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SOME SUBCLASSES OF ANALYTIC FUNCTIONS

WITH RESPECT TO k-SYMMETRIC POINTS

ZHI-GANG WANG AND DI SONG

Abstract. In the present paper, we introduce two new subclasses P(k)(λ,α)
and Q(k)(λ,α) of analytic functions with respect to k-symmetric points. Such
results as integral representations, convolution properties and coefficient in-
equalities for these function classes are proven.

1. Introduction

Let A denote the class of functions of the form:

f(z) = z +
∞3
n=2

anz
n,(1.1)

which are analytic in the open unit disk U := {z : z ∈ C and |z| < 1}. Also let
T be the subclass of A consisting of all functions which are of the form:

f(z) = z −
∞3
n=2

anz
n (an 0).

Let T (λ,α) be the subclass of T consisting of functions f(z) which satisfy the
following inequality:

_

⎛⎝ zf (z)
f(z)

λzf (z)f(z) + (1− λ)

⎞⎠ > α (z ∈ U),

for some α (0 α < 1) and λ (0 λ < 1). And let C(λ,α) be the subclass of T
consisting of functions f(z) which satisfy the following inequality:

_

⎛⎝ 1 + zf (z)
f (z)

1 + λzf (z)
f (z)

⎞⎠ > α (z ∈ U),

for some α (0 α < 1) and λ (0 λ < 1). The classes T (λ,α) and C(λ,α) were
first introduced and investigated by Altintas and Owa [1], then were studied by
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Aouf et al. [2]. They obtained such results as coefficient inequalities, distortion
and covering theorems for these function classes.

Motivated by the classes T (λ,α) and C(λ,α), we now introduce and investigate
the following two subclasses of A with respect to k-symmetric points, and obtain
some interesting results.

Definition 1.1. A function f ∈ A is in the class P(k)(λ,α) if it satisfies the
following inequality:

_

⎛⎝ zf (z)
fk(z)

λzf (z)fk(z)
+ (1− λ)

⎞⎠ > α (z ∈ U),(1.2)

where 0 α < 1, 0 λ < 1, k 1 is a fixed positive integer and fk(z) is defined
by the following equation:

fk(z) =
1

k

k−13
j=0

ε−jk f(ε
j
kz)

w
εk = exp

w
2πi

k

W
; z ∈ U

W
.(1.3)

And a function f ∈ A is in the class Q(k)(λ,α) if and only if zf I ∈ P(k)(λ,α).

For simplicity, we write

P(k)(λ,α) ∩ T =: P(k)T (λ,α) and Q(k)(λ,α) ∩ T =: Q(k)T (λ,α).

In the present paper, we aim at proving such results as integral representa-
tions, convolution properties and coefficient inequalities for the function classes
P(k)(λ,α) and Q(k)(λ,α).

2. Main results

We first give some integral representations for the function classes P(k)(λ,α)
and Q(k)(λ,α).
Theorem 2.1. Let f ∈ P(k)(λ,α). Then

fk(z) = z · exp

⎛⎝1
k

k−13
µ=0

8 εµz

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt

⎞⎠ ,(2.1)

where fk(z) is defined by (1.3), ω(z) is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U).

Proof. Suppose that f ∈ P(k)(λ,α). We know that the condition (1.2) can be
written as follows:

zf (z)
fk(z)

λzf (z)fk(z)
+ (1− λ)

≺ 1 + (1− 2α)z
1− z (z ∈ U),
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where ” ≺ ” stands for the subordination. It follows that
zf (z)
fk(z)

λzf (z)fk(z)
+ (1− λ)

=
1 + (1− 2α)ω(z)

1− ω(z) (z ∈ U),

where ω(z) is analytic in U with
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).

This yields

zf I(z)
fk(z)

=
(1− λ)[1 + (1− 2α)ω(z)]
1− λ− (1 + λ− 2αλ)ω(z) .(2.2)

Upon substituting z by εµz (µ = 0, 1, 2, . . . , k − 1) in (2.2), we get
εµzf I(εµz)
fk(εµz)

=
(1− λ)[1 + (1− 2α)ω(εµz)]
1− λ− (1 + λ− 2αλ)ω(εµz) .(2.3)

Noting that
fk(ε

µz) = εµfk(z) (z ∈ U).
Thus, by letting µ = 0, 1, 2, . . . , k − 1 in (2.3), successively, and summing the
resulting equations, we have

zf Ik(z)
fk(z)

=
1

k

k−13
µ=0

(1− λ)[1 + (1− 2α)ω(εµz)]
1− λ− (1 + λ− 2αλ)ω(εµz) .(2.4)

We next find from (2.4) that

f Ik(z)
fk(z)

− 1
z
=
1

k

k−13
µ=0

2(1− α)ω(εµz)
z[1− λ− (1 + λ− 2αλ)ω(εµz)] .(2.5)

Upon integrating (2.5), we have

log

w
fk(z)

z

W
=
1

k

k−13
µ=0

8 z

0

2(1− α)ω(εµζ)
ζ[1− λ− (1 + λ− 2αλ)ω(εµζ)]dζ

=
1

k

k−13
µ=0

8 εµz

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt.

(2.6)

From (2.6), we can easily get (2.1) asserted by Theorem 2.1.

Corollary 2.1. Let f ∈ P(k)(λ,α). Then

f(z) =

8 z

0
exp

⎛⎝1
k

k−13
µ=0

8 εµζ

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt

⎞⎠
· (1− λ)[1 + (1− 2α)ω(ζ)]
1− λ− (1 + λ− 2αλ)ω(ζ)dζ,

(2.7)

where ω(z) is analytic in U with
ω(0) = 0 and |ω(z)| < 1 (z ∈ U).
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Proof. Suppose that f ∈ P(k)(λ,α). It follows from (2.1) and (2.2) that

f I(z) =
fk(z)

z
· (1− λ)[1 + (1− 2α)ω(z)]
1− λ− (1 + λ− 2αλ)ω(z)

= exp

⎛⎝1
k

k−13
µ=0

8 εµz

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt

⎞⎠(2.8)

· (1− λ)[1 + (1− 2α)ω(z)]
1− λ− (1 + λ− 2αλ)ω(z) .

Upon integrating (2.8), we can easily get (2.7).

By similarly applying the method of proof of Theorem 2.1 and Corollary 2.1,
we can get the following results for the class Q(k)(λ,α).

Corollary 2.2. Let f ∈ Q(k)(λ,α). Then

fk(z) =

8 z

0
exp

⎛⎝1
k

k−13
µ=0

8 εµζ

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt

⎞⎠ dζ,
where fk(z) is defined by (1.3), ω(z) is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U).

Corollary 2.3. Let f ∈ Q(k)(λ,α). Then

f(z) =

8 z

0

1

ξ

8 ξ

0
exp

⎛⎝1
k

k−13
µ=0

8 εµζ

0

2(1− α)ω(t)
t[1− λ− (1 + λ− 2αλ)ω(t)]dt

⎞⎠
· (1− λ)[1 + (1− 2α)ω(ζ)]
1− λ− (1 + λ− 2αλ)ω(ζ)dζdξ,

where ω(z) is analytic in U with

ω(0) = 0 and |ω(z)| < 1 (z ∈ U).

Let f, g ∈ A, where f is given by (1.1) and g is defined by

g(z) = z +
∞3
n=2

cnz
n.

Then the Hadamard product (or convolution) f ∗ g is defined (as usual) by

(f ∗ g)(z) := z +
∞3
n=2

ancnz
n =: (g ∗ f)(z).

We now provide some convolution properties for the classes P(k)(λ,α) and
Q(k)(λ,α), Here we choose to omit the details of proof.
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Corollary 2.4. A function f ∈ P(k)(λ,α) if and only if
1

z

+
f ∗
+ z

(1− z)2
+p
1− eiθ

Q
− λ
�
1 + (1− 2α)eiθ

=�
− (1− λ)

�
1 + (1− 2α)eiθ

=
h(z)
��
W= 0

for all z ∈ U and 0 θ < 2π, where h(z) is given by

h(z) =
1

k

k−13
υ=0

z

1− ευz (z ∈ U).(2.9)

Corollary 2.5. A function f ∈ Q(k)(λ,α) if and only if
1

z

+
f ∗
+
z
+ z

(1− z)2
+p
1− eiθ

Q
− λ
�
1 + (1− 2α)eiθ

=�
− (1− λ)

�
1 + (1− 2α)eiθ

=
h(z)
�I��

W= 0

for all z ∈ U and 0 θ < 2π, where h(z) is given by (2.9).

In the following we provide the coefficient sufficient conditions for functions
belonging to the classes P(k)(λ,α) and Q(k)(λ,α).
Theorem 2.2. Let 0 α < 1 and 0 λ < 1. If

∞3
n=1

[(1− λα)(nk + 1)− α(1− λ)]|ank+1|+
∞3
n=2

(nW=lk+1)

(1− λα)n|an| 1− α,

(2.10)

then f ∈ P(k)(λ,α).

Proof. It suffices to show thateeeeee
zf (z)
fk(z)

λzf (z)fk(z)
+ (1− λ)

− 1

eeeeee < 1− α.
By noting that for |z| = r < 1, we haveeeeeee

zf (z)
fk(z)

λzf (z)fk(z)
+ (1− λ)

− 1

eeeeee =
eeee �∞n=2(1− λ)(n− bn)anzn−11 +
�∞
n=2[λn+ (1− λ)bn]anzn−1

eeee�∞
n=2(1− λ)(n− bn)|an||z|n−1

1−�∞n=2[λn+ (1− λ)bn]|an||z|n−1�∞
n=2(1− λ)(n− bn)|an|

1−�∞n=2[λn+ (1− λ)bn]|an| ,
(2.11)
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where

bn =
1

k

k−13
ν=0

ε(n−1)ν =

⎧⎨⎩ 1, n = lk + 1 (l ∈ N),

0, n W= lk + 1 (l ∈ N).
(2.12)

The last expression of (2.11) is bounded above by 1− α if
∞3
n=2

[(1− λα)n− α(1− λ)bn]|an| 1− α.(2.13)

By substituting (2.12) into (2.13), we can get (2.10), hence f satisfies the con-
dition (1.2), that is, f ∈ P(k)(λ,α). The proof of Theorem 2.2 is thus com-
pleted.

By similarly applying the method of proof of Theorem 2.2, we can get the
following result for the class Q(k)(λ,α).
Corollary 2.6. Let 0 α < 1 and 0 λ < 1. If

∞3
n=1

(nk+1)[(1−λα)(nk+1)−α(1−λ)]|ank+1|+
∞3
n=2

(nW=lk+1)

(1−λα)n2|an| 1−α,

then f(z) ∈ Q(k)(λ,α).

Finally, we provide the necessary and sufficient coefficient conditions for func-

tions belonging to the classes P(k)T (λ,α) and Q(k)T (λ,α).

Theorem 2.3. Let 0 α < 1, 0 λ < 1 and f ∈ T . Then f ∈ P(k)T (λ,α) if
and only if

∞3
n=1

[(1− λα)(nk + 1)− α(1− λ)]ank+1 +
∞3
n=2

(n W=lk+1)

(1− λα)nan 1− α.(2.14)

Proof. In view of Theorem 2.2, we need only to prove the necessity. Suppose that

f ∈ P(k)T (λ,α). Then from (1.2), we can get

_
w

zf I(z)
λzf I(z) + (1− λ)fk(z)

W
> α,

that is,

_
w

1−�∞n=2 nanzn−1
1−�∞n=2[λn+ (1− λ)bn]anzn−1

W
> α,(2.15)

where bn is given by (2.12). By letting z → 1− through real values in (2.15), we
can get

1−�∞n=2 nan
1−�∞n=2[λn+ (1− λ)bn]an α,
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or equivalently,
∞3
n=2

[(1− λα)n− α(1− λ)bn]an 1− α.(2.16)

Upon substituting (2.12) into (2.16), we can easily get (2.14). This completes the
proof of Theorem 2.3.

By similarly applying the method of proof of Theorem 2.3, we can get the

following result for the class Q(k)T (λ,α).

Corollary 2.7. Let 0 α < 1, 0 λ < 1 and f ∈ T . Then f ∈ Q(k)T (λ,α) if
and only if
∞3
n=1

(nk + 1)[(1− λα)(nk + 1)− α(1− λ)]ank+1 +
∞3
n=2

(n W=lk+1)

(1− λα)n2an 1− α.
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