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SHARP INEQUALITY FOR MULTILINEAR COMMUTATOR
OF MULTIPLIER OPERATOR

KEWEI WANG AND LANZHE LIU

ABSTRACT. In this paper, we prove the sharp inequality for multilinear com-
mutator related to the multiplier operators, in which functions belong to BMO
space. By using the sharp inequality, we obtain the weighted LP-norm inequal-
ity for the multilinear commutator.

1. INTRODUCTION

It is well known that the commutator [b,T] is defined as follows: [b,T|f =
bT'f — T(bf). If T is a Calder6n-Zygmund singular integral operator, Coifman,
Rochberg and Weiss|[1] stated that [b, T| was bounded on LP(R™)(1 < p < o0).
In [12], You proved that [b,T] is bounded in LP(R™) when T is a multiplier
operator and b € Ag(R™). In [13, 14], Zhang studied the (L?, F™)-boundedness
of commutators of multipliers. In this paper, following them, we will introduce
the multilinear commutator associated to the multiplier operator and study the
sharp inequality of the multilinear commutator. By using the sharp inequality,
we obtain the weighted LP-norm inequality for the multilinear commutator.

2. NOTATIONS AND SOME LEMMAS

First, let us introduce some notations. In this paper, ( will denote a cube of
R™ with sides parallel to the axes. For a cube @) and a locally integrable function
b, let by = |Q| ! fQ x)dz, and the sharp function of b is defined by

b (x) = sup — /|b — bg|dy.
Q> |Q| @

It is well-known that (see [2])

b (z zsuplnf—/by—cdy.
(@) = sup inf o | b(y)
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We say that b belongs to BMO(R™), if b# belongs to L>(R") and define
6]l 5aco = (167 o-

N
For b; € BMO(R")(j = 1,--- ,m), set || b | smo = [}, [1bjll Brmo-

Given a positive integer m and 1 < j < m, we denote by C}" the family of
all finite subsets § = {d(1),--- ,0(j)} of {1,--- ,m} of j different elements. For

—
6 € Cfyset 0¢ = {1,--- ,m}\d. For b = (b, ,bp) and 6 = {5(1), -+ ,5(j)} €
—

ij, set by = (bé(l) e b(;(j)) bs = b5(1) e b(g(j) and

1'% sll5310 = 1B50nyllBazo - [bs |l Baro-

Let M be the Hardy-Littlewood maximal operator defined by

)|d
M(f)(x itelg |Q|/|f )dy,

we write that M,(f) = (M(f?))"/? for 0 < p < occ.
We denote the Muckenhoupt weights by A; (see [11]), that is
Ay ={w: M(w)(x) < Cw(zx),a.e.}.
Let o = (o1, a2, - - -, @) be a multi-index of non-negative integers oj(j = 1,2, -,

n) with |a| = a1 + ag + - - - + ay,. Denote by D¢ the partial differential operators

of order « as follows:
aa

Iz OxG? -+ dxpn’
A bounded measurable function k defined on R™\ 0 is called a multiplier. The
multiplier operator T} associated with k is defined by

(Tef)(@) = k(@) f (@), for f € S(R"),
where f denotes the Fourier transform of f and S(R") is the Schwartz test func-
tion class.
Now, we recall the definition of the class M(s,l). Denote by |z| ~ ¢ the
fact that the value of z lies in the annulus {x € R" : at < |z| < bt}, where
0<a<1<b< o are values specified in each instance.

D® =

Definition 2.1. ([11]). Let [ > 0 be a real number and 1 < s < 2. we say that
the multiplier k satisfies the condition M (s,1), if

1

( / rDadeg) < CRle
l€l~R

for all R > 0 and multi-indices o with || < [ when [ is a positive integer, and,
in addition, if

</,§NR‘DC"’“<> Dok(e ),d§>l<c<| |> e
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for all |z| < R/2 and all multi-indices o with |a| = [I], the integer part of /,i.e.,
[l] is the greatest integer less than or equal to [, and | = [I] + v when [ is not an
integer.

Denote D(R") = {¢ € S(R") : supp(¢) is compact} and Do(R") = {¢ €
S(R™) : ¢ € D(R™) and ¢ vanishes in a neighborhood of the origin}. The

following boundedness property of T} on LP(R™) is proved in Strémberg and
Torkinsky ([4]).

Lemma 2.2. ([11]) Let k € M(s,l),1 < s <2, and | > Z; then the associated
mapping Ty, defined a priori for f € ﬁO(R”) Tef(x) = (f K)(z )V extends to a
bounded mapping from LP(R™) into itself for 1 < p < oo, K(x) = k(x).

Definition 2.3. ([11]) For a real number [>0and 1 <3 < oo, we say that K
verifies the condition M (3,1), and we often write K € M(3,1), if

(/ yD&K(x)de> < CcRVs=lal R> o,
|~

for all multi-indices |a| < [ and, in addition, if

1
</ |DAK (z) — DK (z — z)\gdx> <C (|R|> RE™U if 0<wv<1,
|z|~R

</|| . DK (z) — DK (z — z)]%a) <C (|R|> (log " ‘> RE:™U if v =1,

for all |z| < £, R > 0, and all multi-indices & with|@| = u, where u denotes the
largest integer strictly less than [ with [ = u + v.

Lemma 2.4. ([11]) Suppose k € M(s,1), 1 < s <2. Given1 <35 < oo, letr > 1
be such that + = max{1,1—1}. Then K € M(3,1), where [ =1—2 .

T
Lemma 2.5. Let 1 < s < 2, suppose that l is a positive real number with 1 > n/r,

1/r = max{1/s,1 —1/5}, and k € M(s,l). Then there is a positive constant a,
such that

(/ |K(IE — Z) — K(:CQ — Z)|§d2)1/§ < CQ—k‘a(2k‘h)—n/§/.
By,

Proof. We split our proof into two cases:

Case 1. 1 <s<2and 0 <[l —n/s < 1. We choose a real number 1 < § < o
such that s < §, and set | = [ — % > 0. Since k € M(s,l), then by Lemma 2.4
there is K € M (s,1).



236 KEWEI WANG AND LANZHE LIU

When [ =1 — 2 < 1, note that [ is a positive real number and [ > Z. Applying
the condition K € M(3,1) for v =1 — % and u = 0, one has

=

(/ |K(z —2) — K(zq — z)|§dz> < 027 RI=2)(2kp) 5,
By,

let a=1-1%,

=

n

</ka |K(z—z) — K(zq — z)ygdz> < C2ka(2kn)E

When [ = | — o = 1, we choose 0 < ¢ < 1, such that ¢!~*log(1/t) < C for
0 <t < 1/2. Notice that K € M (3,1), by Definition 2.3 for u = 0,v = 1,

(/B K(x—2) — K(vo — z)\gdz)

ly —20\* [y — 2o\ ¢ 2k s
<C log ——— | (2kp)n/5—n
- ( 2kp 2kp 08 ly — zq] (2°h)

S C2—l€§(2kh)—n/§/’

let a =¢

</Bk [z = =) ~ Kz = z)lgdZ) : <C27he (2’%) /7

Case 2. 1 <s<2andl—n/s>1. Setd=1[—n/s|,if |l —n/s > 1is not an
integer, and d =1 —n/s—1if l —n/s > 1 is an integer. Choose l; = [ — d; then
0<li—n/s<land 0 <!l <I. So, from k € M(s,l) we know k € M(s,l;).
Set | =13 — n/s; by Lemma 2.4, K € M(§, lN) Repeating the proof of Case 1,
except for replacing [ by [1, we can obtain the same result under the assumption
[ —n/s > 1. We omit the details here.

Certainly when 0 < 5’ < s, which is the same as the above. 0

3. MAIN RESULTS

Definition 3.1. Let b = (by,ba,--- ,bm), by Lemma 2.2, T f(z) = (K * f)(x),
for K (z) = k(z). We define the multilinear commutator of the multiplier operator
as follows

—
b

17 (@) = (3.1 @) = [ T]tsla) - b)) Kl - ) fw)d,
j=1

and let T(f)(z) = Tj. f (z) = [pa K(z —y)f(y)dy.
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Theorem 3.2. Let bj € BMO(R") forj =1,--- ,m. Then for any 1 < r < oo,
there exists a constant C > 0 such that any f € C°(R") and any x € R,
() @ <c|F], @+ X [T, @@
- BMO = BMO '
= j

Theorem 3.3. Let bj € BMO(R") for j =1,--- ,m. Then TP is bounded on
LP(w) forw € A; and 1 < p < 0.

4. PROOFS OF THEOREMS

Proof of Theorem 3.2. It suffices to prove that for f € C§° and some constant
Cy, the following inequality holds:

\Q!/ 7% () (a) = Colda

< C| % saro0 (Mr(f)(f) > MT<T7vc<f>><az>) .

j=loeCy
Fix a cube Q = Q(xp,h), and Z € Q.
Case m = 1. For f1 = fxa2q and f2 = fx(2q)c, let
T (f)(x) = (b1 (x) = (b1)2g) F(f)(@) = F (b1 — (b1)2g) 1) (z)
— F (b1 — (b1)2q) f2) ().

Then

T (F)(x) = T(((b1)2g = b).fo) (o))

< (01(2) = (b1)2@)T(f) ()] + T ((br — (b1)2).f1) ()]

+|T((b1 = (b1)2@) f2)(z) — T((br — (b1)2) f2)(w0)|
= A(z) + B(x) + C(x).

For A(x), by Holder inequality with exponent 1/r+1/r' =1 and Lemma 2.2, we

get
al;
— | A(x)dx
Q|

= 51 |, @)~ el T @

1/r 1/r
(uczr/'bl ~ (br)ol’ dx) (rQ\/'T 'd"’“">

< Clb|| BMo M (T'(f))(Z).



238 KEWEI WANG AND LANZHE LIU

For B(x), choose p such that 1 < p < r. By Holder inequality and Lemma 2.2,
we know that T}, is bounded on LP(R™), so we can obtain

ﬁ/Bmdw

" 1Ql / T (b1 — (b1)20) 1) ()| dx
1/p
(@ T = (b)) Fxao)(@ >|pdx>

<C <ﬁ/ (Ib1 () - bl)zQHf(w)xw(w)\)pdw) "

1/r =) (r—p)/rp
)|"dx / b ( (b1)20|™"" pdm)
(|@|/ (= ) (|@| 1b1(2) = (B)zql

< C|lbillBro M, (f) ().

For C(x), when x € Q = Q(x0,h), we write By = {z € R" : 2"h < |z — 2| <
2k+1p}. By Holder inequality with exponent 1/p+1/p’ =1 and 1/t + 1/t =1,

C(z) =|T((b1 — (b1)2@) f2)(x) — T'((b1 — (b1)2q) f2)(w0)]
< . [(K(z = 2) = K(z0 — 2))(b1(2) — (b1)2g) fa(2)|d2

<C (K (x = 2) = K(z0 — 2))(b1(2) = (b1)29) f(2)|d=

According to Lemma 2.5, as 1 < pt < oo, here we denote 5§ = pt,

C(z) < C27he(2kn) =/ %
k=1

«( 5 ) " (f () = (g raz) "
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<o (o )“( 17 >|m/d>””/x
< _— z z

, 1/
< ([ 1n6:) = )i
By,
1 1 /
0 1 AT ;o\
< 2—k;a pt
<Y or () (fg o)

, 1/p'
([, 1)~ @r)aolaz)
2k+1Q

< Cllby || Baro My (£)(%) Y k2%
k=1

< CllballBroMpr (f)(Z).
Set pt’ = r, then

ﬁa /Q C(x)dx < Cllby || o My (f) ().

So we get

—

(T%(1)" @) < Clallario(M(1)(@) + MAT()@).

Case m > 2. We have known that, for b = (b1, -+ ,bm),

= 3 U0 - 00)s [ ()~ G20)s K @ - 1) )iy
= (01(2) = (41)20) ++ (lv) — (B)aQ)T()()
()T (01 = (1)20) (s — (b)) ) (2)
1

m—

£33 (0" 0) - o) | (00) - Oae)s Kl - ) (0)dy

n
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+ (=17 (b(@) = (0)2)sT((b — (b)2g)se f)(x),

thus

7j=1
< [(b1(2) = (br)2q - - (b (@) = (b )20))T(f)(2)]
m—1
+ > D 10@) = (0)20)sT((b — (B)2g)se f)(@)]
j=1 660}”
+T((b1 = (b1)2@) - - (b — (bm)2@) f1) ()]
+T((b1 = (b1)2q) - - - (bm = (bm)2q) f2) (2
T((b

1= (b1)2q) -+ (b — (bim)2@) f2)(w0)|
= Ii(x) + Io(2) + I3(x) + L4(2).

For I;(x), by Holder inequality with exponent 1/p; + -+ 1/p;, + 1/r = 1 and
Lemma 2.2, we get

: /
— I (z)dz
Q)

< 1o 10 = Gl b)) T @)

1/p1 1/pm

(rcz\/ lbr( "”Q‘p“@ | (\@1/ )~ (mhsolde)
1/r
(!Q\/ Y ‘d””>

< OB a0 M. (T(f))(%).
For I5(zx), by Minkowski and Hélder inequalities with exponent 1/p+---+1/p; =
1,1/r+1/r" =1, and Lemma 2.2, we get

o1 [, @ < Zl @ o1 L 106~ ©200T(0 - a)se ) @)lde

1/r
(r Q!/ (6() = ©)z0)el d””)

=1 éeCy"
X (ﬁ/@l ((b—(b)zQ)acf)(w)lrdfC)l/r

IN
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mg_l E 1 f 1/7“/171
= ¢ 12Q| b(z) — (b " Prde
N j=1 seCc™ (’2Q’ 20 |(b() = )QQ)‘S(J)’ )

X (W /2Q |(b() — (b)QQ)é(j)!r,pfdx> 1/7'p;
( 1

1/r
o /Q (b <b>2Q>5cf><x>de)

IN
Q

H B sllmaioM (T 75 (1)) ().

For I3(x), choose 1 < p <r1,1 < gqj <o00,j=1,---,m such that 1/¢; + - --

1/qm + p/r = 1. By Lemma 2.2 and Hoélder inequality, we get

]712\/ I3(z)dx

\Q!/’T = (b1)29) -+ (bm = (bm)2q) f1) (@)l dw

» 1/p
< (’Q‘ R ‘T ( (bl)QQ) T (bm - (bm)2Q)fX2Q)(x)] dm)

Q| Jrn

<C (g 1sraz) " CrINCE <b1>2QrW1)1/m -

L - pqm>1/pqm
< (g7 (o) = (e

1 1/17
( (51 () — (b))~ (b () — <bm>2Q>f<x>X2Q<x>|pdx>

For I,(x), when z € Q = Q(xo,h), we write By = {z € R" : 2"h < |z — 2| <
26+1p}. For 1 < p,1 < t, by Holder inequality with exponent 1/p + 1/p/ =

1,1/t + 1/t =1 and Lemma 2.2, we get

Iy = ‘T((bl - (bl)2Q) T (bm - (bm)2Q)f2)(x)
—T((b1 — (b1)2q) - - - (b — (bin)2q) f2) (z0)|

m

= [ IT®5) = 02007 Ixisy (K w — 2) = Ko - 2))ldz

J=1

- /(QQ)C | H(bj(z) — (b)20)|(K(z — 2) — K(zog — 2)) f(2)|dz
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k=17 Bk 21
< g (f K =)~ Koy - z>|p|f<z>|pdz)1/p .
. (/B \ﬁ(bm - <bj>2Q>p’dz) h
< ;‘I (/Bk K (z — 2) — K (w0 — z)|ptdz) o </Bk |f(z)|pt’dz> .

m 1/p'
X(/B H(bj(Z)(bj)w)p/dZ) :

According to Lemma 2.5, we get

) 1/3 y
(/ |K(z — 2) — K(zg — z)|sdz) < C27ka(Qkp)y—/¥
By

as 1 < pt < oo, here we denote 5§ = pt, by Holder inequality with exponent
1/ri +---+1/ry, = 1. According to the above inequality, we get

oo 1/pt’
Li(z) < CY 2 ke 2kp)—/@ ( / \f(z)\m’dz> X

k=1 Bk
m 1/p

x (/Bk !]Hl(bj(Z) = (bj)2Q)p/d2)

o0 (F+-4) 1/pt!
cEre b))

< ;212 g /Bk FEPdz)
m 1/p

x (/Bk \jl;[l(bj(Z) - (bj)2Q)p/dZ)

e k 1 1/p'
< CZQ_ My (f) () (m) x

, 1/p'm
X </ |b1(z) — (b1)2Q|p ”dz) X
2k+1Q

) 1/p'rm
e x (/ B (2) = (brn)20]? dez)
2k+1Q
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s —
< CkaQ_kaH b || BmoMpy (f)(Z)
k=1

< CH?HBMOMpt/(f)('%)v

set pt' = r, then

‘7;’/6214(x)dx < CH?HBMoMr(f)(j)-

Finally we can get Theorem 3.2:

—

(17 (1) @) < CIT oM (@) + 3 3 1T sllmaioM (T 75 (1)) (@),

j=1seCy

This completes the proof of the theorem. O

Proof of Theorem 3.3. We choose 1 < r < p as in Theorem 3.2. We first consider
the case m = 1 and have

1T (Nlr@w) < IMT)Hllew) < CUT )P oo w)
< CIMAT () Lr () + ClUM ()l Lo ()
< CITH) e + ClIMr() e w)
< Clfller) + Clifllrw)
< Clfllzew)-

When m > 2, we may get the conclusion of the theorem by induction. This
completes the proof. O
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