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DUAL INTEGRAL EQUATIONS INVOLVING FOURIER
TRANSFORMS WITH INCREASING SYMBOLS

NGUYEN VAN NGOC

ABSTRACT. The aim of the present work is to propose a method for inves-
tigating and solving dual integral equations involving Fourier transfom with
increasing symbols.

1. INTRODUCTION

Let R be the real axis, S(R) and S’(R) be the L. Schwartz spaces of test
and generalized functions, respectively (see [8, 15]). Denote by F and F~! the
direct and inverse Fourier transforms defined on S’(R), respectively. The classical
Fourier transforms F and F~! are defined by the formulas

~ : 1 [ |
Flul(§) :/ U(iﬂ)ezéxdxa F_l[v](x) = 2/ v(x)e"gxdg.

o )
The Sobolev-Slobodeskii space H*(R)(s € R) is defined as the closure of the set

C2°(R) of infinitely differentiable functions with compact support with respect
to the norm (cf. [8])

00 1/2
lall. = [ [~ @+ elaePag] " < oc, = Flul

For a certain bounded interval (a,b) C R, the subspace of H*(R) consisting
of functions u(x) with supp u C [a,b] is denoted by H(a,b), while the space of
functions v(z) = ru(z), where v € H*(R) and r is the restriction operator to
(a,b) is denoted by H*(a,b). The norm in H*(a,b) is defined by

loll -0y = nf 1]

where the infimum is taken over all possible extentions lv € H*(R).

Let us consider the dual equation

(1) FUIEPA©(E)](x) = f(x), @€ (a,b),
' FYa(o))() = 0, = €R\(a,b),
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where 4 € S'(R) N C*°(R) is the unknown function, f(x) is a given function
in H~?/2(a,b),p > 0 is an integer. Concerning the function A(¢) we make the
following assumptions:

i) A(§) € C*(R), A(=€) = A(E), ReA(§) 20, VEER,

i) L) =1-A) = O0(g]™), [§] = 00, ¢> 1.
The dual equation (1.1) is a generalisation of some cases encountered in mixed
boundary value problems of mathematical physics and contact problems of elas-

ticity (see for example, [1, 2, 9, 13, 15]). The case p = 1 was considered in [10]
and the case p = —m, where m is positive number was considered in [12].

The aim of the present work is to propose a method for investigating and
solving the dual equation (1.1) for an arbitrary non-negative integer p. Depending
on whether p is an odd or even number, we shall reduce this dual equation to
equivalent Fredholm integral equations of second type.

We get the following result which has been proved in [11].

Theorem 1.1. If f(z) € H?/?(a,b), then under asumptions i) and ii) the dual

equation has a unique solution u = F~[d] € .Hg/2(a7 b).

2. SOME PRELIMINARY CONSIDERATIONS

Let J = (a,b) be a certain bounded interval, o(z) € L'(a,b) and m a posi-
tive integer. The differential operator of negative order D™ is defined by the
following formula (see [4]):

@1 D@ = s [ =00 v = (@)

where I'(m) is the Gamma-function. It is known that D;™[¢] € C™ ![a, b] and

(2.2) DDy [pl(@) = p(@),  lim D;™[p](z) = ¢(x),
(2.3) D™ D™ el(x) = o) + Pr1(),
dm
where D™ = el P,,—1(x) is an arbitrary polynomial of degree m — 1.

Extensions of the operator D;™ (m > 0) for generalized functions can be found
in [7, 16].

We introduce the following definition.

Definition 2.1. Denote by O,,(a, b) the class of all functions ¢ € L'(a,b), supp(p) C
[a, b], satisfying the conditions

(2.4) /bgo(x)xkdxzo, (k=0,1,...,m—1).
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Obviously, the conditions (2.4) are equivalent to the following

b
(2.5) / o(x)Qr(z)dr =0 (k=0,1,...,m—1),

where Qi (x) are arbitrary polynomials of degree k. As an immediate consequence
of the formula (2.4), we note the following equalities

b
(2.6) /<p(t)(w—t)kdt:0 (k=0,1,...,m—1), —o0o <z < 00,

(2.7) /w o(t)(z —t)Fdt = — /bgo(t)(x —t)¥dt (k=0,1,...,m—1), a<z<b.

For ¢ € L!(a,b) we introduce the operator

1
2I'(m)
We get the following result.

Lemma 2.1. If ¢ € Op,(a,b), then
1) K [80]()_0 @ ¢ (a,b),
Kmlpl(x) = D;™[p](x) a <z <D,
wl(€) € C°°( ) Flpl(€) = O(Ig]*) (=0, k=m),

1 b
~ mI(m) Ja

(2.8) Kmlpl(x) =

/b o(t)(z —t)™ Lsign(z — t)dt, = €R.

o(t)(b — t)™dt.

Proof. The assertions 1)-3) hold in virtue of (2.4), (2.6) and (2.7). We prove the
assertion 4). The cases £ = 0 is clear. For the cases £ # 0, we have

b b—t
FInlel)(©) = s [ eOear [ e@amian

Using the formula

Bt rm) — pym-iok
615)\ m—1 — z§ (b—t)
A AR gy ZZUH —h)
we have
b
(2.9) ﬂmmwozF%m/¢mﬁw+

z{bm )k b m—1—k
+e kz 0 kH 1_}{)!/& o(t)(b—t) dt.

Since ¢ € OF,(a,b), from (2.9) the assertion 4) follows. O
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Definition 2.2. Denote by C”(a,b) the class of continuous functions u(z) €
S’(R), such that u(z) € C™ a,b], u®(z) =0 (k =0,1,....m—1), = ¢
(a,b), u™(z) € L*(a,b).

Theorem 2.2. In order that u(x) belongs to the class C(a,b) it is necessary
and sufficient that it is representable in the form (2.8), i.e.

1

b
m)/ p(t)(z—t)" " 'sign(z—t)dt, ¢ € Om(a,b).

(2.10) u(z) = Knlpl(x) = 2T (

Proof. The sufficiency holds in virtue of Lemma 2.1. Now we prove the neces-
sity. Let u(z) € C™(a,b). We put ¢(z) = D™u(z). Obviously, ¢ € L'(R) and
supp(¢) C [a, b]. Integrating by parts, taking into account that u(z) € C™(a, b),
we have

b b
(2.11) /xjgo(x)dx—/ ? D™u(z)dr =0 (j=0,1,...,m—1),

it means that ¢ € 0% (a,b). Due to (2.2), (2.3) we have
m—1 '

(2.12) u(z) = D" [¢](x) + Z cjr’, x € la,b),
=0

where ¢; are arbitrary constants. Since u*)(z) and D;(m_k) [o](xz) (k=0,1,...,
m — 1) are equal to zero on a and b, from (2.12) it follows that ¢; = 0 (j =
0,1,...,m —1). Thus we have

(2.13) u(x) = D;"[¢](x), x € [a,b].
Using (2.1), (2.7) and (2.13) we get (2.10). O

Definition 2.3. By LP*%(a,b) we denote the classes of functions f belonging to
LP*¢ respectively for sufficiently small € > 0 (p — e > 1). If the interval (a,b) is
bounded, then the symbol LP~°(a,b) denotes the set of functions f belonging to
Li(a,b), 1< g <p.

Definition 2.4. Let p(z) = /(x —a)(b—2z) (a < x < b). We denote by
L/QJil (a,b) the Hilbert spaces of functions with respect to the scalar product and
the norm
b -
(o) = [ o @uteo@ide, ulls, e = flww, o <+
a

The following lemma holds.

Lemma 2.3. Let ¢ € Lg(a, b). Denote by @o the zero-extension of the function
@ on R. Then, po € Ho_l/z(a,b).
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Proof. Using Holder inequality one can prove that LZ(a, b) € L*/39(a,b). There-
fore, the function ¢y € L*3-0(R). Due to Hausdorff-Young theorem [14 | we have
0(6) = Flpo|(§) € L**O(R). Hence

oo ‘¢0(§)|2 0o o 1/q oo df (¢—1)/q
e [ S ([ ) ([ o)

where ¢ = 24+ ¢ (¢ > 0). From (2.14), we have @, € H~Y2(R), hence ¢, €
H,(a,b). O

+1
In the spaces L5 (a,b) we consider the singular integral operator

b
sille) = = [ a0, ses=(a),

T r—t

where the integral is taken in the sense of Cauchy principal value. The following
theorem is due to Khvedelidze and Duduchava [5].

Theorem 2.4. The operator Sy is bounded in the spaces inl(a, b).

In the sequel we shall need the following inverse formula for the Cauchy integral
[6].

Theorem 2.5. Under the assumption that f(x) € L%(a, b)NH'/?(a,b) the integral
equation

(2.15) % /b ﬁgdt = f(z)
in the L2(a,b) has the solution

_ 1 P F)e) c
(2.16) o(z) = (@) /a — dt + (@)

where C is an arbitrary constant. Besides, if f(x) € Li,l(a, b) and the following
condition holds

b xIr)ax
(2.17) /fi(jf)l =0,

then the integral equation (2.15) has a unique solution in Li_l(a, b), defined by
the formula

b
(2.18) SD(Q,Jﬁ):_p(w) / p(f(t)dt

O(t—a)
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3. EQUATION WITH THE SYMBOL |£[*™A(€)

In this section we consider the dual equation (1.1) for the case p = 2m, where
m is a non-negative integer. Using the formulas

€™ = (=)™ (=ie)*™,  FU(—i&)"al(x) = DyF~ [ (x)
we can write (1.1) in the form

(3.1) {DmF_l[(—if)’”A(Qa(f)](fv) ()" f(2), @€ (ah),
u(z) := F[a)(z) =0, 2 ¢ (a,b).

Note that due to Theorem 1.1 the dual equation (3.1) for f € H ™(a,b) has a
unique solution u = F~1[d] € H™(a,b). According to imbedding theorems [17],
we have u € C”(a,b). Then, in virtue of Theorem 2.2 the function u(zx) can be
represented by the formula (2.10):

1

b
u(z) = 2F(m)/ o(t)(x —t)™ sign(z — t)dt, ¢ € O (a,b)

and its Fourier transform has the form

1 b, 1
B2 O = Fl© = g | o0t = PO,
o= i, g
We shall find the function ¢(t) in the space H?(a,b). Note that, the space
H?(a,b) consists of functions belonging to the space L?*(R), with supports in
[a,b]. From Theorem 2.2 we see that, if ¢(t) € H(a,b) N Oy (a,b), then the
function u(x) defined by the formula (2.10) belongs to the space H"(a,b).

For convenience, we take the conditions (2.5) in the form

b
(3.3) / o(x)Pyé(x)]de =0, (k=0,1,2,...,m—1),
where Py (§) are Legendre polynomials of order k& and
3.9 gr) = 2051050,
We have
b b b—
35) [ Puls@IPde@le =0 (m#n). [ PAlelde = 5=

Now we turn to the dual equation (3.1). Since f € H "™(a,b), there exists
D7™ f introduced in the previous section. Note that the function F~[(—i&)™A(&)
@w(€)](x) belongs to L?(a,b), therefore there exists its extension belonging to the
space S'(R) with support in [a,4+00). Within J = (a,b) the operator D™ can be
considered as the operator D'}
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Now applying the operator D;™ to the both sides of the first equation in (3.1),
in view of the formula (2.3) we obtain

(3.6)  F(=i®)"A©)u(§))(z) = (~1)"D;™ (= Zag

where a; are arbitrary constants, P;(£) are Legendre polynomlals and the function
&(x) is defined by the formula (3.4). Now in (3.6) we substitute A(§) and a(&)
by using the condition ii) in Section 1 and the formula (3.2) respectively. After
some transformations we obtain the following integral equation

b m—1
(3.7) () - / @ — Dp(t)dt = gx) + 3 a; Pyle(x)]
a =0

where

le) = 7 [T L eos(ae)de. g(a) = D=1 (o)

T
Using (3.7) and (3.5), fulfiling the conditions (3.3) we have

. b b b
68) 4= [Cawplewidy+ [ et [ 1 - 0pew)dy).

From (3.7) and (3.8) we have the following integral equation

b
(3.9) gp(m)/ K(x,t)p(t)dt = h(x), =€ (a,b),
where
m—1
(3.10) (L [ smietian) B
3=0 “
m—1

27+1

(311)  K(e) =l 1) - Z(b_a/a y— OB1E)dy) PilE()]

We now verify that the solution ¢ of the integral equation (3.9) satisfies the
conditions (3.3). Indeed, from (3.9)-(3.11) for £ =0,1,...,m — 1, we get

b b b
/ () Pele () e — / o()dt / @ — 1) Polé(x))dat

b . b b
+ [ewie S 0 ity - oplewlay. [ plea)p@ds
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Using (3.5), from (3.12) we have

b
/ o(2) Pl(@)dz = 0 (k= 0,1,2, ..., m — 1),

that is, the conditions (3.3) are fulfilled.

Thus, we have proved the following result.

Theorem 3.1. The dual equation (3.1) considered in H!"(a,b) with respect to
u = F7a] is equivalent to the Fredholm integral equation (3.9) with respect
to o(x) € L?(a,b). Hence, according to the theory of Fredholm equations, this
equation has a unique solution in L*(a,b), if g(z) = D;™[(=1)™ f|(z) € L?(a,b).
In this case, the solution with respect to u = F~1[d] of the dual integral equation
(3.1) in H]*(a,b) is given by the formula (2.10):

1
) = 35 m)

b
/ o(t)(x — t)™ sign(z — t)dt, ¢ € On(a,b).

Let us consider the following example. For simplicity, let A(¢) = 1.

Example 3.1. Let J = (—1,1), |[£]*™A(¢) = [€]*, f(z) = Qbs(x), where Q =
const, d(x) is the restriction of the d-function on J. In this case the dual integral
equation (3.1) is equivalent to the following boundary value problem

4
(3.13) ddqu(f) = Qos(z), (~l<z<1),
(3.14) wlx) =u(z) =0, x¢&(-1,1).

Note that, in mechanics sense, the problem (3.13)- (3.14) represents the bend
equation of a beam with clamped ends, under a force concentrated at center of
the beam. We shall find the solution of the problem (3.13)-(3.14) in the space
H2?(—1,1). Tt is well-known that § € H~'/2=¢(R) ¢ H~2(R), Ve > 0, therefore
§; € H72(—1,1) and the function §(x) is an extension of the function §;(z).
Further, D ?[6,] € L?(—1,1).

According to (2.10) and (3.9), we have

(3.15) () = {f: p(t)(x = t)dt, |z <1,
0, |z =1,
where
L9 ci<o
(8.16)  o(t) = QDo) +ag+at =13 45 G ’
- to 0<t<lL

Putting (3.16) into (3.15), after some transforms, we have
Q(72x3 —3224+1), —-1<z2<0,
(3.17) u(z) = %?

ﬂ(2x3—3x2+1), 0<z<1.
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It is easy to verify that the function u(z) defined by the formula (3.17) satisfies
the differential equation (3.13) and the boundary conditions (3.14).

4. EQUATION WITH THE SYMBOL |£[?™+1A(€)

For the case p = 2m+1 the dual equation (1.1) can be written in the following
form

(4.1) {DmF “H(—ig) ™ isign(§ A(E)a(9)](x) = (=1)"f(x), = € (a,b),
u(z) = F~i)(z) =0,z ¢ (a,b).

Due to Theorem 1.1 the dual equation (4.1) for f € H=(m+1/2)(q, b) has a unique
solution u = F~1[a] € Hgn+1/2(a,b). According to imbedding theorem [17], we
have u(x) € C™1(a,b). In virtue of Theorem 2.1 this function can be represented
in the form

1 b
4.2 = — t —t)"si —t)dt
(42) ) = gy [, ¢ 0" sien(a =
where ¢(t) € Op41(a,b). For convenience we take the conditions (2.4) in the
form

b
(4.3) / o(z)Tk[é(x)|de =0, (k=0,1,...,m),

where Tj(§) are Chebyshev polynomials of first order and the function &£(x) is
defined by the formula (3.4). As we know, the Fourier transform () of the
function u(x) is defined by the formula (see (2.10)):

| b et 1
(14) () = [ etetin = s Pl

(_ig)m+1 a
We shall find the function ¢(t) in the space L3(a,b), p(x) =+/(x —a)(b— x).

Using Lemma 2.4 and the formula (4.4) one can show that the function wu(z)

belongs to the space H{" +1/ 2(a,b). By the same argument as in the previous

section we can apply the operator D;™, J = (a,b) to the first equality in (4.1)
and get

(4.5) F7(—ig)™ i sign(§)A(€)u(¢)](x) = g(z) + Z_ ¢UjlE(2)], @ € (a,b),
j=0

where c¢; = const, g(xz) = (—=1)"D;™ f(x),U;(&) are Chebyshev polynomials of
second order. Now in (4.5) we substitute A(§) and 4(§) by using the condition
ii) in section 1 and the formula (4.4) respectively. Using the formula

b
P ©FAOI0) = = [ 20 pe 2 (),

i x—t’



314 NGUYEN VAN NGOC

after some transformations we have

m—1

> Ujlé()),

Jj=0

™ t—x ™

b b
(46) =+ / I P / () — 7)dr — g(x) -

where
400 +oo
k() = /O L(€) sin(z€)dé = /0 [1— A(€)] sin(x€)de.

Applying the formula (2.16) to the equation (4.6), we have the following inte-
gral equation of second kind

b b b
o) = o [ emar [ ook - 0+ [Catg

t—zx  wp(x) —x

b
o [ o0l + s a<a<,

(4.7) +

where C' is an arbitrary constant. Using the condition

b b
/ @(t)To[(t)]dt —/ o(t)dt =0

b
1 dt
/ o t—a O
a p(t) t—x
from (4.7) we obtain C' = 0.

For the determination of the coefficients ¢j, (j = 0,1,...,m — 1) we shall
use the following formulas which were obtained from [13] by the corresponding
substitutions of variables:

and the formula

b —a
ws) [ eoulean S = - Tl
LTl 2
(19) i = U
1 dx

1
= o0k, (00 =1, o = 5,/{: =1,2,...),

b
@) < [T

where dj; is the Kronecker symbol. Thus, from (4.7) and (4.8) we have

1 b b dt b dt
o) = = [ emar ok -+ — [ awae
b—a % * *
(4.11) = 2mp(a) chTj[f(:c)], c;=cj-1, a<z<b.
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For the determination of coefficients ¢; in (4.11) we shall use the conditions
(4.3) and the formula (4.4). We have
] b b
G = iz [ elndr [ pOk(e - DUl
! (b - a)27-r /a a ’
S b
e I R R )
From (4.11) and (4.12) we have the integral equation with respect to v/ p(x)¢(x) €
L%(a,b) :

b
(4.13) Vpx)e(z) — / H(z,7)\/p(T)p(T)dr = h(z), a<z<b,

(4.12)

where
(4.14)
1 b 1 4 &
Hr) = s | POkt {2 Ll lee]

b m
419) 1a) = s [ 0a0 {5 4 25 D TeN e

Note that, under the condition ii) in the section 1 for the function A(), in
virtue of Theorem 2.5, from (4.14) we have H(z,7) € L?((a,b) x (a,b)). Analo-
gously, if g(x) = (—1)™D™ f(x) € L2(a,b), then the function h(x) given by the
formula (4.15) belongs to L?(a,b).

We now verify that the solution ¢ of the integral equation (4.13) satisfies the
conditions (4.3). Indeed, from (4.13) - (4.15) for k = 0,1, ..., m, it follows that

b b b X
[ et = [ bsomdf [ Ve
(4.16) = [ hermteta) fg)
By virtue of (4.9) - (4.10), we have
[ e Vi Tile) s
_ % abk‘(tT)p(t)dt{ /ab Z;’;[;g((ﬁd;
v bfim_l[w)} [ miewimiee) o)
@iy =L [k o] - U] + Ul D) =0
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Analogously, we have

/abh@)ms(x)] dr__1 /abp@)g(t)dt{ /a” pT(k[f()]d

@ 2)(t - 2)
O > Us-leC) [ nlewmiew)

(4.18) — 0.
From (4.16) - (4.18) it follows that the conditions (4.3) are fulfilled.

Thus, we obtain the following result

Theorem 4.1. The dual equation (4.1) with respect to
u(e) = Flil(x) € B (a,0)

is equivalent to the Fredholm integral equation (4.13) with respect to /p(x)p(z) €
L*(a,b). If g(z) = (-1)"D;"f(z) € Lf,(a, b), then the equation (4.13) has a
unique solution in L*(a,b). In this case, the solution with respect to u(x) =
Flu](z) € H?+1/2(a, b) of the dual equation (4.1) is given by the formula:

b
! | / (x — )"sign(z — p(t)dt, € R.

(4.19) u(z) = DN

Example 4.1. As an illustration of the proposed method we consider the fol-
lowing dual equation

“HigPace ( )]( ) = fo=const, xe€(-1,1),
U( )= FHa@))(x) =0, =¢(-1,1).
This equation can be written in the form

(4.20) %F_l[(*if)%-sign(f)ﬂ(f)](w) =—fo, =€ (-1,1),
u(z) =0, x¢&(-1,1).

In this case we have

(4.21) u(z) = {ffl(x —t)p(t)dt, |z| <1,

0, [z[=1,
(4.22)
o(z) = \/11—7332/ VT 2= fot+1) {L+2T1( o) pdt, 1< <1,
Using formulas (4.8), (4.9) and taking into account that
T,(x)=1, Ti(z)=z Ty(z)=2z>—1,
Uy(z) =1, Ui(x)=2x, Us(z)=4a>—1
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we can reduce the formula (4.22) to the following one

fo
4.23 )= —2% f/1—22, |z <1
(4.25) o0) = A=~ o
Putting (4.23) into (4.21), we have
fo 213/2
(4.24) u(x) = g(l — @)Y fal <1
0, |z|>1.

Putting ¢(z) = 0 when |z| > 1 we have the following formulas for Fourier
transforms of p(z) and u(zx) [3]:

7 fo J2(§)
2 &

(4.25) P() = Flel(€) = ——72(6),  a(€) = Flu](§) =

where J,,(€) is the Bessel function of first kind:

n X _1\k
76 = (5) %M(g)%‘

From (4.25) it is clear that

1
4.26 () = —==5¢(&).
(4.26) (€)= ig©
Using the asymptotic expansion of Bessel functions
1
Jn(§) =0(—F=), {— o0
( IS \)
3/2

we can show that u(z) € Hy'"(—1,1).

Now we verify the fulfilment of the dual equation (4.20). Putting (4.25) into
(4.20) and taking into account (4.26), we have
d 11 N2 ens d 1
b [(mi6)7u(€)i sign(€)](z) = - F 7 [p(€)isign(€)](x)

d D
- hd /0 Jo(€) sin(w€)de

b [

— Jo(§) | sin(z£)de.

Using the identities (cf. [15]):

0 0, ’.%‘gl,
/0 Jo(€)sin(zg)de = { 1

, Tx>1,
2 -1

0 Oa |.T| < 17
/ ‘]15(5) sin(z¢)d¢ = { +1 e
0 e+ VE 1
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when |z| < 1 we have

d

%F_l[(*iﬁ)Qﬂ(f)isign(é)](f) = FlEPa©))(z) = ~ fo, 2] <1.

Thus the given dual integral equation is fulfilled.
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