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NON-EXISTENCE AND MULTIPLICITY OF POSITIVE
SOLUTIONS FOR QUASILINEAR ELLIPTIC PROBLEMS IN
BOUNDED DOMAINS

TRINH THI MINH HANG AND HOANG QUOC TOAN

ABSTRACT. In the present paper, by using variational arguments, we prove
the non-existence, multiplicity of positive solutions to a system of p-Laplace
equations of gradient form with nonlinear boundary conditions.

1. INTRODUCTION

In a recent paper, [15], K. Perera has studied, by using variational arguments,
the existence, multiplicity and non-existence of positive solutions to the following
quasilinear elliptic problem

{—Apu = Mf(z,u) in Q,

1.1
(1.1) u =10 on 0,

where € is a smooth bounded domain in R", A,u = div(|Vu[P"2Vu) is the p-
Laplacian , 1 < p < 0o, A is a positive parameter, and f(z,u) is a Caratheodory
function on Q x [0, 00).

They proved that there are A and A, 0 < A < ), such that the problem (1.1)
has no positive solution for A < A and it has at least two positive solutions for
A=A

Recently, in [10], J. Fernandez Bonder has extended these results to the Dirich-
let problem for a gradient system of p-Laplace equations:

—Apu=Af(z,u,v) inQ,
(1.2) —Agv = Ag(z,u,v) in Q,
u=0,v=0 on 02,
and for the quasilinear elliptic problem with nonlinear boundary condition
—Apu+ |[ufP2u =0 in Q,

|Vu|p_2g—: = Af(x,u) on 09,

(1.3)
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o0 . . ..
where — is the outer unit normal derivative.

o
In the present article, we extend the results in [10] to a quasilinear elliptic system
with nonlinear boundary conditions as follows

—Apu+ |[ufP2u =0 in Q,
—Agv+ [v]i 20 =0 in Q,
(1.4) |Vu|p_2@ = \Gy(z,u,v) on 012,

]Vv]q*Q—fy = A\Gy(x,u,v) on 09,

where €2 is a smooth bounded domain in R",n > 2,2 < p,q < 00, A is a positive
parameter.

We introduce the following hypotheses

H1) G(x,u,v) is a Caratheodory function on € x [0,00) x [0,00) such that
G(z,-,-) is C! for a.e. z € Q and

Gu(z,u,v) = f(z,u,v), Gy(r,u,v) = g(z,u,v)
are Caratheodory functions on 9§ x [0, 00) x [0, 00).
H2)
G(2,0,0) = f(x,0,0) = g(x,0,0) =0,
uf(x,u,0) +vg(2,u,v)| < Clul” + |v]*),
|G (2, u,v)] < CJul” + [0]?),

for some constant C' > 0.
H3) There are positive numbers 6, ¢,, s, such that for all x € 9Q

G(z,u,v) <0 for |ul? + |[v|? < 4§

G(z,to,5,) > 0.

G
H4) limsup (z,u,0) < 0 uniformly with respect to z € 9.

[(u,v)]— 00 |u|p + |U|q
Definition 1.1. A pair (u,v) € WHP(Q) x WhH4(Q) is called a weak solution to
problem (1.4) if (u,v) satisfies:

/(|Vu|p_2Vqu0 + [Vo|T2VoVY + |ulP~2up + [v]? 20y dz
Q

—)\/[@f(x,u,v) + Yg(z,u,v)|do =0

o0

Vo, € C(Q).

By using variational method we shall prove the following theorems.
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Theorem 1.1. Suppose that the assumptions H1)— H2) are satisfied, then there
exists a positive number X\ such that for X < X the problem (1.4) has no positive
solution.

Theorem 1.2. Under the assumptions H1) — HA4), there is a positive num-
ber A such that the problem (1.4) has at least two different positive solutions
(u1,v1), (ug,v2) in WHP(Q) x WH4(Q) for A > .

The rest of the paper is organized as follows: in Section 2, we prove Theorem
1.1, and in Section 3, we prove Theorem 1.2.

2. PROOF OF THEOREM 1.1

Firstly, we notice that the following eigenvalue problem (see [5, 7])

—Ayu+ u"2u=0 in
0
(2.1) (V| 222 = Alu["2u  on 99
Oy
(1 <r<+o00)
has the first positive eigenvalue A1, given by:

g(!Vu\’" + |u|")dx

Ap = min
WEW LT (Q\WLT () a{z u|"do

Now for 2 < p,q < 400 we denote
)‘pq = min{)\lp, Alq}-
Then we obtain
JUVulP + [Vol? + [ul? + |v]?)dx
(2.2) Mg < &

[ (PP + [ol7)do

o2

Suppose that (u,v) € WHP(Q) x W14(Q) is a positive solution of problem (1.4).
Multiplying the first equation of (1.4) by w and the second by v, integrating by
parts and adding up, we get

/(|Vu|p + [ul? + [Vl + |v]f)dz = /[(|Vu|p28—u)u+ (|Vv|q72@)v]d0
0 oy
Q o2
= /(uGu(:c,u,v) + vGy(z,u,v))do.
o0

From that, by hypothesis H2) we have the estimate

(2.3) /(|Vu|p + |ulP + [Voul? + |[v|T)dx < )\C/(|u|p + |v|?)do.
Q o0
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From (2.2), (2.3) it follows that
J(VuP + [Vol? + |ulP + |v]?)dz \
P

Pt > B

C [ (Julp + |v]?)do C
o0

A
Thus with A = % and for A < A the problem (1.4) has no positive solution.
The proof of Theorem 1.1 is complete. O

3. PROOF OF THEOREM 1.2

For the proof of Theorem 1.2 we use critical point theory. Set G(z,u,v) =0
for u < 0 or v < 0, hence also f(z,u,v) = g(z,u,v) =0 for u < 0 or v < 0.
Under hypotheses H1) — H4) we consider the C! functional associated to the
problem (1.4)

P P q q
(3.1)  Gi(u,v) = / <]Vu\ * lul + Vol + v ) dx — )\/G(x,u,v)da.
%)

p q

(u,v) € WHP(Q) x Wh(Q)

and we have

(32) <DG,\(U,U>, (<P7¢)>
= /(|Vu|p_2Vqu0 + |Vu|92VoVey)dr + /(|u|p_2ugo + v 2ve)dx
Q

Q
- A /(f(xv u, ’U)QO + g(x7 u, U)w)do—
0N

for (u,v), (¢,9) € WHP(Q) x Wha(Q).
It is well known that the (weak) solutions of the problem (1.4) correspond to the
critical points of G). To prove Theorem 1.2 we need some following facts.

Proposition 3.1. If (u,v) € WP(Q) x Wh4(Q) is a critical point of Gy then
u>0,v>=0in Q.

Proof. Let (u,v) be a critical point of G. Denote
u~ = min{u,0}, v~ = min{v,0}.
Remark that
/(u_f(:c,u,v) + v g(z,u,v))do = 0.

o0
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We have
0 :<DG,\(u,v), (u*,v*)>

- / (VulP2Vuvu— + [Vol" 2VoVo + [ulf2uu~ + |o]" 2o )da

9]
A [ fau) + 7 glau,0)do
o0
_ /(yw P4 Vo |7+ [P + o |9)de
Q

=l R0y + 1107 1ipra0):
(@) (@)

Hence [|[u™[[y1p) = 0, |[v7 [lwie) = 0, it follows that u > 0,v > 0 in Q. The
proof is complete. O

Remark 3.1. Let (u,v) be a critical point of Gy, then v > 0,v > 0 in Q. By
Harnack’s inequality (see [17]), it follows that either u > 0, > 0 or u = v =0 in

Q). Therefore, non-trivial critical points of G are positive solutions of problem
(1.4).

Proposition 3.2. G is coercive and bounded from below in W1P(Q) x W1a(Q).

Proof. By assumptions H2) and H4), for any A > 0 there exists a constant C > 0
such that

A P q
AG(x,u,v) < 24 [ﬁ + il ] + C).
2 1y q
Hence
P » q q
Ga(u,v) 2/ (]Vu\ U ]Vv] iUl > /G x,u,v)
A p
P p Vol q A A
2/ [VulP + |ul /| vl + |U| /(ﬁ|u|p+ 2la1p17 4 Oy)do
P 2p 2q
Q oQ
JUVulP + ufP)dz
P P q q
>/|Vu| + |ul d$+/|vv| + [v] dx_iﬂ /|u|pd0
p q 2p [ Jufpdo
o) o0
J(IVo|?+ Jv]?)d
Q

1
_ = 9do — | O\d
2q f|v|‘1do /]v] 7 / AGe
1
2p

D

(IVulP + |ul?)dz + —/ |Vol? + |v|T)dx — Chp(0R).
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From this it follows that
1 1
(3.3) Ga1,0) > ol sy + g0y — Crn(02),

where 1(0€2) denotes the Lebesgue measure of 9€2. So G}, is coercive and bounded
from below. g

Remark 3.2. By Proposition 3.2 and as G (u, v) is weakly lower semicontinuous,
we obtain a global minimizer (uy,v1) of Gy(u,v) in W1P(Q) x Whi(Q).

Proposition 3.3. There is a positive number X such that for A > X inf) Gx(u,v) <
u,v

0 and hence (u1,v1) # (0,0).

Proof. Take the constant functions u,(z) = t,,v,(z) = s, where t,, s, are as in
H3).
Then we obtain

/G(:c,uo,vo)da = /G(:c,to,so)da >0,
o0 o0

hence there is a number A > 0 such that : for A > X\
1 1
Galtor00) = 3ol oy + Il oy - )\/G(x,ug,vo)da <o.
o0
From this it follows that _ _
(inf) Ga(u,v) < Gx(up,v,) < 0 for A > A So Gy(ug,v1) < 0 with A > X, hence

(u1,v1) # 0. Proposition 3.3 is proved. O

Proposition 3.4. The origin (0,0) is a strict local minimizer of G in W1P(Q) x

Wha(Q).

Proof. Let T = {z € 9Q : |u(x)|P + |v(x)|? > §},d be as in H3).

So G(z,u(z),v(z)) < 0 for z € 2\ T, hence =\ [ G(z,u,v)do > 0 with
T

A=A >0. B

Therefore, for A > X > 0,

1 1
Ga(u,v) = 5”“”1&/1@(9) + 6”””?4/1@(9) - A / G(z,u,v)do — )‘/G(xauav)da
SO\ r

1 1
> lulfysaay + 0l = [ Gl v)de
I

By H2), Holder’s inequality and Sobolev trace embedding theorem, we have

/G(:C,u,v)da < /C’(|u|p+ |v|?)do
r r

_p _a
< C(H“Hgvl,p(g)ﬂ(r)l s + HUH%{/l,q(Q)M(F)l "),
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where

(n—1p .

3.4 o ifp<n and s>pifp>n
3.4

_(n—1)g
n—gq

ifg<n and r>qifg>=n

ﬁ
|

So, in order to finish the proof, it suffices to show that y(T') — 0as [[u[};1, ()
— 0 and HUH%/L(I(Q)
We recall that

— 0.

J(VulP + |uf? + [Vo|? + |v]?)dz
Q

S (lulp + |v]9)do 2 Apg = min (A1p, Adig) > 0.
o0
Then
[l [y, @ T o[, a(@Q) 2 Apg /(‘ulp + |v]|?)do > )\pq/(’u‘p + o[9)do
o0 T

)\pq/édo = Apgop(I).

— 0.

Now (1) — 0 when [l 1y + 111000,
Hence G)(u,v) > G(0,0) when Hquva(Q) — 0, H’UH(IJ/VLII(Q) — 0.

This completes the proof. O

Proposition 3.5. G satisfies the Palais-Smale condition in WP () x Wa(Q).

Proof. Let {(tm,v,)},%° be a Palais-Smale sequence of Gy in WhP(Q)x W14(Q).
We have then \G,\(um,vm)\ K, for any m, DG (tum,vy) — 0 as m — +o0.
Due to Proposition 3.2, G is coercive and bounded, and from (3.3) we have

1 1
G (U, vm) = %Hum\l%l,p(g) + 2_q||vm||€/[/1,q(g) — Chu(092).

Hence (u,, v,) is a bounded sequence in W1P(Q) x W14(Q). Thus, there exists a
subsequence {(unm,, Vm;) }52; of {(um, vim) b= which converges weakly to (ue,vo)
in WP(Q) x Wh4(Q). We shall prove that {(up,,vm,)} converges strongly to
(o, Vo) in WHP(Q) x Whi(Q).

Firsly, by Rellich-Kondrachov theorem (see[1], p.144), the embedding WP (£2) x
Wha(Q) into LP(Q) x L4(Q) is continuous and compact. Therefore the sequence
{(um].,vm].)}j converges strongly to (ue,v,) in LP(2) x L9(€2). This implies that
the sequence {(umj,vmj)}j is bounded in LP(Q2) x L7(2), hence the sequence
72

{”U,m].‘p_2umj7 ‘Umj Umj }J
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is bounded in LP (Q) x L4 (), where p’ = Ll’ q = so that
p—= q—
(3.5) jirgoo (|Um] |P*2umj (umj — Up) + |vmj |Q*2vmj (vmj — v,))dz = 0.
Q

On the other hand, from hypothesis H2) it follows that f(x, U, vy, ) is bounded

in P and 9(, Upn; , Vm; ) is bounded in qu, hence

(3.6) jin—i}oo [(wm; = mo).f (@, tmy s Vm;) + (Um; = v0)g(, U, , Uy )|do = 0.
o0

Besides, we have

(3.7) lim <DG)\(um].,vmj), (U, — Uo, Uy — vo)>: 0.

j—Foo

By applying the equality (3.2) we have

/(\Vu!p_QVuV<p + V|92 VoV dx
Q

=<Daxmw4%w»—/ww’%¢+ww%wwx

Q
+A/wﬂ%%w+wm%%wwa
o0

for (u,v), (p,v) € WHP(Q) x Wh(Q). With © = tp,,, v = Um,, © = U
Y = vm; — v, We get

j_u07

/(|Vumj|p_2VumjV(umj — up) + |vaj|q_2vajV(vmj —V,))dx
Q

= <DG)\(um]'7vmj)7 (umj — Uo, Umj - UO)>

— /(|um] |p_2umj (umj — Up) + |vmj|q_2vmj (vmj — v,))dz
Q
+ )\/[(um]. — Uo) f (T, U s V) + (Vm; — V0)G(Z, U, , U )]do.
0N
Letting j — o0 from (3.5), (3.6), (3.7) we obtain that

-2 -2
(3.8) / (ke [PVt ¥ (1, — t10) + [V, 92V 0, ¥ (0, — v))dz = 0.
Q

Using a similar approach we get

(3.9) / (Vato P2V oV (t, — t00) + [V00|" 2V0o¥ (0, — v5))daz = 0.
Q
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Remark that for r > 2, there exists a positive contant C) such that
(3.10) (|s|""%s — [5]"725)(s —5) > C,|s — 5|"

for any s,5 € R™ (Proposition 2, [21]).
Applying (3.10) with s = Vu,; (Von, ), § = Vu,(Vv,) we obtain the estimate

(3.11) /(|Vumj|p2Vumj - |Vuo|p72Vuo)(Vumj — Vu,)dx
Q

+ /(]va].\q_2vaj — [V0o|172 Vo) (VU — Voo)da
Q
> Cpl|Vum; = Vol 5q) + CallVom, — Vol|T4(q)-

Letting j — oo , using (3.8), (3.9), from (3.11), we get

lim Humj - UOHWLP(Q) =0,
J——00

Hm |[|op; — Vol lw1.a) = 0.
j—00

Besides, (um, Vm;) — (U, Vo) in LP(Q) x L4(Q) that the sequence { (s, , vmj)}j

converges strongly to (u,,v,) in W1P(Q) x Wh4(Q). The proof of Proposition
3.5 is complete. O

Now we are in position to finish the proof of Theorem 1.2.

Proof of Theorem 1.2. By Proposition 3.5 and Proposition 3.4, G satisfies the
Palais-Smale condition in WP(Q2) x Wh4(Q), the origin (0,0) is a strict local
minimizer of G and G(0,0) = 0. Moreover, from Proposition 3.2 and Remark
3.2, G has a global minimizer (uy,v1) # (0,0), Gx(u1,v1) < 0. Now applying the
mountain-pass theorem (Theorem 10.3 [18]), there exists a critical point (ug, v2) €
WEP(Q) x WhH4(Q) of G which is not of minimizer type. Thus (ug,v2) # (u1,v1).
Theorem 1.2 is proved. (]
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