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A CLASS OF DELTA-PLURISUBHARMONIC FUNCTIONS

AND THE COMPLEX MONGE-AMPÈRE OPERATOR

NGUYEN QUANG DIEU AND DAU HOANG HUNG

Abstract. The aim of this note is to extend some fundamental properties of
the complex Monge-Ampère operator for plurisubharmonic functions to the
class of delta-plurisubharmonic functions. The main result is an analogue of
the celebrated Bedford-Taylor comparision for plurisubharmonic functions.

1. Introduction

Let Ω be an open set in Cn. An upper semicontinuous function u : Ω →
R ∪ {−∞} is called plurisubharmonic if u restricted to l ∩ Ω is subharmonic for
every complex line l. Here we allow the constant function −∞ to be plurisubhar-
monic. Denote by PSH(Ω) the cone of plurisubharmonic functions on Ω. In the
study of plurisubharmonic functions, the complex Monge-Ampère operator plays
a prominent role. More precisely, let d = ∂+∂, dc = i(∂−∂), then following Bed-
ford and Taylor in [1] and [2], the complex Monge-Ampère operator (ddc)n can
be defined on L∞loc(Ω) ∩ PSH(Ω), the cone of locally bounded plurisubharmonic
functions on Ω inductively as follows

ddcu ∧ T := ddc(uT ),
where u ∈ Lloc∩PSH(Ω) and T is a positive closed current of bidegree (k, k), 1
k n−1 on Ω. Defined in this way, ddcu∧T is a closed positive current of bidegree
(k+1, k+1). In particular, (ddcu)n is a positive regular Borel measure on Ω. It is
well known that in the class u ∈ L∞loc(Ω)∩PSH(Ω), the complex Monge-Ampère
operator is well behaved under monotone convergence. From this, we can prove
quasicontinuity of plurisubharmonic functions and comparison principles. The
latter result is an essential tool in dealing with the generalized Dirichlet problem.
See [1] and [3] for more details on this matter. Of course, these fundamental
results rely heavily on the positivity of ddcu for plurisubharmonic u.

The aim of this paper is to study analogous problems for δ∗PSHloc(Ω). Namely,
we say that u ∈ δ∗PSHloc(Ω) if locally u is the difference of two locally bounded
plurisubharmonic functions. In particular this class contains locally bounded
plurisubharmonic functions and C2 smooth functions. This class is also strictly
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smaller than the class δPSH(Ω) of δ−plurisubharmonic functions invented by
Kiselman in [6] and later on developed in [4], [5] and [10]. Recall that u ∈
δPSH(Ω) if (globally) u is the difference of two plurisubharmonic functions. An
interesting result in [6] asserts that if δPSH(Ω) contains all real valued, real an-
alytic functions on Ω then Ω must be pseudoconvex. However, up to now, the
reverse implication is still open. In recent works [5] and [10], the authors intro-
duce Monge-Ampère norms on linear subspaces of δPSH(Ω). Then they study
these subspaces from the point of view of functional analysis.

The main result of this paper is a kind of comparison principle for functions in
δ∗PSH(Ω). Roughly speaking, we replace positivity of ddcu for plurisubharmonic
u by positivity of higher powers of ddcu for u ∈ δ∗PSHloc(Ω). In the course of
the proof, we also establish some convergence results for the complex Monge-
Ampère operator in this new class of functions. We hope that our work will
be helpful in studying generalized Dirichlet problem in the class of functions
which are no longer plurisubharmonic. Needless to say, in our approach, we
still have to follow the original ideas on complex Monge-Ampère operator for
plurisubharmonic functions given in the fundamental works [1] and [2] (see also
[8], [7] and [3]).

2. Results

First we fix the notation and terminology. Throughout this paper, by Ω we
always mean a bounded domain of Cn. If δ > 0 then Ωδ := {z ∈ Ω,dist (z, ∂Ω) >
δ}. Given u : Ω → R and h ∈ Cn then we denote by uh the translate function
uh(z) := u(z − h) on Ω. The standard regularization kernels are denoted by ρδ.
Recall that ρδ(z) = 1/δ

2nρ(z/δ), where 0 ρ 1 is a radial function on Cn with
integral 1 and support in the unit ball and

u ∗ ρδ(z) :=
|t|<δ

ut(z)ρδ(t)dλn(t),

where dλn is the Lebesgue measure on Cn. If u ∈ PSH(Ω), u W≡ −∞ then we
denote uδ := u ∗ ρδ. It is well known that uδ ∈ C∞(Ωδ) ∩ PSH(Ωδ) and that
uδ ↓ u as δ → 0. By β we denote the Kähler form ddc|z|2 on Cn. Next, recall that
currents of bidegree (k, k) on Ω are continuous linear functionals on the space
D(k,k)(Ω) of differential test forms of bidegree (n− k, n− k). A sequence {Tj} of
currents of bidegree (k, k) is said to converge weakly to T if (Tj ,ϕ) → (T,ϕ) for

all ϕ ∈ D(k,k)(Ω). Next T is closed if dT = 0 i.e., (T, dϕ) = 0, ∀ϕ ∈ D(k,k)(Ω) and
T is positive i.e., T 0 if (T, iα1 ∧ α1 · · · iαn−k ∧ αn−k) 0 for all test forms αi
of bidegree (1, 0). Finally a (signed) Borel measure µ in Ω is called inner regular
if ||µ||K < ∞ for every compact K ⊂ Ω and if for every open set ΩI ⊂⊂ Ω and
every sequence of compact sets {Kj} ↑ ΩI we have µ(Ω) = limj→∞ µ(Kj).
It is easy to check that δ∗PSHloc(Ω) is a (real) vector space. Less evident prop-
erties are collected below.

Proposition 2.1. Let u, v ∈ δ∗PSHloc(Ω). Then the following assertions hold.



A CLASS OF DELTA-PLURISUBHARMONIC FUNCTIONS 125

(a) uδ ∈ C∞(Ωδ), uδ → u pointwise on Ω as δ → 0.

(b) If u v almost everywhere on Ω then u v everywhere on Ω.

(c) For every z0 ∈ Ω, there exists an open neighbourhood U of z0 and ω ∈
PSH(U) such that u+ ω and v + ω belong to L∞(U) ∩ PSH(U).

(d) max(u, v) ∈ δ∗PSHloc(Ω).
(e) u is quasicontinuous on Ω i.e., for every ε > 0 there exists an open set

U ⊂ Ω such that u is continuous on Ω\U and c(U,Ω) < ε, where c(E,Ω) is
the capacity of a Borel set E ⊂ Ω relative to Ω and is defined as

c(E,Ω) = sup
E
(ddcu)n : u ∈ PSH(Ω), 0 < u < 1 .

Proof. (a) follows from the corresponding fact for plurisubharmonic functions
and the definition of locally δ−plurisubharmonic function. Notice that the con-
vergence uδ → u is, in general, not monotone. Now (b) follows from (a) since
in this case uδ = vδ everywhere on Ωδ. For (c), we choose an open neighbour-
hood U of z0 and bounded plurisubharmonic functions u1, u2, v1, v2 such that
u = u1 − u2, v = v1 − v2, on U. It is easy to check that ω := u2 + v2 sat-
isfies the requirement. Next, for (d), we choose ω and U as in (c). Clearly
max(u, v) + ω = max(u+ ω, v + ω) ∈ δ∗PSHloc(Ω). Finally, (e) follows from the
quasicontinuity of plurisubharmonic functions and subadditivity of capacity.

The following definition of the complex Monge-Ampère is fundamental to our
work.

Proposition-Definition 2.2. Let 1 m n be an integer, let u ∈ δ∗PSHloc(Ω)
and let {Ui}i 1 be an open covering of Ω such that u = vi,1 − vi,2 on Ui for all
i 1, where vi,1, vi,2 ∈ L∞(Ui) ∩ PSH(Ui). On each open set Ui we set

(ddcu)m =
m

k=0

(−1)m−kCkm(ddcvi,1)k ∧ (ddcvi,2)m−k.

Then (ddcu)m is a closed current of bidegree (m,m) on Ω. In particular the com-
plex Monge-Ampère measure (ddcu)n is a signed inner regular Borel measure.
Furthermore, this definition of (ddcu)m does not depend on the particular choice
of the open covering {Ui}.
Proof. We first must show that the local currents (ddcu)n glue nicely on Ω. For
this, it is enough to show

m

k=0

(−1)m−kCkm(ddcvi,1)k ∧ (ddcvi,2)m−k

=
m

k=0

(−1)m−kCkm(ddcvj,1)k ∧ (ddcvj,2)m−k, on Ui ∩ Uj .
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Since vi,1 − vi,2 = vj,1 − vj,2 on Ui ∩ Uj we infer
vδi,1 − vδi2 = vδj,1 − vδj,2 on (Ui ∩ Uj)δ.

Applying the complex operator (ddc)m (in the usual sense) to both sides we get
m

k=0

(−1)m−kCkm(ddcvδi,1)k ∧ (ddcvδi,2)m−k

=
m

k=0

(−1)m−kCkm(ddcvδj,1)k ∧ (ddcvδj,2)m−k, on Ui ∩ Uj .

Letting δ → 0 and applying the monotone convergence theorem of Bedford and
Taylor (Theorem 7.4 in [2]) we obtain the desired equality. The same proof
as above implies that (ddcu)m is independent of the choice of the open covering.
Finally, (ddcu)n is inner regular due to the corresponding fact for locally bounded
plurisubharmonic functions and to the Heine-Borel property of compact sets in
Cn.

Remark 2.1. (a) By polarization, for u1, . . . , uk ∈ δ∗PSHloc(Ω), 1 k n
we can easily define the wedge product ddcu1 ∧ · · · ddcuk as a closed current of
bidegree (k, k) e.g.,

ddcu1 ∧ ddcu2 = 1

2
(ddc(u1 + u2))

2 − (ddcu1)2 − (ddcu2)2 .
(b) If u ∈ δ∗PSHloc(Ω) then (ddcu)n does not charge pluripolar sets in Ω. This
follows immediately from the corresponding fact for locally bounded plurisubhar-
monic functions and Proposition 2.2.

The result below is almost an immediate consequence of our basic definition.

Proposition 2.3. Let u, v ∈ δ∗PSHloc(Ω). Then for every 1 m n we have

(a) (ddcuδ)m → (ddcu)m weakly.

(b) (ddc(u+ v))m = m
k=0C

k
m(dd

cu)k ∧ (ddcv)m−k.
Proof. (a) Given an open set U ⊂ Ω and u1, u2 ∈ L∞(U) ∩ PSH(U) such that
u = u1 − u2, we deduce uδ = uδ1 − uδ2. Hence

(ddcuδ)m =
m

k=0

(−1)kCkm(ddcuδ1)m−k ∧ (ddcuδ2)k.

It remains to apply the Bedford-Taylor monotone convergence theorem and Propo-
sition 2.2.
(b) By (a) we get

(ddcuδ + ddcvδ)m = (ddc(u+ v)δ)m → (ddc(u+ v))m weakly.

Notice that

(ddcuδ + ddcvδ)m =
m

k=0

(−1)kCkm(ddcuδ)m−k ∧ (ddcvδ)k.
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We apply again the Bedford-Taylor monotone convergence theorem and Propo-
sition 2.2 to reach the desired equality.

Our main approximation tool for complex Monge-Ampère operator in δ∗PSHloc(Ω)
is the following

Theorem 2.1. Let {uj}j 1 be a sequence in δ∗PSHloc(Ω). Assume that uj →
u ∈ δ∗PSHloc(Ω) pointwise on Ω. Then (ddcuj)m → (ddcu)m weakly if the fol-
lowing assumptions are verified.

(a) For every z0 ∈ Ω, there exists an open neighbourhood U of z0 and a sequence
{ωj} ⊂ L∞(U) ∩ PSH(U) such that uj + ωj ∈ L∞(U) ∩ PSH(U) for all
j 1.

(b) The sequences {uj+ωj} and {ωj} converge monotonically to u+ω ∈ PSH(U)
and to ω respectively (either decreasing or increasing) on U .

Proof. Since the problem is local, it suffices to show that for every z0 ∈ Ω, there
is an open neighbourhood U of z0 such that (dd

cuj)
m → (ddcu)m weakly on U .

Choose a neighbourhood U of z0 as in (b). By Proposition 2.2, on U , for j 1
we have

(ddcuj)
m = (ddc(uj + ωj)− ddcωj)m =

m

k=0

(−1)kCkmddc(uj + ωj)
k ∧ (ddcωj)m−k,

(1)

(ddcu)m = (ddc(u+ ω)− ddcω)m =
m

k=0

(−1)kCkmddc(u+ ω)k ∧ (ddcω)m−k.(2)

On the other hand, in view of the condition (a) and the monotone convergence
theorems of Bedford and Taylor we obtain ∀k ∈ {0, · · · ,m}

ddc(uj + ωj)
k ∧ (ddcωj)m−k → ddc(u+ ω)k ∧ (ddcω)m−k, as j →∞.(3)

Putting (1), (2) and (3) together we get the desired conclusion.

Remark 2.2. (a) By a convergence theorem of Xing in [11] and the above proof,
we see that the conclusion of Theorem 2.1 is still valid if the condition (a) is
replaced by: uj → u in capacity on Ω i.e.,

lim
j→∞

c(|uj − u| > t,Ω) = 0, ∀t > 0.

(b) Theorem 2.1 still holds if monotone convergence in the assumption (b) is
replaced by locally uniformly convergence.

(c) It is interesting to know whether the condition (b) can be relaxed to ωj
converges to ω pointwise on U .

Corollary 2.1. Let u, v ∈ δ∗PSHloc(Ω). For δ 0 set u(δ, z) := max{u(z) +
δ, v(z)}. Then (ddcu(δ, ·))n → (ddcu(0, ·))n as δ → 0.
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Proof. By (a) and (d) of Proposition 2.1 we have u(δ, ·) ∈ δ∗PSHloc(Ω) and
u(δ, ·) ↓ u(0, ·) as δ → 0. Furthermore, by the proof of Proposition 2.1 (d) and
Theorem 2.1 we get the desired convergence.

Before formulating our comparison principle for a subclass of δ∗PSHloc(Ω), it is
convenient to recall the following classical version due to Bedford and Taylor in
[2].

Theorem 2.2. Let u, v ∈ L∞(Ω) ∩ PSH(Ω) be such that
lim inf
z→∂Ω

(u(z)− v(z)) 0.

Then

{u<v}
(ddcu)n

{u<v}
(ddcv)n.

The main result of the paper is the following

Theorem 2.3. Let u, v ∈ δ∗PSHloc(Ω). Assume that the following conditions
are satisfied.

(a) lim inf
z→Ω

(u(z)− v(z)) 0.

(b) u and v are locally a difference of two continuous plurisubharmonic func-
tions.

(c) For every open subset ΩI ⊂⊂ Ω there exists h > 0 such that h < dist (∂ΩI, ∂Ω)
and that for all h1, · · · , hn ∈ Cn satisfying |h1| < h, · · · , |hn| < h, on ΩI we
have

ddcuh1 ∧ ddcuh2 ∧ · · · ∧ ddcuhn 0, ddcvh1 ∧ ddcvh2 ∧ · · · ∧ ddcvhn 0,

ddc(u+ v)h1 ∧ ddc(u+ v)h2 ∧ · · · ∧ ddc(u+ v)hn 0,

ddc(u+ v)h1 ∧ ddc(u+ v)h2 ∧ · · · ∧ ddc(u+ v)hn−1 0.

Then

{u<v}
(ddcu)n

{u<v}
(ddcv)n.

Remark 2.3. The assumptions (b) and (c) are satisfied in case u, v ∈ C∞(Ω)
such that

(ddcu)n = ϕ1dλn, (dd
cv)n = ϕ2dλn,

(ddc(u+ v))n = ϕ3dλn, (dd
c(u+ v))n−1 − ϕ4βn−1 0,

where ϕ1, · · · ,ϕ4 are positive continuous functions on Ω. For instance, in case
n = 4 we may take

u(z1, z2, z3, z4) = −|z1|2 − |z2|2 + 2|z3|2 + 2|z4|2,
v(z1, z2, z3, z4) = 2|z1|2 + |z2|2 − |z3|2 − |z4|2.

The proof requires the following technical lemma.
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Lemma 2.1. Let u, v ∈ δ∗PSHloc(Ω). Assume that u and v satisfy the assump-
tions (b) and (c) of Theorem 2.3. Then for every open set ΩI ⊂⊂ Ω, there exists
0 < h < dist (∂ΩI, ∂Ω) such that for all δ ∈ (0, h) we have
(a) (ddcuδ)n 0, (ddcvδ)n 0, (ddc(u+ v)δ)n 0, (ddc(u+ v)δ)n−1 0 on ΩI.

(b) (ddcmax(uδ, vδ))n 0, on ΩI.

(c) (ddcmax(u, v))n 0 on Ω.

Proof. (a) We will use an idea from the proof of Theorem 3.6 of [9]. Choose
h > 0 satisfying the assumption (c) of Theorem 2.3. Fix δ ∈ (0, h), it is enough
to show (ddcuδ)n 0 on ΩI since the proof of the other statements are similar.
Fix z0 ∈ Ω, then there exist a neighbourhood U of z0 and ω ∈ C(U) ∩ PSH(U)
such that u + ω ∈ C(U) ∩ PSH(U). Since u and ω are continuous on U , by
the definitions of Riemannian integral and convolution, we can find sequences
{uj}j 1 and {ωj}j 1 of continuous functions on U

δ converging locally uniformly
to uδ and ωδ respectively such that

uj = λ1,juδ1,j + · · ·λaj ,juδaj,j ,
ωj = λ1,jωδ1,j + · · ·λaj ,jωδaj,j ,

where λi,j and δi,j are non negative numbers satisfying

λ1,j + · · ·+ λaj ,j = 1, 0 < δi,j < δ, ∀1 i aj .

Then uj + ωj ∈ C(U δ)∩PSH(U δ). Moreover, uj + ωj converges to u+ ω locally
uniformly on U δ. Thus by Theorem 2.1 we must have (ddcuj)

n → (ddcu)n weakly
on U δ. On the other hand, by the assumption (c) and Proposition 2.3 (b) we
deduce that (ddcuj)

n 0 on U δ for all j 1. It follows that (ddcuδ)n 0 on U δ.
(b) By part (a) we have (ddcuδ)n and (ddcvδ)n are positive regular Borel measures
on Ω. Thus it suffices to check that for every compact K ⊂ {uδ = vδ} we have

(ddcmax(uδ, vδ))n(K) 0.(4)

To this end, we use an idea of Zeriahi in [12] (which also goes back to earlier work
of Stoll). For j 1 we set

uj,δ =
1

j
log(eju

δ
+ ejv

δ
).

It is easy to check that uj,δ ↓ max(uδ, vδ) on Ω. For a point z0 ∈ Ω, by Proposition
2.1 (c), we can find an open neighbourhood U of z0 and ω ∈ L∞(U) ∩ PSH(U)
such that u+ ω, v + ω ∈ L∞(U) ∩ PSH(U). Then we get

uj,δ + ωδ =
1

j
log(ej(u

δ+ωδ) + ej(v
δ+ωδ)) ∈ L∞(U δ) ∩ PSH(U δ).

Thus by Theorem 2.1 we obtain

(ddcuj,δ)
n → (ddcmax(uδ, vδ))n weakly.
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An easy computation shows that

(ddcuj,δ)
n

=
eju

δ

ejuδ + ejvδ
ddcuδ +

ejv
δ

ejuδ + ejvδ
ddcvδ +

ej(u
δ+vδ)

(ejuδ + ejvδ)2
d(uδ − vδ) ∧ dc(uδ − vδ) n

.

Notice that (d(uδ − vδ) ∧ dc(uδ − vδ))2 = 0, so we have
(ddcuj,δ)

n =
1

(ejuδ + ejvδ)n
(eju

δ
ddcuδ + ejv

δ
ddcvδ)n +

+
ej(u

δ+vδ)

ejuδ + ejvδ
(eju

δ
ddcuδ + ejv

δ
ddcvδ)n−1d(uδ − vδ) ∧ dc(uδ − vδ) .(5)

Since uδ = vδ on K and since, by part (a)

(ddcuδ + ddcvδ)n = (ddc(u+ v)δ)n 0,

(ddcuδ + ddcvδ)n−1 = (ddc(u+ v)δ)n−1 0,

on ΩI, we infer (ddcuj,δ)n(K) 0. Combining this with (5) one obtains (4).
(c) We do the same trick as in (b). Notice that max(uδ, vδ) converges locally
uniformly to max(u, v) on Ω. Now given z0 ∈ U , there exist a neighbourhood U of
z0 and ω ∈ C(U)∩PSH(U) such that u+ω, v+ω ∈ C(U)∩PSH(U). It follows that
max(uδ, vδ)+ωδ converges locally uniformly to max(u, v)+ω ∈ C(U)∩PSH(U)
as δ → 0. Thus by the remark following Theorem 2.1 we get

(ddcmax(uδ, vδ))→ (ddcmax(u, v)) weakly as δ → 0.

Putting this with the result obtained in (b) we get (ddcmax(u, v))n 0. The
lemma is completely proven.

Proof of Theorem 2.3. We consider two cases.
Case 1. u, v ∈ C∞(Ω) and E := {u < v} ⊂⊂ Ω has a smooth boundary. Then
we set

vk := max(v, u+ 1/k), ∀k 1.

Then (ddcvk)
n → (ddcv)n on E by Corollary 2.1. On the other hand, since

vk = u+ 1/k on a neighbourhood of ∂E, by Stokes’ theorem we get

E
(ddcvk)

n =
∂E
dcvk ∧ (ddcvk)n−1 =

∂E
dcu ∧ (ddcu)n−1 =

E
(ddcu)n.

Fix ε > 0. Then by Lemma 2.1 (c) and by inner regularity of (ddcv)n, we can
choose a compact subset K ⊂ E such that (ddcvk)n 0 on E\K and that

||(ddcv)n||E\K < ε.(6)

Pick ϕ ∈ C∞(Ω) such that 0 ϕ 1 and ϕ = 1 on a neighbourhood of K but
ϕ = 0 on Ω\E. Thus we have

K
(ddcv)n − ε ϕ(ddcv)n = lim

k→∞
ϕ(ddcvk)

n lim inf
k→∞ E

(ddcvk)
n.(7)

Combining (6) and (7) we get the desired conclusion. Observe that the proof of
this case only requires the positivity of (ddcvk)

n on a fixed neighbourhood of ∂E
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in Ω for all k large enough.
Case 2. General case. Fix ε > 0. Then {u < v − 2ε} is open and relatively
compact in Ω. By Sard’s theorem, we can choose sequences δk ↓ 0 such that
the open set Ek := {uδk < vδk − ε} is relatively compact in Ω and has smooth
boundary. For ease of notation, we put uk := uδk , vk := vδk . By Proposition
2.3 and Lemma 2.1, (ddcuk)

n and (ddcvk)
n are positive regular Borel measures

converging weakly to (ddcu)n and (ddcv)n respectively. By Dini’s theorem we
also have uk and vk converge locally uniformly to u and v. So there exists an
open set ΩI such that

{u < v − 2ε} ∪k 1 Ek ⊂⊂ ΩI ⊂⊂ Ω.
Now we claim that for all k large enough

Ek

(ddcvk)
n

Ek

(ddcuk)
n.

For this, by the proof given in the first case, it suffices to check that if t > 0
then (ddcmax(vk − ε, uk + t))

n 0 on ΩI for k sufficiently large. However, this
assertion follows from Lemma 2.1 applied to u+ t and v − ε. Thus we have

{u<v−2ε}
(ddcv)n lim inf

k→∞ Ek

(ddcvk)
n lim inf

k→∞ Ek

(ddcuk)
n

{u<v}
(ddcu)n.

By letting ε→ 0 we get the desired conclusion. 2

Remark 2.4. It is tempting to generalize Theorem 2.3 to the case where u, v
are not necessarily continuous. Although quasicontinuity of u and v still holds
(see Proposition 2.1 (e)), it is not clear to us how to prove Lemma 2.1, especially
when no convergence of Riemannian sums is available for integral of discontinuous
functions.

Corollary 2.2. Let u, v ∈ C∞(Ω). Then u v on Ω if the following conditions
are satisfied.

(a) lim inf
z→∂Ω

(u(z)− v(z)) 0.

(b) (ddcu)n (ddcv)n.

(c) u and v satisfy the conditions given in the remark following Theorem 2.3.

(d) There exists ϕ ∈ L∞(Ω)∩C2(Ω) such that (ddcv)n−1∧ddcϕ = ϕ∗dλn, where
ϕ∗ is a positive continuous function on Ω.

Proof. Choose M so large that ϕ(z) −M < 0 on Ω. Assume that E := {u <
v} W= ∅. Then by the assumption (a), we can find ε > 0 such that Eε := {u <
v+ε(ϕ−M)} is a non empty, relatively compact, open subset of Ω. Observe that
for ε > 0 small enough, the functions u and v + ε(ϕ−M) satisfy the conditions
(b) and (c) of Theorem 2.3. Thus by the Theorem and the assumption (b) we
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obtain for all ε > 0 sufficiently small

Eε

(ddcv + εddcϕ)n

Eε

(ddcu)n

Eε

(ddcv)n.

This implies

Eε

(ddcv)n−1 ∧ ddcϕ+ ε((ddcv)n−2 ∧ (ddcϕ)2 + · · ·+ εn−1(ddcϕ)n) 0.

Letting ε→ 0 and using (d) we arrive at

0
E
(ddcv)n−1 ∧ ddcϕ =

E
ϕ∗dλn 0,

which is clearly absurd. The proof is thereby concluded.
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moniques. In Séminaire Pierre Lelong (Analyse), Année 1975/79, p. 93-107. Lectures Notes
in Math. 578, Springer, Berlin, 1977.

[7] M. Klimek, Pluripotential Theory, Oxford University Press, New York, 1991.
[8] S. Kolodziej, The complex Monge-Ampère equation, unpublished lecture notes.
[9] Nguyen Quang Dieu, q−plurisubharmonicity and q−pseudoconvexity in Cn, Publ. Mat.

50 (2006), 349-369.
[10] Le Mau Hai and Pham Hoang Hiep, The topology on the space of δ−psh. functions in the

Cegrell classes, Result. Math. 49 (2006), 127-140.
[11] Y. Xing, Continuity of the complex Monge-Ampère operator, Proc. of AMS. 124 (1996),

457-467.
[12] A. Zeriahi, Fonction de Green pluricomplexe à pôle à l’infini sur un espace de Stein
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