Q)AH/sp
j=1 o€ Jm

< C|bllsrollf | perw)-

For Js(x), choosing r,p so that rsp < t,p > 1, 1/r+1/r =1, r > 1,7 > 1;
for some q > 1, ZTzl 1/qj/+1/qg=1,¢; > 1(j = 1,2,--- ,m), using Lemma 1,
Lemma 2 and Hélder’s inequality, we have

L(Q;”“ /Q |J3(x)lsw(x)d4 1/s

m 1/s
= s | a@ J, 1w - e @ <x>dx]
. _m 1/sp
1
= | f d
“QN | / Ha ]1;[1 7)2.f1)(@)[Pw(z)xo(x) ]
[ m 1/sp
1
b xT)ax
< SO /Q |jr:[1<]<y> ) i@ >d]
1 1/r'sp
< S / X wxm] .

) [/Q |f1(2)|"Pw () dx] Lrsp

1 1/rsp+A - Y apas 1/r'spg;
< WHJFHBNM(W)W(Q) /rsp ]1;[1 </2Q 1bj(x) — (bj)20] dem) %

X [(/Q w(:c)qd$> l/q] 1/ sp
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1
< CWHJCHBTSP,/\(MW(Q)

XDQWW{meMm

< O1bl| Broll 1] provr )

< C|Ibl|Brsol| f1] e (w)-

1/rsp+/\|2Q|Z;n:1 1/r/quj||g”BMOX

:|1/r’sp

For Jy(z), by Minkowski’s inequality and noting that |zg — y| ~ |z — y| for
y € (2Q)¢, we have

Ja(z) = [|F((b1 = (b1)2q) - - + (b — (bm)2q) f2)(2)
— Fy((b1 — (b1)2q) - - + (b — (bm)2q) f2) (o)

=[] Bnkw TT050) — G0 |
0 gzt |z —yl*!

j=1
Qa0 — ) foly) | 15 24t "
[ BRI TT00) - )0 | d
wo—yl<t |70 = | et t

> 2z — y)l|fo(y)]
= </0 [/|x0y|§t7|$0y|>t |z =y :

m 2\’
< T ®i(w) = (0)20) dy] t3>

j=1

°° Q2zo — y)l[f2(y)]
- </0 [/r—y|>t,|zo—y|§t |$O - y|n71 -

2 1/2
dt /
3

-yl |2 -]
o=yl Jag — g

m

< [T ®i(w) = (0))20)| dy

J=1

o0
gl
0 lz—y|<t,|zo—y|<t

m th 1/2
< | [T W) = (0)20) |f2(y)|dy] )

5
j=1

S

For Jil), because w € A, w PP e Ay, we exploit the definition of A, weight;
for some ¢ > 1, letzgn:l 1/gj+1/g=1,q¢;>1,j=1,2,--- ,m, 1/p+1/p =1,
using Holder’s inequality and the reverse of Holder’s inequality; at the end, we
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use the double measure of wdz,i.e.,w(2Q) < aw(Q) for some a > 1, we obtain

m 1/2
(1) /() dt
Jyo <0 (0;(y) = (bj)20) | Tt = dy
! (2Q)° Jljl ’ T e =yt \ e yltctao—yl £
1 f W) 1 1|
<C (bj(y) — (bj)2 - dy
(2Q)¢ J[[l )= Gl |z =y e —yl* |20 —yl?

1 fW] o —af'?
<C [T ) — @ L _d
(20)¢ j:1( J( ) ( ])QQ) |IE . y|n,1 |l’ . y|3/2

SC’Z/
k=1"2

[1®iw) = (9))20) | ()|w(y)'/Pdy

QI 2nes(y) 1/

F1Q\28Q [ g — y[n+1/2
o 1/p
> 1 " ,
< o—k/2 | _— () — (bs —'/p
—CZ ’2k+1Q‘ s H(bj(y) (bj>2Q) w(y) dy
k=1 j=1
1 » 1/p
—_— d
< g o, PPt
i k/Qﬁ 1 a 1/p'q;
<oyt | 050 = (4)0)" ]
k=1 j=1 2H1Q) 2k+1Q ’ ’
1 y 1/qp’ 1 , 1/p
- —ar'/pg . d
< Lo 0] gy L Pt

, 1/p'
aoronal”

o0 m C
< 27F2km T b5 Baro [
; ]1;[1 J |2k+1Q’ 2k+1Q

x w2 QPR IQI VP £ g )

%) 1/p
—k/27.m 7] ’2k+lQ‘
SCZZ /k HbHBMO <w(2k+1Q) X
k=1
x w(2FTLQYVPTN M QTP [ £]| gy

< O3 272k B 5arow 2 QI e o)
k=1

<O 272k a5l parow( @) 1] e )
k=1

< Cl[bl 5aow( @M1 5o w):

similarly, we have J{> < C|[8]| 50w (Q)M|f1] 5o w)-
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We now estimate J 4{3). Using the properties in J; and the inequality

,Q(x—y)iﬁ(xo—y)K( )

|z —y[*=t |ro—ylrt T

[z — 20 |z — xo|”

lzo —y|™  |zo —y[P 1Y

we gain
m 1/2
[fW)llz — ol / dt
Js < C bi(y) — (b; —_— = — dy
(2Q)° jHl( ) = {bi)aa) w0 —y|” jwo—yl<tjo—yl<t
m 1/2
[f W)z — zo|” dt
+C (bj(y) — (bj)20) | T 5| dy
(2Q)° |;=1 ’ 7729 |zo — y|" 1+ lzo—y|<t,|z—y|<t t3

110w — (45)20)

J=1

( Q|Y/n Q™

|zo —y[* T fwo —y["

) £ (y)ldy

=1 2k+1Q\2kQ

k+1Q

<0 (@ k4oL / TT55() — (b5)20)| 1£(v)Idy
k=1 2 j=1

<otz il [ Tk - 00| w)rx

k

—_

< |f@)lw(y)/Pdy

p/ l/p/
s 1 i )
—k —k - . . . — /
<O T GG fynng LLGW) = B)a0)] ey
k=1 j=1
1 » 1/p
< g Lo O )]
o0 m 1/ P
SCZ<2—k+2—’f”>H[;ﬂ |<bj<y>—<bj>2Q>|P/%dy}
el i=1 |2 + Q| 2k+1Q
1 , 1/qp’ 1 1/p
- —qp'/p - D
" [|2'f+1czr . dy] [|2k+1cz| arg! 1) ”(”dy]
[e’e] m C , 1/p’
<@ F 2 em T 1Ibsll v LW@ w(y)™? /pdy] x
k=1 j=1 2H1Q

x (2 Q)P 2 QI VP £l oo

(9] L . - ’2k+1Q| 1/p
< OS2 o (Ll )
k=1

x w2 QYFHN QI TP £ g



334

<

ZHOU XIAOSHA

C Y7+ 27 )R bl sarow (2 QM1 e )
k=1

< O @7 4+ 27 bl marow (@M 1 o o)

k=1

< C||5||BMOW(Q)/\||JC||Bw(w)
< C|Ibl Brow (@M1l e ).

" 1 1/s .
[W/Cjz‘c]4(l’)‘sw($)dx:| < CHbHBMOHfHBt,A(w).
Combining the inequalities above, Theorem 2 is therefore proved. 0
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