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SOME SUBCLASSES OF ANALYTIC FUNCTIONS
WITH RESPECT TO k-SYMMETRIC POINTS

ZHI-GANG WANG AND DI SONG

ABSTRACT. In the present paper, we introduce two new subclasses P(k)(/\, )
and Q) (A, @) of analytic functions with respect to k-symmetric points. Such
results as integral representations, convolution properties and coefficient in-
equalities for these function classes are proven.

1. INTRODUCTION

Let A denote the class of functions of the form:
(1.1) ) =2+ an2",
n=2

which are analytic in the open unit disk U:={z:2€ C and |z| <1}. Also let
T be the subclass of A consisting of all functions which are of the form:

f(z):z—ianz” (an, = 0).
n=2

Let T (), «) be the subclass of T consisting of functions f(z) which satisfy the
following inequality:

2f'(2)
f(z

ML (11—

for some o (0 < < 1)and A (0 < A< 1). And let C(\, ) be the subclass of T
consisting of functions f(z) which satisfy the following inequality:

> (z € 1),

2f"(2)
1+ 50

)
2f"(2)
L+
for some @ (0 < a < 1) and A (0 < A < 1). The classes T (A, ) and C(\, ) were
first introduced and investigated by Altintas and Owa [1], then were studied by

> o (z € U),
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Aouf et al. [2]. They obtained such results as coefficient inequalities, distortion
and covering theorems for these function classes.

Motivated by the classes 7 (A, @) and C(\, «), we now introduce and investigate
the following two subclasses of A with respect to k-symmetric points, and obtain
some interesting results.

Definition 1.1. A function f € A is in the class P*)()\, ) if it satisfies the
following inequality:

f’ z)
(=
(1.2) R > a (z € U),
zf'(z
A Ti(2) Lt -
where 0 < a <1, 0 < A <1, k > 1is a fixed positive integer and fi(z) is defined

by the following equation:

(13)  fu(s) = %’gslzjf(aiz) (gk — exp (%) 2 e IU) .

And a function f € A is in the class Q%) (), @) if and only if zf' € P*)(), a).
For simplicity, we write
PO, )N T =: 73#6)(/\, o) and QW a)NT = Qg’f)()\, Q).
In the present paper, we aim at proving such results as integral representa-
tions, convolution properties and coefficient inequalities for the function classes
PE(A, ) and Q¥ (), ).

2. MAIN RESULTS

We first give some integral representations for the function classes P*)(\, o)
and Q(k)()\,a).

Theorem 2.1. Let f € P*¥)(\ ). Then

B 2(1 — a)w(t)
21)  fu(z) = 2 exp Z/ S |
where fi(z) is defined by (1.3), w(z) is analytic in U with
w(0)=0 and |w(z)]<1l (zel).

Proof. Suppose that f € P®*)(\,a). We know that the condition (1.2) can be
written as follows:

e (2) s (1—-2a)z

N - -z =)
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where ” <7 stands for the subordination. It follows that
zf'(2)
7e() _ 1+ (1= 2a)w(z) (ze)
ME (- 1m0 |

where w(z) is analytic in U with
w(0)=0 and |w(z)]<1 (z€0).
This yields
0 () (N 20)E)]
fe(z)  1=XA—(14+X—2a\w(z)
Upon substituting z by ez (u=10,1,2,... ,k—1) in (2.2), we get
etzf'(etz)  (1=N[1+ (1 —20)w(etz)]
fr(etz) 1—A—(14+X—2aNw(etz)’

(2.3)

Noting that

&) =i fi(z) (€.
Thus, by letting p = 0,1,2,... ,k — 1 in (2.3), successively, and summing the
resulting equations, we have

sz 152 1_ + (1= 2a)w(e"2)]

(24) fi(z E 1 + A — 20 )w(ekz)’

We next find from ( ) that

fiiz) 1 2(1 — a)w(ekz)
(2.5) k Z) LTk Z [1-— (1+ X —2a\)w(erz)]

Upon integrating (2.5), we have
k(2) 2(1 — a)w(e"Q)
log( p ) kz/ == (A= ZaNw(@] ©

1 etz 2(1 — a)w(t)
= EZ/O A= (12— 200w

(2.6)

E‘

From (2.6), we can easily get (2.1) asserted by Theorem 2.1. O
Corollary 2.1. Let f € P*)(\,a). Then

B 1 — a)w(t)
f(z)_/o eXp( Z/ 1+ A- 200w ()]dt)

A=+ (- QOC)W(C)]
I=XA—=(1+X—2aNw(C)

where w(z) is analytic in U with
w(0)=0 and |w(z)]<1l (zel).

(2.7)

dg,
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Proof. Suppose that f € P*)(\ a). It follows from (2.1) and (2.2) that

2) _ () A=+ (1 = 20)w(z)]
z 1=XA—(14+X—2aNw(z)

2(1 — a)w(?)
(28) exp( Z/ A (1+ A — 200w ()]dt)

A=+ 2a) (2)]
1= A= (14+X—2a\w(2)’

Upon integrating (2.8), we can easily get (2.7). O

By similarly applying the method of proof of Theorem 2.1 and Corollary 2.1,
we can get the following results for the class Q(k)()\, Q).

Corollary 2.2. Let f € Q¥)(\ a). Then

B 1—a)w(t)
o= [ exp( Z/ TS ey t) @,

where fi.(z) is defined by (1.3), w(z) is analytic in U with
w(0)=0 and |w(z)]<1l (z€l).

Corollary 2.3. Let f € Q®)(\ a). Then

2(1 — a)w(t)
/ /‘”‘p( Z/ “IA 2000 <>J‘“)
+(0- ) (©)]
1—>\ (1+>\ aNw(C)

where w(z) is analytic in U with

w(0)=0 and |w(z)]<1l (zel).

dqdg,

Let f, g € A, where f is given by (1.1) and g is defined by

o
z)=z+ E 2.
n=2

Then the Hadamard product (or convolution) f g is defined (as usual) by

(f*g)(= —z—l—Zancnz =: (g% f)(2).

We now provide some convolution properties for the classes P(k)()\, a) and
Q%) (X, @), Here we choose to omit the details of proof.



SOME SUBCLASSES OF ANALYTIC FUNCTIONS 159
Corollary 2.4. A function f € P®)(X\ a) if and only if
1 z AN _ 0
A gl -e) - e a2
(1) [1 T (1- za)eiﬂ h(z)}} £0

for all z € U and 0 < 6 < 27, where h(z) is given by

lk
(2.9) = EZ ——; (€0

Corollary 2.5. A function f € Q¥)(\, ) if and only if

Az 0-) Al a2}
— (1= [1+ (1 20)"] h(z)}'}} £0
for all z € U and 0 < 6 < 27, where h(z) is given by (2.9).

In the following we provide the coefficient sufficient conditions for functions
belonging to the classes P*) (), a) and Q) (), a).

Theorem 2.2. Let0<a<land0<< A<, If

(2.10)

S =) (nk +1) — a(l = Nlanksa| + > (1= Aa)njas| <1-a,

=t (nlhr 1)
then f € PR(), ).
Proof. It suffices to show that

§16}
e —1|<1l-o
zf'(2)
A ) T (1-2X)

By noting that for |z| =7 < 1, we have

Zfl(z) o0 n—
fe(2) 1] = En:2(1 = A)(n —bp)anz !
ALEL L (1 14305 A + (1= Abnlanzm~1
T (2)
(2.11) o 2L =N (0 —by)lan]l2" "

T 1=+ (1= Nbalan] [z

o _ 2a=2(1 =N = by)lan]
1= M+ (1= Abyllan]’
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where
= 1, n=1lk+1 (leN),
(2.12) bn =7 gln—bv —
=0 0, n£lk+1 (I€N).
The last expression of (2.11) is bounded above by 1 — « if
(2.13) Z[(l —da)n —a(l = Aby]lan] <1 —a.
n=2

By substituting (2.12) into (2.13), we can get (2.10), hence f satisfies the con-
dition (1.2), that is, f € P®*)(\,a). The proof of Theorem 2.2 is thus com-
pleted. O

By similarly applying the method of proof of Theorem 2.2, we can get the
following result for the class Q%) (X, ).

Corollary 2.6. Let0 < a<land0< A<, If

> (nk+ D1 =) (nk+1) = a(l=Nans1|+ Y (1=Aa)n’lay] <1-a,
=l (nt Tt 1)

then f(z) € QW (), a).

Finally, we provide the necessary and sufficient coefficient conditions for func-

tions belonging to the classes Pgﬁ)(A, a) and Qg]f)()\, Q).

Theorem 2.3. Let 0 < a <1, 0<A<1land f € T. Then f € Pglc)(/\,oz) if
and only if

(214) Y (A= A)(nk+1) —a(l = Namsr + Y (1—Aa)na, <1-a.
=t (nlkt1)

Proof. In view of Theorem 2.2, we need only to prove the necessity. Suppose that
fe ng)()\, a). Then from (1.2), we can get

2f'(2)
" <Azf'<z> - A)fk<z>> -

that is,
11—, na,z"!
2.15 R L >
(2.15) (1 — Y oA+ (11— )\)bn]anz”1> @
where b, is given by (2.12). By letting z — 1~ through real values in (2.15), we
can get

1—->, nay,
1= A+ (1—Nbyla,

Z a,
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or equivalently,

o0

(2.16) > 1= Aa)n - a(l = Nbala, <1 - a.

n=2
Upon substituting (2.12) into (2.16), we can easily get (2.14). This completes the
proof of Theorem 2.3. O

By similarly applying the method of proof of Theorem 2.3, we can get the
following result for the class QSI—C)(A, Q).

Corollary 2.7. Let 0 < a <1, 0< A< 1land f € T. Then f € Qg’f)()\,a) if

and only if

> (nk+ D1 = Aa)(nk+1) —a(l = Nlangs + >, (1-Aa)n’a, <1-a.

= (ntlk+1)
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