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NEW RESULTS FOR BOUNDARY VALUE PROBLEMS OF
NONLINEAR FRACTIONAL DIFFERENTIAL EQUATIONS
WITH NON-SEPARATED BOUNDARY CONDITIONS

BASHIR AHMAD

ABSTRACT. In this paper, a boundary value problem of nonlinear fractional
differential equations of order ¢ € (1,2] with non-separated boundary condi-
tions is studied. Some new existence and uniqueness results are obtained by
using Leray-Schauder degree theory and fixed point theorems. Some interest-
ing observations are presented.

1. INTRODUCTION

In this paper, we discuss the existence and uniqueness of the solutions for a
boundary value problem of nonlinear fractional differential equations of order ¢ €
(1,2] with non-separated boundary conditions. Our results are based on Leray-
Schauder degree theory, the contraction mapping principle and Krasnoselskii’s
fixed point theorem. More precisely, we consider the problem

Cqu(t):f(tax(t))a tE[O,T], T>0) 1<g¢g<2, (1 1)
2(0) = Ma(T) + pr,  2'(0) = 22" (T) + 2, M #1, Ao #1, '

where ©D? denotes the Caputo fractional derivative of order ¢, and f : [0, T]xR —
R and )\la )\%,ulmuQ c R.

The theory of boundary value problems for nonlinear fractional differential equa-
tions is still in its initial stages and many aspects of this theory need to be
explored. For some recent results on fractional boundary value problems, see
[1-9, 13, 15] and the references therein.

2. PRELIMINARIES

Let us recall some basic definitions [10, 12, 14].

Definition 2.1. For a function g : [0,00) — R, the Caputo derivative of fractional
order ¢ is defined as

1 t
“Dig(t) = m/o (t— 5)"7‘1719(")(8)615, n—1<g<nmn=lg+1,
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where [¢] denotes the integer part of the real number g.

Definition 2.2. The Riemann-Liouville fractional integral of order ¢ is defined
as

1 t s
P90 = 5 f, e 120

provided the integral exists.

Definition 2.3. The Riemann-Liouville fractional derivative of order ¢ for a
function ¢(t) is defined as

¢ S
DIg(t) = o ()" | s, =[]+ 1,

provided the right hand side is pointwise defined on (0, c0).

Lemma 2.4 ([12]). For q > 0, the general solution of the fractional differential
equation “Dix(t) = 0 is given by

z(t) = co+ crt + cot® + .. 4 ey t" L,
where ¢; €R, 1 =0,1,2,...n—1 (n=[q] +1).
In view of Lemma 2.4 it follows that
I9°Diz(t) = x(t) + co + c1t + cot® + ... 4+ cp "1 (2.1)
for some ¢; € R, i =0,1,2,....,n —1 (n=[q] + 1).

Lemma 2.5. For h € C[0,T], the unique solution of the boundary value problem

{ cDiz(t) =h(t), 0<t<T, 1<q<2,
z(0) T)+m

— , 2(0) = Mg (T) + iz, (22)
s given by

T ppMT+ (A=) m
2(t) = /0 G(t,)h(s)ds + EETi—m= =

where G(t, s) is the Green’s function given by

(t—s)a~1 o A\ (T—s)1"1 Ao [MT+(1=A)t)(T—s)972
I'(q) (M —1DI'(q) (R2=1) (A -1 (g—1)

;, 0<s<t<T,

G(t,s) =
_Al(Tfs)q_l A2 [)\1T+(17)\1)t}(T78)q_2
(A—DI'(g) (A=) (M —-1)I'(g—-1)

, 0<t<s<T.
(2.3)

Proof. Using (2.1), for some constants ¢y, c; € R we have

z(t) = Ih(t) — cg — e1t = /t (t—s)

TG h(s)ds — ¢y — cit. (2.4)
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In view of the relations DY [9z(t) = xz(t) and I IPx(t) = [97Px(t) for ¢,p >
0,z € L(0,T), we obtain

t(f_ g)a—2
Z'(t) = /0 uh(s)ds —c1.

I(g—1)
Applying the boundary conditions for (2.2) we find that
T (_ o\a—1
© - <A1Ai 1) [/0 . r(Ziq Ae)ds
T (p_ o\a—2
“mon () Tty + )
T (p_ \a—2
o= mer ) (?(q i)i) e+ 13,y

Substituting the values of ¢y and ¢; in (2.4) we obtain the unique solution of (2.2)
given by

B bt —s)at B A1 T (T —s)i~!
xz(t) = /0 ——————h(s)ds o= /0 h(s)ds

o ppeMT+ (1 —=M)t]  m
= Jy GO TR TS T e

where G(t, s) is given by (2.3). This completes the proof. O

By Lemma 2.5, problem (1.1) is reduced to the fixed point problem
v = F (), (2.5)
where F : C[0,T] — C]0,T] is given by

t(p_ )1 T (7 _ g)a-1
tae = [ %ﬂs,x(s))ds—ml / TS (o, (s))ds

T — s q—2
reant+ (1= [ E= e fateas
+&pua[MT + (1 = A)t] — &, t € (0,71,

£ = 1 € = 1
T M=) T =D 1)

Formula (2.5) will be used to prove the existence of solutions of (1.1) in Section
3. In order to establish existence and uniqueness results for (1.1) in a Banach
space (Section 4), let (X, ||.||) be a Banach space and let C = C([0,T], X) denote
the Banach space of continuous functions [0, 7] — X endowed with the topology
of uniform convergence with the sup-norm denoted by |.||. In this case, the
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operator f in (2.5) will be defined as F : C — C with f : [0,7] x X — X and
w1, o € X. To prove Theorem 4.3, we need the operators F 1, F o : C — C which
will be defined later.

3. AN EXISTENCE RESULT VIA LERAY-SCHAUDER CRITERION

Theorem 3.1. Assume that there exist constants 0 < k < (1+|£1>\1\1:r(|(g)\12)(1+>\1)\q)

and M > 0 such that |f(t,z)| < #z|x| + M for all t € [0,T],2 € C[0,T]. Then,
the boundary value problem (1.1) has at least one solution.

Proof. In view of the fixed point problem (2.5) we just need to prove the existence
of at least one solution x € C[0,T] satisfying (2.5). Define a suitable ball Br C
C[0,T] with radius R > 0 as

Br={z € CI[0,T]: tIerf(?}:ﬁ} lz(t)] < R},

)

where R will be fixed later. Then it is sufficient to show that f : Bg — C[0,T]
satisfies
r# ANz, Vo edBrandV X e |[0,1]. (3.1)
Let us set
H(\z)= Mz, e C[R) Xe[0,1].
Then, by the Arzela-Ascoli theorem, hy(z) = x— H(\, z) = x— AF = is completely
continuous. If (3.1) is true, then the following Leray-Schauder degrees are well
defined and by the homotopy invariance of topological degree, it follows that
deg(h)n BR7 0) = deg(‘[ - AF, BR7 0) = deg(hlu BR7 O)
= deg(hg, Br,0) = deg(Il, Br,0) =1#0, 0 € B,,
where I denotes the unit operator. By the nonzero property of Leray-Schauder

degree, we have hy(t) = 2 — A\F x = 0 for at least one x € Bg. In order to prove
(3.1) we assume that x = A\F x for some A € [0, 1] and for all ¢ € [0,T] so that

[z(®)] = [AFa(t)]

t 7(75 _ S)qil ! 7(T — S)qil s,x(s))|ds
< [ lreatlas+lan] [ EmE (st
_ S)q—Q

T
el + (0= [

+HEopa||MT + (1 — At + |p1é]

| (s, 2(s))lds

K Lt —s)! (T —s)rt
< (ﬁ‘$|+M) /0 W(ZS"“&I)\H/O st
T (T — 5)472
+H A2 || AT + (1 — A1)t /0 11(917_1)&9

HEopa||MT + (1 — Ap)t| + |p1éa]

T(1 A 1+
(%W‘FM) a3 ;J&E%LZ( i 1)‘@+\§2M2(1+/\1)\T+\M1§1\7

IN
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which, by taking norm (sup,cp 7 |#(t)| = [|z||) and solving for [|z|, yields

MTI1 + [E 2] + [E2p2(1 + A1)lg) + (I€2p2(1 + A)|T + |m& )T (g + 1)

[|z]] < I(g+ 1) — k(1 +|&A1] + |&ap2(1 4+ A1)g)

: _ MTI(A+|6 M| H]Sap2 (I4+-A)[ @)+ (€2 p2 A+AD) T+ &1 D (g+1) | 4
Setting R = Tt D HE N+ e (T )[a) +1 it follows that

(3.1) holds. This completes the proof. O

Example 3.2. Consider the boundary value problem

°Diz(t) = s sin(3E) + 1k, t€[0,7], 1< g <2, (3.2)
2(0) = —5u(T) + pu, 2(0) = —4/(T) + po.
Clearly,
1 2mx || 1
S| = ‘(4@ ST T | < gl 1
C(g+1)

. _ 1 _ 27T(g+1) _
with k = 5 < TGN = 4G+9) for 1 < ¢ <2and M = 1. Thus,

the conclusion of Theorem 3.1 applies to (3.2).

Remark 3.3. For a positive constant N7, we can modify the assumption on the
nonlinear function f(¢,x) in Theorem 3.1 so that

F(q+ 1)N1
T9(1 + [§1 A1 + [§2p2(1 + A1)lg)

|f(t7$)‘ < Vit € [O,T], T € [—Nl,Nl].

4. EXISTENCE AND UNIQUENESS RESULTS IN A BANACH SPACE

Throughout this section, let (X, ||.||) be a Banach space and let f : [0, T]x X —
X. Furthermore, we assume that

(A1) [f(t,z) = f(t,y)| < Llz —y[,Vt € [0,T], z,y € X;
(Ag) |f(t,z)| < u(t), Y(t,z) €10,T] x X, and p € C([0,T], RT);

LT(1 A A2 (14X
(As) 71 = (1+]& &;1512) 2+ M1)lg) ¢

Theorem 4.1. Assume that f :[0,T] x X — X is a jointly continuous function,
and that the assumptions (A1) and (As) are satisfied. Then, the boundary value
problem (1.1) has a unique solution.

Proof. Let us set supyco | f(¢,0)| = M and choose r > ﬁ, where

oy = MTU1 + [€ 1] + [€222(1 + A1)|g)

14+ M\)|T
T(g+ 1) + [&opo(1 4+ AT + |1 éals



664 B. AHMAD

and ~; is given by the assumption (As). Now we show that f B, C B,, where
F :C — C is defined by (2.5) and B, = {z € C : ||z|| < r}. For z € B, we have

t — g qg—1 T — g qg—1
2Ol < [ S ae)lds + o / uuf<s,ac<s>>uds

Heal sp T+ (=il [ T s s
te[0,7

+[&ap2| sup [MT + (1= At + \#151|
t€[0,T]
—g)e!

< [ )) (17 (s 2() = £, 0)l + 1(5,0) s

Hanl [ Lo~ 6,01+ 176500

vl sp T+ (-l [ E T s ate) - 1650
te[0,7

+[[.f(s,0)[)ds + [€2p2] S[up] AT + (1 - Al)t\ + |mé|
tel0

< (L’I” + M) [L/ (t — s)q Lds + ‘51)\1| 1 /T(T — s)qflds
I'(q) Jo 2T'(q)
+|&22] sup IMT 4+ (1= Ap) t\/ s)4” 2d5
te[0, T
+|&op12] sup |/\1T + (1= A)t| + [ &l
t€[0,T]
< LTY1 + |§1 1] + [E2A2(1 + A1)lg) MTI1+ [&A1] + [E202(1 + A1)lq)
< r 4+
I'(g+1) I'(g+1)
+|&ap2(1 4+ A1) [T + |1 &
= mr+m7 <

Now, for 2,y € C and for each ¢ € [0,T] we obtain

ItF2)0) - O]
— 5!
< [ )) 175, 2(5)) — F(5,(5)) s

e / T b, a(s)) — £s,y(s)) s
HEdal sy INT (1) / Hf s.2(5)) — f(s,y(s))|ds
te[0,T
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1 ¢ 1 T
< Lz —yll[= /0 (t — )T Vs + [Exh | e /O (T — 5)7ds

I'(q) 21'(q)
T
—H&)‘Q‘ sup |)\1T + (1 — Al)t‘ / (T — 3)q72ds]
t€[0,T] 0
LTI1 + &A1) + [€222(1+ A1)|g)

lz —yll = nllz -yl

- I(g+1)
Observe that 7, depends only on the parameters involved in the problem. As
v1 < 1, therefore [ is a contraction. Thus, by the contraction mapping principle
(Banach fixed point theorem), it follows that the boundary value problem (1.1)
has a unique solution. O

Now, we prove the existence of solutions of (1.1) by applying Krasnoselskii’s
fixed point theorem [11].

Theorem 4.2 (Krasnoselskii’s fixed point theorem). Let M be a closed convex
and nonempty subset of a Banach space X. Let A, B be operators such that (i)
Az + By € M whenever xz,y € M; (ii) A is compact and continuous; (1ii) B is a
contraction mapping. Then, there exists z € M such that z = Az + Bz.

Theorem 4.3. Let f:[0,T] x X — X be a jointly continuous function mapping
bounded subsets of [0,T] x X into relatively compact subsets of X, and assume
that (A1) and (Az) hold with
LT([& A1 ] + [€222(1 + A1)g)
I'(g+1)

Then, the boundary value problem (1.1) has at least one solution on [0,T].

Proof. Let us fix
5> [pl|T9(L + [§1A1] + [£222(1 + A1)[g)
- Ilg+1)
where [|u|| = supycpo 7y [p(t)| and consider Br = {z € C : |[z|| < T}. We define the
operators f1 and F o on Br as

bt —s)it

(Fia)(t) = /0 (s u(s)ds.

<1

+ [§2p2(1 + A)|T + [p1é1]),

T — s q—1
(Fax)t) = —&\ /O L= s u(s))ds

I'(q)
T —2
(T —s)?
Ao\ T 1—-A —
FEMMT + ( 1)t]/0 T
+Eapa[MT + (1 — A)t] — &y
For x,y € By we find that
[l T9(1 + [E1 1] + [E2A2(1 + A1)lq)
I'(g+1)

f(s,u(s))ds

|Fiz+Foy| < +[&ap2(1+A1)|T+|p&a| < 7.
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Thus, F 12+ F 2y € By. It follows from the assumption (A;) that F o is a contrac-
LTq(Kl’\lFEl‘fii‘;(H’\l)‘q) < 1. The continuity of f implies that
the operator f 1 is continuous. Also, F 1 is uniformly bounded on BF as

T
Lg+1)

Now we prove compactness of the operator F 1. In view of (A1), we define

sup | f(t,2)| =7,

(t,z)€[0,T]x Bx

tion mapping for

1Fiz]l <

and consequently we have

I(F12)(h) — (Fra)(t)] = ||i) / [ty — 5)71 — (11 — 5)T71] (5, 2(s))ds
/ (ts — )71 £ (s, 2(s))ds|

_F
+

IN

T +1) 12(t2 — t1)? +t] — t3],

1)
which is independent of x. Thus, F; is equicontinuous. Using the fact that f
maps bounded subsets into relatively compact subsets, we see that F1(.A)(t) is
relatively compact in X for every ¢, where A is a bounded subset of C. So, f is
relatively compact on Br. Hence, by the Arzela-Ascoli theorem, F 1 is compact
on Br. Thus, all the assumptions of Theorem 4.2 are satisfied. So, the conclusion
of Theorem 4.2 implies that the boundary value problem (1.1) has at least one
solution on [0, 7. O

Example 4.4. Consider the anti-periodic boundary value problem

1 =]
cDix(t) = (HQ)QH‘:B‘,tE[O 2], 1< q <2, (1)
2(0) = z(27) + pu, 2'(0) = 32/ (27) + po.
Here, f(t,x) = G, - 27, and pq, po are arbitrary elements of X. As

(t4r9)2 I+fal
1f(t,2)— f(t,y)|| < g llz—yll, assumption (A,) is satisfied with Ly = g;. Further,
LTIA+ |G+ €221+ A)lg) 1 (2m)9(4 + 5¢)
I'(g+1) 243 T'(¢+1)

Thus, by Theorem 4.1, the boundary value problem (4.1) has a unique solution
on [0, 27].

5. DISCUSSION

In this paper, we have presented some existence and uniqueness results for
nonlinear fractional differential equations of order ¢ € (1,2] with non-separated
boundary conditions. Our results give rise to various interesting situations. Some
of them are listed below:
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(i) The results for an anti-periodic boundary value problem of fractional
differential equations of order ¢q € (1, 2] follow as a special case by taking
A = —1= Xy, pyg =0 = po in (1.1). In this case, the operator F :
C[0,T] — C[0,T] takes the form

[P —s)! 1 [T(T—s)!
(Fo)t) = /0 i fsu(s))ds = 5 /0 o

1 (T —s)172
+ —(T - 2t)/ ———f(s,u(s))ds, t € [0,T],
4 o Tle—1) 7]
and Theorem 3.1 reduces to the corresponding result of [7].
(ii) For ¢ = 2 we obtain new results for a second order boundary value prob-
lem with non-separated boundary conditions. In this case, the Green’s
function G(t, s) is

(s, u(s))ds

7)\1()\271)(7175)4»)\2 [)\1T+(17)\1 )t}
A—1)(A2-1)

, 0<t<s<T,

G(tv 8) =
(Al*l)()\Q*l)(t*S)*)\l(AQ*l)(T*S)J”)\Q [)\1T+(17)\1)t]
(A—D(x2-1)
which takes the following form for the second order anti-periodic bound-
ary value problem (A; = —1 = A9):

1(-T—2t+2s), 0<t<s<T,

, 0<s<t<T,

G(t,s) =
1(-T+2t—2s), 0<s<t<T.

(iii) The results for an initial value problem of fractional order g € (1, 2] can be
obtained by taking Ay = 0 = A9 in the present results with the operator
of the form

t — s q—1
o = [ uleds 4t

These results correspond to the non-impulsive part of the results of [1].
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