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THE EXTREME VALUES OF LOCAL DIMENSION IN

FRACTAL GEOMETRY

VU THI HONG THANH

Abstract. Let µ be the probability measure induced by S =
∞

i=0

q−iXi, where

m q 2 are integers and X0, X1, ... a sequence of independent identically
distributed random variables each taking integer values 0, 1, . . . ,m with equal
probability p = 1/(m + 1). Let α(s) (resp. α∗(s),α∗(s)) denote the local
dimension (resp. lower, upper local dimension) of s ∈ supp µ, and let

α∗ = sup{α∗(s) : s ∈ supp µ}; α∗ = inf{α∗(s) : s ∈ supp µ}.
We show that

α∗ =
log(m+ 1)− log(r + r2 + 4(l + 1)) + log 2

log q
for rq m < rq + r; r = 1, . . . , q − 1 and l = m− rq.
The special case of our result, m = rq (l = 0), was obtained earlier in [6].

1. Introduction

An iterated function system (IFS for short) is a finite set of contractions
{F1, . . . , Fm} on Rd. It is known that for any iterated function system {F1, . . . , Fm}
there is a unique nonempty compact set E in Rd, called the attractor (or the in-
variant set) of the system which is invariant under the IFS, i.e.,

E =
m�
j=1

Fj(E).

Let {F1, . . . , Fm} be a similarity system, i.e.,
Fj(x) = ρjRjx+ bj ,

where 0 < ρj < 1, Rj is a d × d orthogonal matrix and bj are vectors in Rd, for
j = 1, . . . ,m.

Then, the invariant set E is called a self-similar set or a fractal set. If further,
the similarity system {F1, . . . , Fm} is associated with a set of probability weights
{pj}mj=1, 0 pj 1 and

m�
j=1

pj = 1, then it will generate a unique probability
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measure µ:

µ(A) =
m3
j=1

pjµ(F
−1
j (A)) for all Borel measurable sets A ⊂ E.

We call µ a self-similar measure.

When F1, . . . , Fm are similarities with equal contraction ratio ρ, i.e., Fj(x) =
ρ(x+bj) for j = 1, . . . ,m, the self-similar set and the self-similar measure induced
by the system IFS can be seen as follows:

Let X0, X1, ... be a sequence of independent identically distributed random
variables each taking real values b1, . . . , bm with probability p1, . . . , pm respec-
tively. For ρ ∈ (0, 1), we define a random variable

S =
∞3
i=0

ρiXi.

The probability measure µρ induced by S:

µρ(A) = Prob{ω : S(ω) ∈ A}
is called a fractal measure. Observe that the range of S, or the support of
µρ, is exactly the invariant set E under the system {F1, . . . , Fm} and µρ(A) =
m�
j=1

pjµρ(F
−1
j (A)) for all Borel measurable sets A ⊂ E. Therefore, by unique-

ness we obtain µ = µρ. It is well known that µ is either singular or absolutely
continuous.

If µ is singular, the degree of singularity of µ can be analyzed on a pointwise
basis by studying its local dimensions. Recall that for s ∈ supp µ, the lower local
dimension α∗(s) of µ at s is defined by

α∗(s) = lim
h→0+

inf
logµ(B(s, h))

log h
,

where B(s, h) is the closed interval [s − h, s + h]. Similarly, the upper local
dimension α∗(s) is defined by using the upper limit. If α∗(s) and α∗(s) coincide,
the common value is called the local dimension of µ at s and is denoted by α(s).

We are interested in identifying the extreme values of local dimension of fractal
measures. Observe that the least upper bound of local dimensions is not difficult
to identify, however the problem of calculating the greatest lower bound is harder.
Our aim in this paper is to establish the greatest lower bound α∗ in the case
rq m < rq + r, r = 1, . . . , q − 1. We prove that under the notation

α∗ = sup{α∗(s) : s ∈ supp µ} and α = sup{α(s) : s ∈ supp µ};
α∗ = inf{α∗(s) : s ∈ supp µ} and α = inf{α(s) : s ∈ supp µ},

we have
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Main Theorem. Let m q 2 be integers. Then

α = α∗ =
log(m+ 1)− log(r +0r2 + 4(l + 1)) + log 2

log q

for rq m < rq + r, r = 1, . . . , q − 1, and l = m− rq.
For m = rq (l = 0), the result was established in [6].

The proof of our Main Theorem is divided into two steps. In Section 2 we
introduce some notations and recall some primary results which will be used
throughout the paper. The Main Theorem will be proved in Section 3.

2. Notations and primary results

Let N denote the set of all nonnegative integers. For m ∈ N we denote
Dm = {0, 1, . . . ,m} and Dnm = {0, 1, . . . ,m}n, where n ∞.

For q 2, denote

S =
∞3
k=0

q−kXk and Sn =
n3
k=0

q−kXk.

Then for x = (x0, x1, . . . ) ∈ D∞m , we have

S(x) =
∞3
k=0

q−kxk and Sn(x) =
n3
k=0

q−kxk.

Let µn and µ denote the probability measures induced by Sn and S respectively.
For x = (x0, x1, ...) ∈ D∞m , let x(n) = (x0, x1, ..., xn) ∈ Dn+1m and

Fn(x) = S
−1
n (sn) ⊂ Dn+1m , where sn = Sn(x(n)).(2.1)

For sn+1 ∈ supp µn+1 we denote
σ(sn+1) = max{tn ∈ supp µn : tn sn+1}.(2.2)

The following fact, established in [6], will be the first point of our calculation.

Proposition 2.1 ([6]). Let sn(0) < sn(1) < . . . < sn(kn) denote the set of all
distinct values of supp µn. Then we have:

(1) The distance between any two consecutive points in supp µn is q
−n.

(2) supp µn ⊂ supp µn+1 for every n ∈ N and supp µ = ∪∞n=0 supp µn.

(3)The set supp µn consists of kn + 1 =
m(qn+1 − 1)

q − 1 + 1 points ranging from 0

to
m(qn+1 − 1)
qn(q − 1) .
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In notation of Proposition 2.1, sn(kn) is the largest value in supp µn. Note
that if sn+1 sn(kn) + (q − 1)q−(n+1), then by Proposition 2.1 (1) we have

sn+1 = σ(sn+1) + kq
−(n+1) for some k ∈ {0, 1, . . . , q − 1}(2.3)

and if sn+1 sn(kn) + q
−n, then

sn+1 = σ(sn+1) + kq
−(n+1) = sn(kn) + kq−(n+1) for some k ∈ {q, . . . ,m}.

(2.4)

In the case (2.4), we claim that

#S−1n+1(sn+1) q − 1.(2.5)

To prove (2.5) we will show that y(n + 1) = (y0, . . . , yn+1) ∈ S−1n+1(sn+1) if and
only if

y(n+ 1) = (y0, . . . , yn+1) = (m, . . . ,m,m− t, k + tq)(2.6)

for some integer t = 0, . . . , [(m− k)/q], where [a] denotes the largest integer not
exceeding a.

In fact, if y(n+1) = (m, . . . ,m,m− t, k+ tq), then
n+1�
i=0

q−iyi = sn+1 and since

k + tq m, we get 0 t [(m− k)/q]. Therefore, y(n+ 1) ∈ S−1n+1(sn+1).
Conversely, if y(n + 1) = (y0, . . . , yn+1) ∈ S−1n+1(sn+1), and yj = m − i, 1

i m for some j ∈ {0, 1, . . . , n− 1}, then

sn+1 =
n+13
i=0

q−iyi sn(kn) + yn+1q
−(n+1) − iq−j

= sn(kn) + (yn+1 − iqn+1−j)q−(n+1).
Therefore, y(n+ 1) > iq

n+1−j . Since j n− 1, we have yn+1 iq2 q2. Hence,
yn+1 /∈ Dm, a contradiction.
From (2.6) it follows that

y(n+ 1) = (y0, . . . , yn+1) ∈ S−1n+1(sn+1) ⇒ y0 = . . . = yn−1 = m.

Consequently,

S−1n+1(sn+1) = {(m, . . . ,m,m− t, k + tq) : t ∈ {0, . . . , [
m− k
q

]}}.

Since [(m− k)/q] q − 2 for k ∈ {q, . . . ,m}, we have
#S−1n+1(sn+1) q − 1.

Therefore, (2.5) is proved.

By claim (2.5), we need only consider the case

sn+1 = σ(sn+1) + kq
−(n+1) for some k ∈ {0, . . . , q − 1}.

We need the following lemma.
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Lemma 2.1 ([6]). Let σ be defined by (2.2) and k ∈ {0, ..., q − 1} be defined by
(2.3). Then we have

#S−1n+1(sn+1) =
[(m−k)/q]3
j=0

#S−1n (σ(sn+1)− jq−n),

where #S−1n (σ(sn+1)− jq−n) = 0 if σ(sn+1)− jq−n < 0.
The following proposition establishes a relation between α(s) and #Fn(x)

which will be useful for calculating the local dimension α(s).

Proposition 2.2 ([6]). For x = (x0, x1, . . . ) ∈ D∞m , let s =
∞�
i=0
q−kxk. Then

α(s) =
log(m+ 1)

log q
− lim
n→∞

log#Fn(x)

n log q
,

provided that the limit exists. Otherwise

α∗(s) =
log(m+ 1)

log q
− lim
n→∞ inf

log#Fn(x)

n log q
,

α∗(s) =
log(m+ 1)

log q
− lim
n→∞ sup

log#Fn(x)

n log q
.

By Proposition 2.2, to calculate the local dimension α(s) we need to identify
the number #Fn(x). Following [6] we say that x = (x0, x1, . . . ) ∈ D∞m is a
maximal sequence (respectively, minimal sequence) if

#Fn(y) #Fn(x) (respectively,#Fn(y) #Fn(x))

for every y = (y0, y1, . . . ) ∈ D∞m , and for every n ∈ N.
From Proposition 2.2, we get

Corollary 2.1. If x ∈ D∞m is a maximal sequence (respectively, a minimal sequence),
then α∗ = α∗(s) (respectively, α∗ = α∗(s)), where s = S(x).

Observe that both x = (0, 0, . . . ) and x = (m,m, . . . ) are minimal sequences
since #Fn(x) = 1 for every n ∈ N. So the least upper bound of local dimension
is easy to identify. The problem of calculating the greatest lower bound will be
established in the next section.

3. The greatest lower bounds of local dimensions

Theorem 3.1. Let m q 2 be integers. Then

α = α∗ =
log(m+ 1)− log(r +0r2 + 4(l + 1)) + log 2

log q

for rq m < rq + r, r = 1, . . . , q − 1, and l = m− rq.
As in [6], the key point for our proof of Theorem 3.1 is to establish a Fibonacci

recurrence formula for #Fn(x) :
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Lemma 3.1. For rq m < rq + r, r = 1, . . . , q − 1, l = m − rq and x =
(0,m, 0,m, . . . ), #Fn+1(x) is given by the Fibonacci recurrence formula

#Fn+1(x) = r#Fn(x) + (l + 1)#Fn−1(x) for every n ∈ N,
where #F0(x) = 1, #F1(x) = r + 1.

Proof. First, observe that #F0(x) = 1 and #F1(x) = r+1. To prove the Fibonacci
recurrence formula, without loss of generality we may assume that n is odd. Then

x(n+ 1) = (x0, x1, . . . , xn+1) = (0,m, . . . , 0,m, 0).

So we have sn+1 = sn + 0q
−(n+1) = σ(sn+1), where σ(sn+1) is defined by (2.2).

Since rq m < rq + r, by Lemma 2.1, we have

#Fn+1(x) = #S
−1
n+1(sn+1) =

r3
j=0

#S−1n (sn − jq−n).

Since

sn − jq−n = sn−1 + (m− j)q−n = sn−1 + (rq + l − j)q−n,
we have

σ(sn − jq−n) =

⎧⎪⎨⎪⎩
sn−1 + rq−(n−1) if 0 j l

sn−1 + (r − 1)q−(n−1) if j > l.

Hence,

sn − jq−n =

⎧⎪⎨⎪⎩
σ(sn − jq−n) + (l − j)q−n if 0 j l

σ(sn − jq−n) + (q − j + l)q−n if j > l.

Observe that for j = 0, 1, . . . r,

[
m− (l − j)

q
] = [

rq + j

q
] = r and [

m− (q + l − j)
q

] = [
rq − q + j

q
] = r − 1.

Therefore,

#S−1n (sn − jq−n) =

⎧⎪⎨⎪⎩
�r
i=0#S

−1
n−1(sn−1 + (r − i)q−(n−1)) if 0 j l

�r−1
i=0 #S

−1
n−1(sn−1 + (r − 1− i)q−(n−1)) if j > l

=

⎧⎪⎨⎪⎩
�r
i=0#S

−1
n−1(sn−1 + iq

−(n−1)) if 0 j l

�r−1
i=0 #S

−1
n−1(sn−1 + iq

−(n−1)) if j > l.
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Thus,

#S−1n (sn − jq−n) =

⎧⎪⎨⎪⎩
#Fn(x) if 0 j l

#Fn(x)−#S−1n−1(sn−1 + rq−(n−1)) if j > l.

Consequently,

#Fn+1(x) = (l + 1)#Fn(x) + (r − l)[#Fn(x)−#S−1n−1(sn−1 + rq−(n−1))]
= (r + 1)#Fn(x)− (r − l)#S−1n−1(sn−1 + rq−(n−1))(3.1)

Since

sn−1 + rq−(n−1) = sn−2 + rq−(n−1), σ(sn−1 + rq−(n−1)) = sn−2;

m = rq + l < rq + r, [
m− r
q

] = r − 1,

we get

#S−1n−1(sn−1 + rq
−(n−1)) =

[m−r
q
]3

i=0

#S−1n−2(sn−2 − iq−(n−2))

=
r−13
i=0

#S−1n−2(sn−2 − iq−(n−2)).

Therefore, from the identies sn−1 = sn−2 = σ(sn−1), we obtain

#Fn−1(x) =
r3
i=0

#S−1n−2(sn−2 − iq−(n−2)).

It follows that

#S−1n−1(sn−1 + rq
−(n−1)) = #Fn−1(x)−#S−1n−2(sn−2 − rq−(n−2)).

Therefore,

#Fn+1(x) = (r+ 1)#Fn(x)− (r− l)#Fn−1(x) + (r− l)#S−1n−2(sn−2 − rq−(n−2)).
As in (3.1), we have

#Fn(x) = (r + 1)#Fn−1(x)− (r − l)#S−1n−2(sn−2 − rq−(n−2)).
Consequently,

#Fn+1(x) = r#Fn(x) + (l + 1)#Fn−1(x).

The lemma is proved.

Now by solving the difference equations of Fibonacci recurrence formula

#Fn+1(x) = r#Fn(x) + (l + 1)#Fn−1(x) with #F0(x) = 1, #F1(x) = r + 1,

we obtain
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Corollary 3.1. For x = (0,m, 0,m, . . . ), rq m < rq + r, 1 r q − 1, then
for every n ∈ N, we have

#Fn(x) = a
+
pr +0r2 + 4(l + 1)

2

Qn − a−pr −0r2 + 4(l + 1)
2

Qn
,

where a± =
r + 2±0r2 + 4(l + 1)
2
0
r2 + 4(l + 1)

and l = m− rq.

The following lemma is the final step in the proof of our mail result.

Lemma 3.2. Under the assumption of Lemma 3.1, x = (0,m, 0,m, . . . ) is a
maximal sequence.

Proof. Observe that if tn+1 = σ(tn+1) + kq
n+1, k = 0, 1, . . . , q − 1, where σ is

defined by (2.2), then we have

#S−1n+1(tn+1) =
r3
j=0

#S−1n (σ(tn+1)− jq−n) if 0 k l,(3.2)

#S−1n+1(tn+1) =
r−13
j=0

#S−1n (σ(tn+1)− jq−n) if k > l.(3.3)

Since

[(m− k)/q] =

⎧⎪⎨⎪⎩
r if 0 k l

r − 1 if k > l.

the value of #S−1n+1(tn+1) in (3.2) is greater than the one in (3.3). This implies
that if (y0, y1, . . . ) is a maximal sequence, then yj ≡ k (mod q) where 0 k l,
for all j = 0, 1, . . . . Let

An = max{ #S−1n (
n3
j=0

q−jyj) : yn ≡ k (mod q), 0 k l};

an = max{ #S−1n (
n3
j=0

q−jyj) : yn ≡ k (mod q), l < k q − 1}.

Then by (3.2) and (3.3) we have an < An. Consequently, the maximality of
x = (0,m, 0,m, . . . ) will be established if #Fn(x) = #S−1n (sn) = An for every
n ∈ N.
We prove the following more general result

#Fn(x) = #S
−1
n (sn) = #S

−1
n (sn + (−1)nkq−n) = An for k = 0, . . . , l;

#S−1n (sn + (−1)nkq−n) = an for k = l + 1, . . . , r and n ∈ N∗.
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We prove the result by induction. First, if x(1) = (0,m), #F1(x) = #S
−1
1 (s1) =

r + 1 = A1 and s1 − kq−1 = s0 + (rq + l − k)q−1, then

#S−11 (s1 − kq−1) =

⎧⎪⎨⎪⎩
r = a1 if k > l

r + 1 = A1 if 0 k l.

Suppose that the statement has been verified up to n. Without loss of generality,
assume that n is even, i.e.,

#Fn(x) = #S
−1
n (sn) = #S

−1
n (sn + kq

−n) = An if k = 0, . . . , l

and

#S−1n (sn + kq
−n) = an if l < k r.

Since

sn+1 − kq−(n+1) = sn + (m− k)q−(n+1) = sn + (rq + l − k)q−(n+1),
using the argument in the proof of the Lemma 3.1, we get

#S−1n+1(sn+1 − kq−(n+1)) =

⎧⎪⎨⎪⎩
�r
i=0#S

−1
n (sn + iq

−n) if 0 k l

�r−1
i=0 #S

−1
n (sn + iq

−n) if k > l.

Therefore,

#S−1n+1(sn+1 − kq−(n+1)) =

⎧⎪⎨⎪⎩
(l + 1)An + (r − l)an if 0 k l

(l + 1)An + (r − l − 1)an if k > l.

Observe that for r + 1 consecutive points in supp µn+1 there exist at most l + 1
points for which the final digit in its series representation equals k (mod q), for
0 k l. Since r + 1 q, each of the sums (3.2) and (3.3) contains l + 1 terms
equal to An and the remaining terms are less than or equals an. Consequently, if

tn+1 =
n+1�
j=0

q−jyj with yn+1 ≡ k (mod q), then by (3.3)

#S−1n+1(tn+1) =
r−13
j=0

#S−1n (σ(sn)− jq−n)

(l + 1)An + (r − 1− l)an
= #S−1n+1(sn+1 − kq−(n+1)) if k > l,

and if 0 k l, then by (3.2)

#S−1n+1(tn+1) =
r3
j=0

#S−1n (σ(sn)− jq−n)

(l + 1)An + (r − l)an
= #S−1n+1(sn+1 − kq−(n+1)).
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It follows that

#S−1n+1(sn+1 − kq−(n+1)) = An+1 for 0 k l;

#S−1n+1(sn+1 − kq−(n+1)) = an+1 for k > l.

The lemma is proved.

Finally, we observe that Theorem 3.1 follows from Proposition 2.2, Corollary 3.1
and Lemma 3.2.

References

[1] K. J. Falconer, Fractal Geometry-Mathematical Foundations and Applications, John Wiley
& Sons, 1990.

[2] B. Jessen and A. Wintner, Distribution functions and the Riemann zeta function, Trans.
Amer. Math. Soc. 38 (1935), 48-88.

[3] J. E. Hutchinson, Fractals and self-similarity, Indiana Univ. Math. J. 30 (1981), 713-747.
[4] T. C. Halsey, M. H. Jensen, L. P. Kadanoff, I. Procaccia and B. I. Shraiman, Fractal

measures and their singularities: The characterization of strange sets, Phys. Rev. A 33
(1986), 1411-1151.

[5] T. Hu and K. Lau, Multifractal structure of convolution of the Cantor measure, Adv. in
Applied Math. (to appear).

[6] Tian-You Hu and Nhu Nguyen, Local dimensions of fractal measures associated with uni-
formly distributed probabilistic system (preprint).

[7] T. Hu, The local dimensions of the Bernoulli convolution associated with the golden num-
ber, Trans. Amer. Math. Soc. 349 (1997), 2917-2940.

[8] M. Kean, M. Smorodinski, and B. Solomyak, On the morphology of γ-expansions with
deleted digits, Trans. Amer. Math. Soc. 347 (1995), 955-966.

[9] K. Lau, Dimension of a family of singular Bernoulli convolutions, J. Funct. Anal. 116
(1993), 335-358.

[10] M. Pollicott and K. Simon, The Hausdorff dimension of λ-expansions with deleted digits,
Trans. Amer. Math. Soc. 347 (1995), 967-983.

[11] B. Solomyak, On the Random Series ±λi(an Erdös problem), Annals of Math. 142
(1995), 611-625.

Department of Mathematics
Pedagogical College of Nghe An
Nghe An, Vietnam

E-mail address: Vu Hong Thanh@yahoo.com



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /ENU (Use these settings to create PDF documents with higher image resolution for improved printing quality. The PDF documents can be opened with Acrobat and Reader 5.0 and later.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


