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ON THE POLYCONVOLUTION FOR THE FOURIER COSINE
AND FOURIER SINE TRANSFORMS

NGUYEN XUAN THAO AND NGUYEN DUC HAU

ABSTRACT. In this paper we introduce the polyconvolution for the Fourier
cosine and Fourier sine integral transforms. It is applied for solving integral
equations and systems of integral equations.

1. INTRODUCTION

In 1941, R. V. Churchill introduced the convolution for the Fourier sine and
Fourier cosine transforms (see [3])

1) (fre) @) \/—/f gz~ yl) — (e +)| dy, = >0,

which satisfies the factorization equality

(12) Fs (f%9) () = (Fs/) (v) (Feg) (v), Yy >0,

where the integral Fourier sine transform takes the form (see [19])

(Fsf)(y \/7/]" ) sin(yx)d

and the integral Fourier cosine transform is (see [19])

(Fof)(y \/7/ f(z) cos(yzx)d

Note that, (1.2) contains two integral transforms: Fourier sine and Fourier cosine.
This is quite different from previous convolutions such as Fourier convolution,
Laplace convolution, Mellin convolution, Fourier cosine convolution (see [19]),
Fourier sine convolution, Hilbert convolution and Hankel convolution (see [4]).
In the factorization equalities of these convolutions only one integral transform is
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involved. For example, the convolution of the functions f and g for the Fourier
integral transforms is (see [19])

(1.9 (739) @ \/—/fw— W)y, = <R,
which satisfies the following property
(1.4 F(£320) 0 =D W) (Fo) ). e R

The convolution of two functions f and g for the Laplace integral transform has
the form (see [19])

(1.5) (f*g) /fa:— y)dy, >0

and the factorization property holds

(1.6 £(139) ) =L () La) ), ¥y e

The convolution of two functions f and g for the Fourier cosine integral transforms
has the form (see [19])

1 oo
(1.7) fxg fW) |g(z—yl) +g(x+y)|dy, x>0,
< Fo ) Vor 0/
which satisfies
(18) Fo (1 £ 9) ) = (Fef) ) (Fea) ), ¥ > 0.

The convolution with the weight function v;(x) = sinz for the Fourier sine inte-
gral transforms is defined as follows (see [4, 10])

(1.9) (F#9)@

= #%O/f(y)[sign(zﬁLy—1)9(|1‘+y—1|)

+sign(z —y — 1)g(|lz —y — 1)
—sign(z —y+ Dg(le —y+ 1) —glze +y + 1)]dy, z>0
with

110) B (1 9) ) = sy (Fs) ) (Fs) (), Yy >

Subsequently, S. B. Yakubovich and co-authors published a series of papers de-
voted to the generalized convolutions of several index integral transforms, such as
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integral transforms of Mellin type (see [22]), integral transforms of Kontorovich-
Lebedev type (see [23]) and the G transforms (see [18]). We mention here the
generalized convolution for the transform of Kontorovich-Lebedev type (see [23])

(f*g) // T,Y,2 )g(2)dydz, = > 0,

here

0(x,y, 2
u w uvw

wli—\
0\8

//exp + = + ﬁ)] Ry ()b (yv)kQ(zw)dudvdw
0 0

and the following equality holds
It (frg) = (157) (1h29) . 7€ R,

where
x

L f = [ Iy (1, u) f (u)du,
/

7 dx

I, (7,u) = / Ko (0)k; (u,0) %, j=1,2,3,
X
0 \/_

here k3(z) and k(z) are a pair of conjugate kernels (see [21]).

In 1998, V. A. Kakichev and Nguyen Xuan Thao proposed a constructive method
of defining the generalized convolution for any integral transforms Ki, Ko and
K3 with the weight function ~ (z) of functions f and g, for which we have the
factorization property (see [6])

K1 (£+9) (0) =7 (0) (Ka) () (Ks9) (9):

After that, there have been some papers published on the generalized convolu-
tion for the Stieltjes, Hilbert and Fourier cosine-sine transforms (see [8]), the
H-transforms (see [7]), the I-transforms (see [16]), the Fourier, Fourier cosine and
sine transforms (see [14]), the Fourier cosine and sine transforms (see [11]) and
the Kontorovich-Lebedev, Fourier sine and cosine transforms (see [17])... For
example, the generalized convolution for the Fourier cosine and Fourier sine has
been defined (see [11]) by the formula

(111) (£39) @) = == [ 1) [sien o= ) (3~ 2 + oy + ) gz > 0,
0

which satisfies the factorization equality

(L12) Fe (£39) () = (Fsf) (v) (Fsg) (v), ¥y > 0.
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The convolution with the weight function ~2(x) = cosz for the Fourier cosine
integral transform is defined as (see [13])

119 (£E0)@ = 57= [F@la+y+n)+ale+y-1)
0

+9(|lz —y +1]) + g(Jlo —y — 1|)]dy, = >0,

which satisfies
) Fo (1 ) )= cosuEen W) Fea)w). o> .

The generalized convolution with the weigth function v; () = sin « for the Fourier
cosine and sine transforms has the form (see [12])

" 1
W) (1)@ = 3= [ Fe)lay—2 1) —glly—=+1)
0
+o(ly +a — 1)) —g(ly + 2=+ 1])]dy, = >0
and the factorization property holds

(1.16) Fo (% 9) (4) = siny(Fs £)(y)(Feg)(v), Yy > 0.

The generalized convolution with the weight function 7 (x) = sin z for the Fourier
sine and Fourier cosine transforms of the functions f and g is defined by (see [15])

1) (r¥e) @ = ﬁo/f(y)[g(lwry—1|)+g(|:v—y—1l)

—glz+y+1)—g(lz—y+1))]dy, x>0

which satisfies the factorization property

(118) Fs (1% 9) ) = siny(Fe ) () (Feg) (v), Yy > 0.

In 1997, V.A. Kakichev proposed a constructive method of defining the polycon-
volution for n+ 1 integral transforms K, K1, Ko, ..., K, with the weight function
v(z) of functions fi, fa,..., fn for which we have the factorization property (see

[5])
K |\« (f1, f2y fo) | (W) = 7 (v) (K1f1) (y) (K2 f2) (y)- (Knfn) (y)-

The polyconvolution for the Hilbert, Stieltjes and Fourier cosine transforms was
introduced by Nguyen Xuan Thao in 1999 (see [9]).

In this paper we define the polyconvolution of the Fourier cosine and Fourier
sine integral transforms. We prove some properties of them and point out some
relationships to several well-known convolutions and generalized convolutions.
We also show that it doesn’t have aliquote of zero. Finally, we apply this notion
to solve some integral equations and systems of integral equations.
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2. POLYCONVOLUTION FOR THE FOURIER COSINE AND
FOURIER SINE TRANSFORMS

Definition 2.1. The polyconvolution for the Fourier cosine and Fourier sine in-
tegral transforms of the functions f, ¢ and h is defined by

(2.1) *(f,g,h)(x) = QL// h(lt +u —v|) + h(]lz — u +v|)

—h(]a: —u—v|) — h(z 4+ u +v)]|dudv, = > 0.

Theorem 2.1. Let f, g and h be functions in L(R), then the polyconvolution
(2.1) for the Fourier cosine and Fourier sine transforms of the functions f, g
and h makes sense and belongs to L(R,.) and the following factorization property
holds

(2.2) Fol = (f,.9,0)](y) = (Fsf)()(Fsg)(y)(Fch)(y), Yy > 0.
Proof. We first prove that *(f, g,h)(z) € L(R;). Indeed

/I*fg, o)l dr < —/|f |du/|g o [ [inta+ o+ +

0
+h(lu—v—zf)] + Ih(IU+v—x\)! + | (ju—v+zf)|] do
It is easy to see that

[e.o]

/ [|h(u+v+x)|+|h(|u—v—x\)]+|h(|u+v—x\)]+|h(|u—v+x\)] dz

0
=4 [ |h() dt.
/

0/!*(f,g,h 2)| d < /\f \du/]g ]dv/\h )| dt < +oc.

This means that * (f, g,h) (x) € L (Ry). We now prove that the polyconvolution
(2.1) satisfies the factorization equality (2.2). Indeed

(2.3) (Fsf)(w)(Fsg)(y)(Feh)(y)
3 oo 00 o0
= ( ) /du/dv/f(u)g(v)h(t) sin(uy) sin(vy) cos(ty)dt

0
= 7r1 7du/ Zof )[cosy(t +u —v)

o0
0
+cosy(t —u+v) —cosy(t +u +v) — cosy(t — u — v)]dt.

Hence

m

§
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We have
(2.4) dv / f(u t)cosy(t +u —v)dt

0
dv/f h(|x —u + v|) cos(yz)dx.

(2.5) 7du 7dv 7f(u)g(v)h(t) cosy(t —u+v)d
o 0 0
= 7du7dv 7 fw)g(v)h(|z + u — v|) cos(yx)d
0 0 wou
(2.6) 7du7dv7f(u)g(v)h( )cosy(t+u+v)d
0 0o 0
= ?du]odv 7 f(w)g(v)h(|x — u — v]|) cos(yx)d
0 0 utv
and
(2.7) du [ dv 7]‘" t)cosy(t —u —v)dt

0
dv / f(u h(z + u + v) cos(yz)dz.

(2.8) /du/dv /O f(w)g(v)h(|lz — v+ v]) cos(yz)dx
/ /v/of h(|x +u — v|) cos(yz)dx
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and

(2.9) /du/dv/f h(|z — u — o) cos(yz)da
0 u+v
~ 0/ du 0/ @ / FW)g(0)h(z + 1+ v) cos(yz)da.

From (2.3) — (2.9) it follows that

(Fsf)(y)(Fsg)(y)(Fch)(y \/7/ *(f, g, h)(x) cos(zy)d
:FC[ (f797 )]( )

The proof is complete. 0
Remark 2.1. Formula (2.2) shows that (f,g,h) = *(g, f, h).

Theorem 2.2 (Titchmarsch-type Theorem). Let f, g and h be functions in
L(e*,Ry). If x(f,g,h) =0 then either f =0 or g=0 or h=0.

Proof. From the hypothesis and Theorem 2.1 we see that

(2.10) (Fsf)(w)(Fsg)(y)(Fch)(y) =0, Yy > 0.
As (Fsf)(y), (Fsg)(y) and (Fcoh)(y) are analytic, from (2.10) it can be concluded
that Fsf =0or Fgg=0or Fch=0andso f=0or g=0or h =0. O

Theorem 2.3. Let f, g and h be functions in L(R.). The polyconvolution for
the Fourier cosine and Fourier sine integral transforms relates to the known con-
volutions as follows

a) +(f,9,h) = | (signv (o)) x hlo])| (u) % [signu f([u|)]
b) #(f,0,h) = (£  (931) = /2 (£ 2(gx 1)
c) *(f,9,h) = [ % (gﬂfh).
Proof. Let us first prove the equality a). We have
(2.11)*(f, g, h) = QL/ /g )[A(|z +u —v]) = h(z +u+v)
0 0

—h(lz —u—v|) + h(|lz — u+ v])]dv
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We see that

(2.12) f(u)du/g(v) h(le +u —v]) —h(z +u+v)| dv

signv g(|v|)h(jx +u —v|)dv

g

&

.
S -
g ~—3

- \/ﬂ/ [ signv g \v *h (o) | (= +u)f(u)du

= V& [ [(siew a0D) 11| o szt £t

Similarly, we obtain

(e 9]

(2.13) f(u)du/g(v) [~ — o)) — bl —u + o)) do

\/277/ signv g \v *h \v])] (x — w)signu f(|u|)du
0
Hence, thanks to (2.11) — (2.13) we get

“(fuae) = ——= [ [(siEnv alo)) h(oD)| (o = wsienu f(uldu

= —{[(signv g(loD) xAw)| () % [signu f(ul)] }(@)-
The equality a) is proved.
On the other hand, we have
*(f,9,h) g*h )@+ u)du — — g*h)(x—u)du
= [

o0

e / 7 () (g% ) — 2)du

T
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The equality b) is proved. We next prove the equality ¢). From Theorem 2.1 we
deduce that

Fo [(£,9.1)] W) = (Fsf) ) (Fsg)(w) (Feh)(v).

Using the convolution formulas (1.2) and (1.12), we have

Fo [f1(9xn)| ) = FsH@)Fs (9%h) )
= (Fsf)(y)(Fsg)(y)(Fch)(y).

Therefore, *(f,g,h) = f * <g * h), and the equality c) is proved.
The proof is complete. 0
Theorem 2.4. In the space L(Ry), the polyconvolution for the Fourier cosine

and Fourier sine integral transforms are neither commutative nor associative, and
the following formulas hold

a) *(f, 9, %(0, 9, h)) = * (0,9, %(f, 9, h))
b) *((fﬂfg),smb) Z*((Wf@b),f,g)
c) *(f,g, (90*1/1)) =*(p,9, (f*g))

2

f>9, (sosz)) = (so,g, (flllzb))
e) *((fllg),so,il}) = *((f%lib),w,g)-

2

o,
~—
*
VoS
*

Proof. The proof follows easily from formulas (2.1), (1.2), (1.12), (1.16) and
(1.18). For example, we have

Fo [ * (f>g7 *(¢7¢a h))] = (FSf)(FSg>FC[ * (QDa ¢7 h)]

= (FSf)(FSg)(FSSO)(FSd))(FCh) = FC[ * (9071/}7 *(fvga h))] .

Hence, *(f, g, *(p,%,h)) = *(¢,¥,*(f,g,h)). The equality a) is proved. In the
same way, one can verify the other parts. O

Remark 2.2. We can change the position of the functions either f,g,¢, in
formulas a) and c) or f,g, ¢ in formula d) or f, g, in formula e).
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3. APPLICATIONS TO INTEGRAL EQUATIONS AND
SYSTEMS OF INTEGRAL EQUATIONS

Theorem 3.1. Consider the system of integral equations

—1-/\1// v)01(z, u, v)dudv = h(zx)
(31) .
A2 | &(u)f2(x,u)du+ g(z) = k(z), x>0
O/

where

O, 0) = 5= [g(l+u— o) + gl — - ol) — g}z —u—v]) — gla +u+v)),

O2(x, u) = [flu—z=1) = flu—z+ 1)+ f(lu+z—1]) = f(lu+z+1])],

1
242w
0, ¥, & h and k are functions of L (Ry), A1 and Ay are complex constants, f
and g are the unknown functions. With the condition

1- )\1)\2FC[<¢,0:1<;¢) ;g] () #0, Yz > 0

there exists a solution in L (Ry) of (3.1) which is given by
f=ht (b ) =Ml (o0, R)] = [ (0,0 ) ¢ 1] € LRy,
71
g=k+(kx 1) —A2(§ : h) —A2[(§ ; h) ;Cz] e L(R,),
here l € L (Ry) and is determined by
M Fe {(90 g,"; 7/’) ;) 4
1 ’
S )

Fol =

Proof. Using (1.15), (1.16) and Theorem 2.1 we obtain a linear system

Fof +M(Fsp)(Fs¢)(Feg) = Fch
X1 (Fsé)(Fof) + Fog = Fok.

We have
_ ' )\2,),111:'55 )\1(F5801)(F5¢) ‘ —1_ )\1)\2}70[(@;% 1/;) ;g},
L wle2e)

. 2
AT R )
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and

Af _ ‘ ?gz Al(FSQDl)(FS,L/J) ' — Fch— >\1FC[* (@7¢7k)]7

1 Fch . . 71
A1 Fs€ Fok ‘ = Fok = hkc (5 1 h)'

By the Wiener-Levi theorem (see [1]) there exists a function [ € L (R4 ) such that

(57 0)

2
(503

Ay =

Fol =

Therefore
Fof

(1+ Fcl){Fch — MFo | * (9,0, k)] }
= FcthFc(h];k 1) = MFc[* (o, k)] — MFo | * (o9, k) * 1].
c Fo
This means that
F=hot (hx ) =[x (0,8,k)] = \[*(p,0,k) * 1] € L(Ry).
Feo Fo
We conclude similarly that
Fog = (1+ Fol) [Fck - ,\QFC( )]
7
= Fok+ Fo(k x 1) - Moo (€% 1) = xoFo (€% n) 2 1.
Consequently,

g:k+(kﬁcz)—A2(§1;h> —A2[(§111h) « z] € L(R,).

Feo

Theorem 3.2. Consider the system of integral equations

+)\1// v)01(x, u,v)dudv = h(x)
(3.2)
)\2/03xu w)du + g(z) = k(z), x>0
where
03, ) = 2\/1%[5(w+u+1)+§(‘l’+u—1])+§(:}c—u+1\)+§(!$—u—1\)],

0, ¥, & h and k are functions of L (Ry), A1 and Ay are complex constants, f
and g are the unknown functions. With the condition

1 )\1>\2F0K<p>2m/1> }Zg] () #£0, Yz > 0
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there exists a solution in L (Ry) of (3.2) which is given by
F=h+1x h=i|*(p,,k) + (e, k) x 1] € LRy),
Feo Feo

g:kH;Ck—Ag[g}zm(g}zh) |ermy),

* [
Fe
here l € L (Ry) and is determined by

72
MaFo|(e30) X ¢]

(7)1

Fol =

Proof. By (1.13), (1.14) and Theorem 2.1 we obtain a linear system

Fof + M(Fse)(Fsy)(Fog) = Foh
Xoy2 (Feé)(Fof) + Fog = Fok.

We see that
N ‘ A2721Fc§ Al(FSﬁ)(st) ‘ = 1= Mo (¢50) ; ()
1 MhFo|(o5v) ¥l
— =1
A - 1—)\1>\2FC[(80>5¢> }Zd
and

A - ' JngZ AI(FssolXst) ' = Foh — M Folx(, 9, k),

. 1 Fch . V2
Ag' NonFot Fok ’FC"?‘WG(%@‘

According to Wiener-Levi’s theorem (see [1]), there exists a function [ € L (R4)
such that

wore[(s39) £ €

Fol =

Hence
Fof = (1 + Fel) {Fch — M Fo[*(e, v, k)] }
= Fch + F¢ (l * h) — MFo[x(p, ¥, k)] — M Fo [*(80,1/17143) * l],
Feo Fe
we obtain

F=htlp b= (o) + 2.6 k) » U] € L(R).
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Likewise, we have

Fog = (1+ Fel) [Fck — Ao Fe (g ::kc h)]

— Fok + Fo (l X k) — Mo Fc (f l}c h) — Mo F¢ [(5 :fc h) 2 z}.

Therefore,
Y2 Y2
g= k+l;ck—A2[§;Ch+ (é‘;ch) ;Cz} e L(R,).
O

An analysis similar to that of the proof of Theorem 3.2, with the use of (1.7),
(1.8) and Theorem 2.1, gives us the following results.

Theorem 3.3. Consider the system of integral equations

+/\1// v)01(z, u,v)dudv = h(zx)

(3.3)

j;_w [6(1z — ul) + (o + )] flu)du + g(x) = k(z), 2> 0.

where p, Y, &, h and k are functions of L (Ry), A1 and A2 are complex constants,
f and g are the unknown functions. With the condition

1= M Fo[ (¢,9,6)](x) #0, Y2 >0
there exists a solution in L (Ry) of (3.3) which is given by

F=htls h=di|* (o) +x(pbk) 2 U] € L(R),
C

g:k+lFﬂ<Ck—>\2[£l;kCh+(E;Ch>;cl} € L(R,),
here l € L (Ry) and is determined by

/\1)\2FC [ * (307 "ZJ? &)]
1-— )\1)\2FC[* (¢7¢7§)] ‘

Theorem 3.4. Consider the system of integral equations

Fol =

x) + M //gol(u)wl(v)el(x,u, v)dudv = h(zx)
(3.4)

)\2//502 v)04(z, u,v)dudv + g(z) = k(x), >0,
00

where

04(z, u, v) = %[f(|x+u—v|)+f(|l‘—u+v|)—f(|x—u—v|)—f(x+u+v)],
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1, Y1, p2, Y2, h and k are functions of L (Ry), A1 and Ay are complex constants,
f and g are the unknown functions. With the condition

L= AdeFo | (1,01, (92 32) | (2) £ 0, ¥a >0,
there exists a solution in L (Ry) of (3.4) which is given by
f=h+1x h—)\l[* (01, %1, k) + *(1,91, k) * l} € L(Ry),
Feo Fe

g=k+1 % k-&[*(902,1/12,h)+*(902,1/12,h) * l} € L(Ry),
Feo Fe

here l € L (Ry) and is determined by
MAFo[ * (61,1, (025 0))]

Fol = :
1- )quFc[* (01,1, (w;z/}z))]

Proof. From Theorem 2.1 we obtain a linear system of algebraic equations
Fof + M(Fser)(Fsyn)(Feg) = Foh
Ao(Fsp2)(Fsp2)(Fof) + Fog = Fok.

We show that

=] syronirssy I |21 e [ (v, (o),
1, )\1)\2FC|:* (1,91, (9023%))]

A 1 —)\1)\2FC[* (@1,¢1,(¢2§¢2))]

and

ap=| o MUEEPEIY | poh - aFolu(on b

A — ‘ 1 Fch

9| Ae(Fsp2)(Fsy2) Fck

According to Wiener-Levi’s theorem (see [1]), there exists a function [ € L (R4)
such that

‘ = Fok — )\QFC’[*((70271/}27 h)]

M2 Fo [ * (¢1,91, (@2 ;102))]

1—XiFe [ * (1,11, (@2’51/’2))] |

Fol =

Thus
Fof = (1 + Fol) {Foh — M Fo[*(¢1,91, k)]}

=Fch+ Fo (l};k h) — AlFC[*(@lallybl) k)] — M Fe |:*(g01,’gb1, k) l;k l],
c

C

we obtain
F=ht s h=a[x(prunk) +(en61,k) x 1] € LRy).
Feo Fe



POLYCONVOLUTION FOR THE FOURIER COSINE AND SINE TRANSFORMS 121

Likewise, we have

Fog = (1 + Fol) {Fok — A Fo[*(p2, 92, h)]}

= Fck + F¢ (l * k) — X Fo[*(p2,v2, h)] — Ao Fo [*(802,@02,]1) * l],
Fo Fe

which implies that

g=k+1 x k—)\z[* (02, b2, h) + *(p2, 92, h) * l} €L(Ry).
Feo Fe
O
In the same manner we have the following result.
Theorem 3.5. Consider the integral equations
(3.5) F@) + A / / ()b (v)04(x, w, v)dudv = h(z), T > 0
0 0

where ¢, ¥ and h are functions of L(Ry), X is a complex constant, f is the
unknown function. With the condition

14+ AFsp(z)Fsy(x) #0, Vx>0

there ezists a solution in L (Ry) of (3.5) which is given by

F=h- (h;cz> e L(R,),

herel € L (Ry) and

1]

e (¢3)

Fol = 14+ \Fe (wgzp)'
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