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UNIQUENESS THEOREMS AND UNIQUENESS
POLYNOMIALS FOR p-ADIC HOLOMORPHIC CURVES

VU HOAI AN AND TRAN DINH DUC

ABSTRACT. In this paper, using the techniques of value distribution theory
in the p-adic case, we prove uniqueness theorems for nonconstant p-adic holo-
morphic curves and the existence of a class of strong uniqueness polynomials
for algebraically nondegenerate p-adic holomorphic curves. It is shown that if
X is a hypersurface defined by a polynomial in this class, then X is a unique
range set for algebraically nondegenerate p-adic holomorphic curves.

1. INTRODUCTION

In 1926, Nevanlinna proved that two nonconstant meromorphic functions of
one complex variable which attain the same five distinct values at the same points,
must be identical.

It is observed that p-adic entire functions of one variable behave in many ways
more like polynomials than like entire functions of one complex variable. In 1971,
Adams and Straus [1] proved the following theorem.

Theorem A. Let f,g be two nonconstant p-adic entire functions such that for
two distinct (finite) values a,b we have f(x) = a < g(x) = a and f(z) = b &
g(x) =b. Then f = g.

For p-adic meromorphic functions, Adams and Straus [1] obtained the following
result similar to Nevanlinna’s.

Theorem B. Let f,g be two nonconstant p-adic meromorphic functions such
that for four distinct values a1, as,as,as we have f(x) = a; < g(x) = a;,i =
1,2,3,4. Then f = g.

Ru [10] and Hu and Yang [5, Theorem 6.33] extended Theorem B to p-adic
holomorphic curves. As a connection to the study of the uniqueness problem,
many authors (see [5, 8]) introduced the following notions.

Definition C. A polynomial P € C,z] is called a uniqueness polynomial (UPM
for short) for p-adic meromorphic functions if P(f) = P(g) then f = g for all
nonconstant meromorphic functions f,g on C,. Similarly, we say that a strong
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uniqueness polynomial (SUPM for short) for p-adic meromorphic functions if
P(f) = cP(g),c # 0 implies f = g for all nonconstant meromorphic functions
f,g on C, and nonzero c € C,,.

Similarly, a homogeneous polynomial P of variables zi,... , z,4+1 is said to be
a uniqueness polynomial (UPC for short) for p-adic holomorphic curves if the
condition P(f) = P(§) implies f = g for all algebraically nondegenerate holo-
morphic curves f and g from C, to P"(C,) with reduced representations f and
g, respectively. A homogeneous polynomial P of variables zi, ..., z,+1 is said
to be a strong uniqueness polynomial (SUPC for short) for p-adic holomorphic
curves if P( f ) = ¢P(g) implies f = g for all algebraically nondegenerate holo-
morphic curves f and g from C, to P"*(C,) with reduced representations f and

g, respectively, and nonzero c € C,,.

In recent years, several interesting results about UPM have been obtained (see
(2, 3, 5, 8]).

In this paper, by using some arguments in [5, 8, 11, 12] we give some unique-
ness theorems for nonconstant p-adic holomorphic curves and show the existence
of a class of strong uniqueness polynomials for algebraically nondegenerate p-adic
holomorphic curves. It is shown that if X is a hypersurface defined by a polyno-
mial in this class, then X is a unique range set for algebraically nondegenerate
p-adic holomorphic curves.

2. UNIQUENESS THEOREMS FOR NONCONSTANT p-ADIC HOLOMORPHIC CURVES

Let f be a nonzero holomorphic function on C,. For every a € C,, expanding
fas f =) Pi(z—a) with homogeneous polynomials P; of degree i around a, we
define

vf(a) = min{i : P; # 0}.

Let k be a positive integer or +00. Define the function v?k of C, into N by

<k () — {o if v(z) >k,
ve(z) if vp(z) <k

and
<k <k <k <k
ng (r) = Z Uy (2), ny (a,7) = nf—a(r)'
\

z|<r

Fix a real number p, with 0 < p < r. Define

T <k
1 ny (a,x
Ngk(a,r):—/—f ( )d:c.
T

If a = 0, then set Nfgk(r) = Nfgk(O,r).
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For [ a positive integer or +oo, set
where

Define v;k from C, to N by

>k(z) _ {vf(z) ifvr(z) > k,

vf 0 ifog(z) <k
and
() = 3 vt ), nitar) = n7k, (),
|2[<r
) 17 nit(a,a)
Nf> (a,r)——/ — " dx,
Inp J, T
N7¥(r) = N0, 7),
1 rnfa,r
Nl>fk(aa T‘) = _/ L )d{E,
’ Inp J, T
where

nijf(a,r) = Z min {v;fa(z),l}.
|z|<r
Let f be a holomorphic curve from C, to P"(C,) = P" with reduced representa-
tion f = (f1,...; fny1) - Set

Hy(r) = gpgagﬂﬂfi (7).

Let H be a hypersurface of P™ such that the image of f is not contained in H,
and H is defined by the equation F' = 0.

Set
Hy(H,r) = Hp,#(r), N(H,r) = Np,#(r),

Nif(H, 1) = Ny o 5(r), N (H,r) = Nflfo A1), NF(H,7) = lego #(r):
Ef(H)={2€Cp,:Fo f(2) =0 counting multiplicities},
E¢(H)={2€Cp: Fo f(z) =0 ignoring multiplicities},

E;(H,<k)={z2€Cp:Fo f(z) =0 ignoring multiplicities, Vpo (%) < k},
Ej(H,>k)={z2€Cp: Fo f(z) =0 ignoring multiplicities, vy, #(2) > k},
E¢(H,>k)={2€C,: Fo f(z) =0 ignoring multiplicities, vFO];(z) > k}.
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Notices that if f is a holomorphic curve from C, to P" and if f= (f1, o5 frt1)
and h = (hq,..., hp+1) are two reduced representations of f, then there exists a

constant ¢, ¢ # 0, such that f; = ch; for all . Therefore, the above definitions
are well-defined.

Theorem 2.1. [5] Let f : C, — P" be a m-linearly nondegenerate holomorphic
curve from C, to P" and Hy,...,H, be hyperplanes of P" in general position
withl<m<n<2n—m<qand f(Cy) ¢ H;, i=1,...,q. Then

q
1
(g—2n+m—1)H(r }:Nmfﬂ@r ﬂi%ilkgr+00)
i=1

To prove this theorem, we need the following:

Lemma 2.1. Let f : Cp — P™ be a m-linearly nondegenerate holomorphic curve
from C, to P", k1,... kg € N* and Hy,...,H, be hyperplanes of P" in general
posztzonwzth1<m n<2n—m<qandf( p) € Hiy i=1,...,q. Then

4 q
<;—kz 1 —2n+m—1>Hf(r) < ; il m,f(HiaT)—TlongrO(l).

Proof. Take H; € {Hy,... ,Hy} and k; € {ki1,... ,kq}, we have
N f(Hi,7) = N3N (Hi,r) + N F (H;, 7‘)

ki <k <k >k
= N\ H; —— N> (H;, N-"(H;,
T h+1 mf( )+ ks +1 mf( )+ m7f( r)
ki <k; m <k; >k;
< g Ny (i) & g NS () N ()
ki <k
< N> (H;, ——N¢(H;,
by 1 (i )+k+ f(His).

By [7, Theorem 3.2]
Nf(Hi,’I“) + 0(1) = Hf(Hi,’I“) < Hf(T‘) + 0(1)

Therefore

Nop ¢ (Hir) < — NSE (H )+ — H () + O(1)

m,f iy \ki+ m,f ) ki+1 f .
Thus

q <k q

2.1 ot (Hiy )
(21) Z 5(Hisr k+1 o (H Z r)+O0(1),
By Theorem 2.1 and (2.1), we obtain Lemma 2.1. O

Theorem 2.2. Let f,g be two nonconstant holomorphic curves from C, to P",
ki,... kg € N* and Hy,... ,H, be hyperplanes of P™ in general position such
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that f(Cp) ¢ H;,9(Cp) ¢ Hi, i=1,... ,q. Suppose that

q q
(2.2) f(z) = g(2) with z €| JEf(Hi, < ki) and z € | Eg(Hi, < ky).

i=1 1=1
If
4 n
2.3 > 2n? 1 ,
(2.3) g=2n+n+ +izlki+1
then f = g.

Proof. Let f = (f1, s fnt1) and § = (g1,-..,9n+1) be reduced representations
of f and g, respectively. Assume, on the contrary, that f #Z g. Then there
exist h,l € {1,...,n+ 1}, h # [, such that frg; — fign Z 0. Because f,g
are nonconstant, f is a k-linearly nondegenerate holomorphic curve and g is a m-
linearly nondegenerate holomorphic curve for some k,m, 1 <k <n <2n—k < g,
1<m<n<2n—m<q. By Lemma 2.1 and (2.2)

< I ki—k+1

p— —2n+k—1>Hf(1")

1=

q
: ; Ry 1hs Hor)

1
@ logr +O(1)

—_

kki <, k(n+1)
< ;Mlz\q,f (Hi,r) — =2 logr

k(n+1)
<knNg, g, fig, (r) — ———

5 logr + O(1)
kE(n+1)

<kn(Hg(r) +Hg(r)) — 5

logr + O(1).

So

1k
(q—Qn—l—Zk‘_i_l—i-k)Hf(r)
i=1

k(n+1)
2

(2.4) <kn(Hy(r) 4+ Hy(r)) — logr + O(1),

and similarly, we obtain

q
(q—2n—1—;ki7ﬁ1 +m)Hg(1")

m(n+1)
2

(2.5) <mn(Hy(r) + Hy(r)) — logr + O(1).
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Without loss of generality assume that 1 < m < k. From (2.4) and (2.5) we
have

L

<ken(H; () + Hy(r)) — 2 ; Y 10gr+ 0(1),

and

q
k
(q—2n—1—;ki+1+m)Hg(r)

m(n+1)

mn(Hg(r) + Hy(r)) — — logr + O(1).
Summing up these inequalities, we get
q
k (n+1)
<q—2n—1—; R )(Hf(r)—i-Hg(r))—i-T(k—i-m) logr < O(1).
From this we obtain
q
k
-9 —1— -1 0
qg—2n ; o (n—1)m<
Consider
1
o(k,m) :k< ;kﬁ—l —n> +(1—-n)m+qg—2n—1.
q
Sincelémgkgnand—zkil —n<0and1—n<0and (2.3), p(k,m) >
=1
q
en,n)=q—2n>-n—-1-73 77 = 0. Thus, we obtain a contradiction.
i=1"
So f=g. O

Lemma 2.2. Let f, g be two nonconstant holomorphic curves from C, to P",
and X; be hypersurfaces in P™ of degree d, Y; be hypersurfaces of degree I, in
general position, such that the images of f and g are not contained in X;,Y;,
respectively, 1 =1,... ,n+ 1.

Suppose that Ef(X;) = Ey(Y;), i =1,... ,n+1. Then

dH () = LHy(r) + O(1).

Proof. Let f = (f1, ..., far1) and § = (g1,..., gns1) be reduced representations
of f and g, respectively. Suppose that X;,Y; are defined, respectively, by the
following equations

Pi(z1,... ,xp+1) =0, i=1,... ,n+1,
Qi(xl,... ,$n+1):0, 1=1,... ,n+ 1.
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From the hypothesis of general position and the Hilbert’s Nullstellensatz [13] it
follows that for any integer k,1 < k < n + 1 there is an integer my > d, I, > |
such that
n+1
wk = Zaz’k(%‘hm s Tor1) P21, .. Tny),

n+1
J,‘;k = Zbik(ﬂfl, . ,$n+1)Qi(a?1,. . ,$n+1),

where a;, (21, ... ,mn+1), bip(x1,... ,pq1), 1 < i< n+1,1< k< n+1,
are homogeneous polynomials with coefficients in C, of degree m;, —d, I — [,
respectively. Therefore

n+1

= @i (fro-o s far)Pilfry o fagr), E=1, n+1,
i=1

n+1

g;gk = Zblk(fb 7fn+1)Qi(f1a"' 7f’n+1)‘ k= L...,n+1
=1

From this it follows that
H i (r) = myHy, (r) < (mg — ) Hy(r) + max_Hp o) +O(1),

1<i<n+1
H 1, (r) = Wy, (r) < (ke ~ DH,(r) + | max Ho, () + O(1).
Hence
dH(r) < 1<rfl<a,f(+1HPi0f(r> + O(1),
(2.6) [Hy(r) < 1<I?<a7f<+1HQi°f(r) + O(1).

On the other hand,
Hp ;(r) <dH(r) +O(1), for all i=1,... ,n+1,
(2.7) Hy 7(r) <1 )+0(1), for all i=1,... ,n+1.
By (2.6) and (2.7) we have
dHy(r) = max Hp :(r)+O(1),

Q
—
=

1<i<n+1
(2.8) lHy(r) = 1<I}1<a7§<+1Honf( r) + O(1).
Since Ef(X;) = Ey(Y;), foralli =1,... ,n+1, WS is a non-vanishing analytic
function. So Pyo f = a;Q;0g, a; € Cp, a; #0, for all i =1,... ,n+ 1. Therefore
(29) 1<I?<a5{+1HP°f( r)= 1<r?<n+1HQJ°g( r)+O0(1).

By (2.8) and (2.9) we have
dH;(r) = LH,(r) + O(1).
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O

Theorem 2.3. Let f,g be two nonconstant holomorphic curves from C, to P".
Let X; be hypersurfaces of degree d, H; be hyperplanes in general position in P,
such that the image of f is not contained in X;, H; for i = 1,... ,n+ 1 and
Jj=1,...,q. Suppose that E;(X;) = E,(X;), i=1...,n+1, and

q
f(z) = g(z) with z € UEf(HZ-, < ki).
i=1
If
n
k; + 1’

q
q22n2+n+1+z
i=1
then f = g.

Proof. Let f = (f1,..., far1) and § = (g1, ..., gnr1) be reduced representations
of f and g, respectively. Assume, on the contrary, that f # g. Then there
exist h,j € {1,... ,n+ 1}, h # j, such that frg; — fjgn # 0. Since E¢(X;) =
Ey(X;),i=1,... ,n+1, and by Lemma 2.2 we have dH(r) = dH,(r) + O(1) .
Because f is a nonconstant curve, f is a k-linearly nondegenerate holomorphic
curve for some k, 1 k <n < 2n—k <q.

By Lemma 2.1

k(n+1
<nkNj, g —fign — % logr +O(1)

<nk(Hf(r) + Hg(r)) B logr + O(1).
Since Hf(r) = Hy(r) + O(1),
q
k,+1—k n+1
( Tl —2n+k—1—2nk)Hf(r)+TklogrgO(l),

1=

From this we have

q
1
k(1—§ —2) —om—1<0.
i:1ki+1 n|)+gq n
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Consider
1.1
—k(1- —9 ) —on—1.
o(k) k( ;krl-l n|+q—2n
q
Sincel—g:lki_i_1 —2n <0,
1 n
_ 2
o(k) > p(n) = ¢ — 2n —n—l—;,ﬁl >0.
We obtain a contradiction.
So f=g. O

3. UNIQUENESS POLYNOMIALS AND UNIQUE RANGE SETS FOR ALGEBRAICALLY
NONDEGENERATE p-ADIC HOLOMORPHIC CURVES
Forn € N*, n > 2m + 8, m > 2, (m,n) = 1, consider a polynomial P(z) =
n

2" —az"™™ 4+ b, where a,b € C, and a # 0, b # 0, and @ + n —.
b * m™(n —m)
Set

P(z1,22) = 21 —az] "2y + bzy.
We define inductively
Pi(z1,23) = P(21,23) = 20 — azy Mzy' + b2y,
Py(z1,22, ... ,25141) = Ps_l(_ﬁ(ZI,ZQ), .. ,ﬁ(zs,zsﬂ)), $=2,3,....(x)
Then, P; is homogeneous and of degree n®.

Lemma 3.1. In the above hypothesis, P(z) is a UPM .

Proof. 1t follows immediately from [5,Theorem 3.21]. O
Theorem 3.1. P; defined by (x) is a SUPC.
Proof. Let f and g be algebraically nondegenerate holomorphic curves from C,

to P*(C,,) with reduced representations f = (fi,- s fs+1), 0 = (915 ,9s+1)
respectively .

We first prove Theorem 3.1 for s = 1.
Let f = (f1, f2), g = (g1, g2) such that

P(f1, f2) = cP(g1, 92)

for a nonzero c € C),. Therefore
(3.1) [ = af{™" [ + 05 — cgt' + cag! ™™ g5" — cbgy = 0.
Consider the holomorphic curve F from C, to P?(C,) with reduced representation

F = (bf, fi7™(f" — afs"),bg3).
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Assume that F' is linearly nondegenerate. Consider the following hyperplanes in
general position in P?(C,)

Hy:21=0;, Hy:29=0; Hs:z3=0;
Hy:x1+4+ 290 —cx3=0.
Using Theorem 2.1 and (3.1), and noting that
nHy(r) < Hp(r) + O(1),

we have
4
Hp(r) < ZN2,F(H1',7“) —3logr+0O(1)
i=1

= Noppp(r) + Nz,f;l*’"(f;wafgn) + Na gz (1)
+ Ny g gny 1= (17 —afzm)—beg? (r) —3logr+ O(1)
< 2Ny, (1) + 2Ny, (1) + No(pm_q ) (1) + 2Ngy (1)
+ N2yg?7m(91”—a9£”)(r> —3logr +0(1)
< 4Hf(r) +4Hy(r) + Nyp_app (1) + Nygm_agre (1) — 3logr + O(1)
< (m+4)(Hf(r) + Hy(r)) — 3logr + O(1),
and
(3.2) nHy(r) < (m+4)(Hf(r) + Hy(r)) — 3logr + O(1).
Consider the holomorphic curve G from C, to P?(C,) with reduced representation
G = (bgy, g7 ™ (97" — ags"), bfy).
Assume that G is linearly nondegenerate. As in the proof of (3.2), we obtain
(3.3) nHy(r) < (m+4)(Hg(r) + Hg(r)) — 3logr 4+ O(1).
Summing up inequalities (3.2) and (3.3), we get
(n—2m — 8)(Hf(r) + Hy(r)) + 6logr < O(1).
We have n > 2m + 8, a contradiction.

So F or G is linearly degenerate. Without loss of generality, one can assume
that F' is linearly degenerate. Then there exist constants C1, Co, Cs such that

(C1,C2,C3) # (0,0,0)
and
(3.4) Cibf3 + Coft ™™ (f1" — af3") + C3bgy = 0.
We consider the following possible cases:
Case 1. If C5 = 0, then from (3.4) we have
(3.5) Cibfy' + Cof{ ™ (f" — afs") = 0.

Since f is nonconstant and (C1,C2) # (0,0), we obtain a contradiction. So

Cs #0.
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Case 2. If Cy = 0, then from (3.4) we have
n__ O
92 = — Cs

From this and (3.1), it follows that

3

CC n—m m m n—m m m
b<1+—1>f5"+f1 (fi" —afy") = cg? (97" — agy").
C3

Suppose that 1+ CC& # 0. Consider the holomorphic curve Fy from C, to P1(C,)

3
with reduced representation
n n—m/ em m CCl n
Fy = ( T = afs ),b(l + O )f2)-
3

Since f is nonconstant, so is Fj. Consider three points (1,0),(0,1) (1,1) of
P1(C,). Using Theorem 2.1 and noting that

an(T) < Hp, (T> + 0(1)7

we have
nHy(r)
< Hp, (r)+0(1)
S Nl,fffm(f{”—afén)&) + Ny pp(r) + Ny gp=m (g —agy) ~ 1087 + o)
< Nig(r) + Nim_afm (1) + N1,5,(r) + N1,g, (1) + Ngm _agp (r) — logr + O(1)
< Npy (r) + Ny, (r) + Nf{”—afgm (r) + Ngy () + Ng{”—agé” (r) —logr+ O(1)
< (m4+2)Hf(r)+ (m+1)Hy(r) —logr + O(1).
So
(3.6) nHy(r) < (m+2)Hs(r) 4+ (m + 1)Hy(r) —logr + O(1).
On the other hand, C; # 0 and
fe = —%’93

From this and (3.1), it follows that

Cs n n—-m/ . m m n—m/ pm m
b(c+ a)gz + gy (9" —agy’) = [T (AT - afy").

If c + g—i’ =0, then f3' = cgy.

Consider ¢ + %;i # 0 and the holomorphic curve Gy from C, to P}(C,) with
reduced representation

~ —my(_ m m C n
G1 = (g? (91" — agy"), b(C+ FS) 92>-
1

Since g is nonconstant, so is G.
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Similarly, we obtain
(3.7) nHgy(r) < (m+2)Hy(r) + (m + 1)H(r) —logr 4+ O(1).
From (3.6) and (3.7) we have
n(Hf(r) + Hg(r)) < (2m + 3) (Hf(r) + Hg(r)) —2logr + O(1).

So
(n —2m — 3)(Hf(r) + Hy(r)) +2logr < O(1).
We have a contradiction for n > 2m + 3. So 1 + %Cl = 0 and ¢ + % = 0.
3 3

Therefore f3' = cgy.
Case 3. If C1 =0, Cy # 0. From (3.4) we have

Coff (1" — afy") = —C3bgy.
So

(3.8) (%) — Cha (g) :—cgb@z)

Since n > 2m + 8, m > 2, the equation
Coz" — Coaz"™ ™ =0
has at least 3 distinct roots z; = 0, 22, z3. Since f is nonconstant, so is % From

(3.8), for each i = 1,2,3, all the zeros of ji— — z; have multiplicities > n. By
2
1
[9,Theorem 3.10], 3(1 — —) < 2. Therefore n < 3. From n > 2m + 8, we obtain

n
a contradiction.

Case 4 01 750, Cg 750, Cg 750

Consider the holomorphic curve F from C, to P!(C,) with reduced represen-
tation

By = (Cof™™(f1" — af3"), C1bf3).
Since f is nonconstant, so is Fb.

Consider three points (1,0),(0,1) (1,1) of P}(C,). Using Theorem 2.1 and
noting that
nHy(r) < Hp,(r) + O(1),

we have
an(T) SHp(r) +0(1) < 1() From(fm— afm)( )+N1,Clbf§(7')
+ Ny fpom (g —aggyornsy — logT +O0(1)
SAING (r) + Nf2( ) + Nf{”—afgn + Ngz(ﬂ —logr+ O(1)
<(m+2)Hy(r) + Hy(r) —logr + O(1).
So

(3.9) nHy(r) < (m+2)Hy(r) + Hy(r) —logr + O(1).
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By (3.4),
—afy') = ——=g5 — —f3.
1 (f]_ f2 ) 02 92 02 f2
From this and (3.1), we obtain
Arbgy + Axgi ™" (91" — agy') + Asbfy = 0.

If one of the numbers A, Ay, Az is equal to 0, then we can use the arguments
similarly to the one above. If A; # 0 and Ay # 0 and A3z # 0, then consider the
holomorphic curve G from C, to P*(C,) with reduced representation

Go = (A2g7 (9" — agy?), Aibgy).
Since ¢ is nonconstant, so is Ga. Similarly, to the relation (3.9) for Fh, we
obtain the following inequality for G :
(3.10) nHgy(r) < (m+2)Hy(r) + H¢(r) —logr + O(1).
From (3.9) and (3.10) we obtain
n(Hf(r) + Hg(r)) < (m+3) (Hf(r) + Hg(r)) —2logr + O(1).
So
(n—m —3)(Hy(r) + Hy(r)) + 2logr < O(1).
From this we have n < m + 3, a contradiction.

Thus, the above cases give us fI' = cgy. Since f3 = cg4 and ﬁ( fi, f2) =

cﬁ(gl,gg), we have P(%) = P(%) Because n > 2m + 8, m > 2, (m,n) = 1,
2 2
by Lemma 3.1 we obtain f = g.

We now continue to prove Theorem 3.1. Consider
Ps(fl, e 7fs+1) = CPs(gl, e 795—0—1)-

Set

Qr = Pr—1(f1, f2r ooy f2) M1 = Pr—1(foy oy frg1)s
and

Ry = Pe—1(91,92, s 9k), N1 = Pe—1(92, -, Gt 1),

Qr Ry,
Qk k1 = Mk+1,Rk,k+1 = Ney

with k=2, ..., s.
Then

(3.11) Qy —aQy "ML +bM | — cRY + caR; "N, — cbN} | = 0.
Note that each common zero of
bM 1, Qy — aQy ™ MY, bN
or of
or1y By —aRTTTNTL DM
is also a common zero of

n n n—mp m n 0 n—m nrm
sz—l—l’ Qs - aQs s+1» s+1» Rs - a’Rs s+1>»
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and hence is a common zero of

Qs, Merla Rs, Ns+1-

Then we can omit those common zeros.

From this, and since f,g are two algebraically nondegenerate holomorphic
curves from C, to P*(C,), it follows that the results in case s = 1 also hold in
this case.

So
Qs,s+1 = Rs 541
Hence
Py 1(f1,.--, fs) = cs—1Ps—1(g1,- - , 9s)
and
Ps_1(fay. s fog1) = cs—1Ps—1(g2, .- 1 gs41)-
Similarly

Qrkk+1 = R kt1,
with k =2,...,s — 1.

From
Q23 = Ro3
we have
Pi(f1, f2) = a1Pi(g1, 92),
and
Pi(fa, f3) = c1P1(92,93)-
Therefore
h_F
g1 92’
and
b ts
g2 g3
Similarly
fi _ f"“, i=1,2,..,5s—1,
gi gi+1
fi _ fi“, i=2, .5
gi gi+1
Thus f =g. O

Theorem 3.2. Let f,g be two algebraically nondegenerate holomorphic curves
from C, to P°. Let X be a hypersurface of P°, defined by Ps = 0. Suppose that
E¢(X) = E4(X). Then f = g.

Proof. Since Ef(X) = Ey(X), Pso f =cPs0g, ce€ Cy, c# 0. By Theorem 3.1,
f=g. O
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